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❡ ♦❧ ✉ ✐ ♦ ♥✱ ❤ ✉ ❜ ✐ ❞ ❣✐ ♥ ❣ ❤ ❡ ❝ ✉ ❡ ♥ ❣ ❛ ♣ ❜ ❡ ✇ ❡ ❡ ♥ ♦ ♣ ✐ ❝ ❛❧ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ❛ ♥ ❞ ❡❧ ❡ ❝ ♦ ♥
♠✐ ❝ ♦ ❝ ♦ ♣ ②✳ ❆ ❛ ❡ ✉❧ ✱ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ❤ ❛ ❜ ❡ ❝ ♦ ♠ ❡ ❛ ♥ ❡ ① ❡ ♠ ❡❧ ② ✈ ❛❧ ✉ ❛ ❜❧ ❡ ♦ ♦❧ ❢ ♦
♠ ❛ ♥ ② ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ❧✐❢ ❡ ❛ ♥ ❞ ♠ ❛ ❡ ✐ ❛❧ ❝✐ ❡ ♥ ❝ ❡ ✳
❆ ♠ ♦ ♥ ❣ ❤ ❡ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ❡ ❤ ♦ ❞ ✱ ✸ ❉ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ② ❜ ❛ ❡ ❞ ♦ ♥ ♥ ❛ ♥ ♦ ❝ ❛❧ ❡
♦❢ ❳✲ ❛ ② ♦ ♠ ♦ ❣ ❛ ♣ ❤ ② ❤ ❛ ♦ ❞ ❛ ❡ ❢ ♦ ✉ ♥ ❞ ❤ ❡ ✇✐ ❞ ❡ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥✱ ♠ ♦ ♥ ♦ ❛ ❜❧ ② ✐ ♥
❤ ❡ ❧✐❢ ❡ ❝✐ ❡ ♥ ❝ ❡ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ❡ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ♦❢ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❜ ❛ ❡ ❞ ♦ ♥
❧✐ ♥ ❡ ❛ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛ ❡ ❛❧ ❡ ❛ ❞ ② ✈✐ ♦❧ ❛ ❡ ❞ ❢ ♦ ♠ ♦ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ❝ ❡❧❧ ✱ ✐ ♥ ❝ ❡ ❤ ❡✐ ❤✐ ❝ ❦ ♥ ❡
❡ ① ❝ ❡ ❡ ❞ ❤ ❡ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ♦❢ ❝ ✉ ❡ ♥ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ✳ ❚ ❤✐ ♣ ♦ ❜❧ ❡ ♠ ♦ ♥❧ ②
✇ ♦ ❡ ♥ ❛ ❤ ❡ ❧ ❛ ❡ ❛❧ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ✐ ♠ ♣ ♦ ✈ ❡ ♦ ✶ ✵ ♥ ♠✳ ❚ ♦
✉ ♥ ❞ ❡ ❛ ♥ ❞ ❤ ❡ ❡ ✛ ❡ ❝ ♦❢ ❤ ❡ ❧✐ ♠✐ ❡ ❞ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ♦ ♥ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ✱
✇ ❡ ❤ ❛ ✈ ❡ ✐ ♥ ✈ ❡ ✐ ❣ ❛ ❡ ❞ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ♣ ♦ ❝ ❡ ✐ ♥ ❤ ❡ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✉ ✐ ♥ ❣ ❛ ✸ ❉ ❝ ❡❧❧
♣ ❤ ❛ ♥ ♦ ♠✳ ❲❡ ✜ ♥ ❞ ❤ ❛ ♦ ♥❧ ② ❛ ✉ ❜✲ ❡ ❣✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠ ❧ ②✐ ♥ ❣ ✇✐ ❤✐ ♥ ❤ ❡ ❞ ❡ ♣ ❤ ♦❢
✜ ❡❧ ❞ ✐ ❡ ♦❧ ✈ ❡ ❞ ❛ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ❣✐ ✈ ❡ ♥ ❜ ② ❤ ❡ ❳✲ ❛ ② ♦ ❜❥ ❡ ❝ ✐ ✈ ❡✱ ✇ ❤ ❡ ❡ ❛ ♣ ❤ ❛ ♥ ♦ ♠
✉ ❝ ✉ ❡ ♦ ✉ ✐ ❞ ❡ ♦❢ ❤✐ ❡ ❣✐ ♦ ♥ ❛ ❡ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣❧ ② ❜❧ ✉ ❡ ❞✳ ❋ ✉ ❤ ❡ ♠ ♦ ❡✱ ❝ ♦ ♥ ✐ ❡ ♥
✇✐ ❤ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ♦ ❜ ❡ ✈ ❛ ✐ ♦ ♥ ♦❢ ❡ ❛❧ ♣ ❡ ❝✐ ♠ ❡ ♥ ✱ ✇ ❡ ✜ ♥ ❞ ❤ ❛ ❤ ❡ ♦ ❜ ❛✐ ♥ ❛ ❜❧ ❡ ✸ ❉
❡ ♦❧ ✉ ✐ ♦ ♥ ❢ ♦ ♦❢ ❳✲ ❛ ② ♦ ♠ ♦ ❣ ❛ ♣ ❤ ② ♦❢ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ♣ ❡ ❝✐ ♠ ❡ ♥ ✐ ❧✐ ♠✐ ❡ ❞ ♦ ❛ ❜ ♦ ✉ ✸ ✵
♥ ♠✳ ❋ ♦ ♦ ♠ ❡ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ❤✐ ✸ ❉ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ✐ ♥ ✉ ✣ ❝✐ ❡ ♥ ✱ ❛ ♥ ❞ ♠ ♦ ❡ ♦ ✈ ❡ ✐ ♥ ♠ ❛ ♥ ②
❝ ❛ ❡ ♣ ❡ ❝✐ ♠ ❡ ♥ ❤✐ ❝ ❦ ♥ ❡ ❡ ① ❝ ❡ ❡ ❞ ❤ ❡ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ❤ ❡ ❡ ❜ ② ❡ ❞ ✉ ❝✐ ♥ ❣ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥
♦ ✉ ✐ ❞ ❡ ♦❢ ❤ ❡ ♣ ❡ ❝✐ ♠ ❡ ♥✬ ❝ ❡ ♥ ❛❧ ❡ ❣✐ ♦ ♥✳ ❆ ❛ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡✱ ✐ ♥ ❤✐ ❤ ❡ ✐ ✇ ❡ ❤ ❛ ✈ ❡
✉ ❡ ❞ ❤ ❡ ✸ ❉ ♣ ❤ ❛ ♥ ♦ ♠ ♦ ✐ ♥ ✈ ❡ ✐ ❣ ❛ ❡ ❤ ❡ ♣ ❡ ❢ ♦ ♠ ❛ ♥ ❝ ❡ ♦❢ ❛❧ ❡ ♥ ❛ ✐ ✈ ❡ ✸ ❉ ♥ ❛ ♥ ♦ ❝ ❛❧ ❡
❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ❡ ❤ ♦ ❞ ✐ ♥ ♦ ❞ ❡ ♦ ♣ ♦ ✈✐ ❞ ❡ ❣ ✉✐ ❞ ❛ ♥ ❝ ❡ ❢ ♦ ❢ ✉ ✉ ❡ ❞ ❡ ✈ ❡❧ ♦ ♣ ♠ ❡ ♥ ✐ ♥
❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ②✳
■ ♥ ❧✐ ❣ ❤ ♠✐ ❝ ♦ ❝ ♦ ♣ ②✱ ❤ ❡ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ✐ ❛ ♥ ❡ ❛ ❜❧✐ ❤ ❡ ❞ ♠ ❡ ❤ ♦ ❞ ❢ ♦ ✸ ❉ ♦ ♣✲
✐ ❝ ❛❧ ❡ ❝ ✐ ♦ ♥✐ ♥ ❣✳ ❍ ❡ ❡ ✇ ❡ ❤ ❛ ✈ ❡ ✐ ♥ ✈ ❡ ✐ ❣ ❛ ❡ ❞ ❤ ❡ ✸ ❉ ❡ ♦❧ ✉ ✐ ♦ ♥ ♣ ❡ ❢ ♦ ♠ ❛ ♥ ❝ ❡ ♦❢ ✐
❳✲ ❛ ② ❝ ♦ ✉ ♥ ❡ ♣ ❛ ✱ ❤ ❡ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❝ ❛ ♥ ♥✐ ♥ ❣ ❛ ♥ ♠✐ ✐ ♦ ♥ ♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡✳ ■ ♥
❝ ♦ ♥❢ ♦ ❝ ❛❧ ❧✐ ❣ ❤ ♠✐ ❝ ♦ ❝ ♦ ♣ ②✱ ✐ ♠ ❛ ❣ ❡ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❝❧ ✉ ❞ ❡ ❛ ♥ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ♣ ♦ ❝ ❡ ❞ ✉ ❡ ♦
✢ ✉ ♦ ❡ ❝ ❡ ♥ ❧✐ ❣ ❤ ❡ ♠✐ ✐ ♦ ♥ ❢ ♦ ♠ ❤ ❡ ♣ ❡ ❝✐ ♠ ❡ ♥✳ ❆ ❛ ❡ ✉❧ ✱ ❤ ❡ ✸ ❉ ❡ ♦❧ ✉ ✐ ♦ ♥ ❢ ♦ ❛ ♥
✐ ♥ ✜ ♥✐ ❡❧ ② ♠ ❛❧❧ ❞ ❡ ❡ ❝ ♦ ✐ ❣✐ ✈ ❡ ♥ ❜ ② ❤ ❡ ✉ ❛ ❡ ♦❢ ❤ ❡ ♣ ♦✐ ♥ ♣ ❡ ❛ ❞ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡
♦ ❜❥ ❡ ❝ ✐ ✈ ❡✳ ■ ♥ ❝ ♦ ♥ ❛ ✱ ✐ ♥ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ②✱ ❤ ❡ ✐ ♥ ❡ ❛ ❝ ✐ ♦ ♥ ♦❢ ❳✲ ❛ ② ✇✐ ❤
❤ ❡ ♦ ❜❥ ❡ ❝ ❧ ❡ ❛ ❞ ♦ ❛ ♥ ❛ ❡ ♥ ✉ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ♣ ❤ ❛ ❡ ❤✐❢ ♦❢ ❤ ❡ ✐ ♥ ❝✐ ❞ ❡ ♥ ✇ ❛ ✈ ❡✳ ❆ ❛ ❡✲
✉❧ ✱ ✐ ♠ ❛ ❣ ❡ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❳✲ ❛ ② ❝ ♦ ♥❢ ♦ ❝ ❛❧ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ♠ ✉ ❜ ❡ ❜ ❛ ❡ ❞ ♦ ♥ ❤ ❡ ✇ ❛ ✈ ❡
♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ♦❢ ❝ ♦ ❤ ❡ ❡ ♥ ❳✲ ❛ ② ✳ ❍ ❡ ❡ ✇ ❡ ✐ ♠ ✉❧ ❛ ❡ ❤ ❡ ❳✲ ❛ ② ❝ ♦ ♥❢ ♦ ❝ ❛❧ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡
❛ ✉ ♠✐ ♥ ❣ ❛ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ✇✐ ❤ ✶ ✵ ♥ ♠ ❧ ❛ ❡ ❛❧ ❡ ♦❧ ✉ ✐ ♦ ♥✳ ❲❡ ❤ ♦ ✇ ❤ ❛ ❤✐
❝ ♦ ♥❢ ♦ ❝ ❛❧ ❡ ✉ ♣ ❛ ❝ ❤✐ ❡ ✈ ❡ ❛ ❧ ❛ ❡ ❛❧ ❡ ♦❧ ✉ ✐ ♦ ♥ ❝ ♦ ♠ ♣ ❛ ❛ ❜❧ ❡ ♦ ❤ ❛ ♦ ❜ ❛✐ ♥ ❡ ❞ ❢ ♦ ❤ ❡
❛ ♥ ♠✐ ✐ ♦ ♥ ♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ❡ ❞ ❡ ♣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ②
✇ ♦ ❡ ②✐ ❡❧ ❞✐ ♥ ❣ ♦ ♥❧ ② ✸ ✵ ✵ ♥ ♠✳ ❆❧ ❤ ♦ ✉ ❣ ❤ ❤✐ ♣ ♦ ♦ ❡ ❞ ❡ ♣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ❞ ❡ ❣ ❛ ❞ ❡ ❤ ❡
♦ ✈ ❡ ❛❧❧ ✸ ❉ ❡ ♦❧ ✉ ✐ ♦ ♥ ♣ ❡ ❢ ♦ ♠ ❛ ♥ ❝ ❡ ♦❢ ❤ ❡ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡✱ ❤ ❡ ❝ ♦ ♥❢ ♦ ❝ ❛❧
✶ ✶
❛ ♣ ♣ ♦ ❛ ❝ ❤ ❤ ❛ ❤ ❡ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ❤ ❛ ✐ ✐ ❛ ❞✐ ❡ ❝ ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ❡ ❤ ♦ ❞ ✇✐ ❤ ♦ ✉ ❤ ❡ ♥ ❡ ❡ ❞
❢ ♦ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥ ❛❧ ❛❧ ❣ ♦ ✐ ❤ ♠ ❝ ✉ ❡ ♥ ❧ ② ❡ ✉✐ ❡ ❞ ❢ ♦ ❤ ❡ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝
❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♥ ♠✐ ✐ ♦ ♥ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡✳ ◆ ❡ ✈ ❡ ❤ ❡❧ ❡ ✱ ✇ ❡ ❝ ♦ ♥ ❝❧ ✉ ❞ ❡
❤ ❛ ❤ ❡ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✐ ♥ ♦ ✉ ♣ ❡ ✐ ♦ ♦ ❤ ❡ ❝ ✉ ❡ ♥ ♦❢ ❳✲ ❛ ② ♦ ♠ ♦ ❣✲
❛ ♣ ❤ ② ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ❛ ❧ ❡ ❛ ✇✐ ❤ ❝ ✉ ❡ ♥ ❳✲ ❛ ② ♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ❤ ❛ ②✐ ❡❧ ❞ ♦ ♥❧ ② ❧ ♦ ✇ ❞ ❡ ♣ ❤
❡ ♦❧ ✉ ✐ ♦ ♥✳
■ ♥ ❤✐ ❤ ❡ ✐ ✱ ✇ ❡ ❛❧ ♦ ✐ ♥ ✈ ❡ ✐ ❣ ❛ ❡ ❛ ♥ ♦ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ♥ ❡ ✇ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ♦ ✸ ❉ ❳✲
❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ❤ ❛ ✐ ❜ ❛ ❡ ❞ ♦ ♥ ❝ ❛ ♥ ♥✐ ♥ ❣ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ② ❝ ♦ ♠ ❜✐ ♥ ❡ ❞ ✇✐ ❤ ❢ ♦ ❝ ✉ ❡ ❞
✐ ♦ ♥ ❜ ❡ ❛ ♠ ♠✐❧❧✐ ♥ ❣✱ ✇ ❤✐ ❝ ❤ ✇ ❡ ❡ ♠ ❋■ ❇✲ ❙ ❳ ▼ ✭ ❋ ♦ ❝ ✉ ❡ ❞ ■ ♦ ♥ ❇ ❡ ❛ ♠ ✕ ❙ ❝ ❛ ♥ ♥✐ ♥ ❣ ❳✲
❛ ② ▼✐ ❝ ♦ ❝ ♦ ♣ ②✮✳ ■ ♥ ❋■ ❇✲ ❙ ❳ ▼✱ ❛ ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ❣ ❡ ♥ ❡ ❛ ❡
❛ ♥ ❛ ♥ ♦ ❝ ❛❧ ❡ ❢ ♦ ❝ ❛❧ ♣ ♦ ❤ ❛ ✐ ❝ ❛ ♥ ♥ ❡ ❞ ♦ ✈ ❡ ❤ ❡ ✉ ❢ ❛ ❝ ❡ ♦❢ ❤ ❡ ♦ ❜❥ ❡ ❝ ✳ ❆ ❡ ❛ ❝ ❤
❝ ❛ ♥ ♥ ❡ ❞ ♣ ♦ ✱ ♣ ❤ ♦ ♦ ❡❧ ❡ ❝ ♦ ♥ ❛ ❡ ❡ ♠✐ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ♦ ❜❥ ❡ ❝ ✐ ♥ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ♦ ❤ ❡
❧ ♦ ❝ ❛❧ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❛ ❤ ❛ ❧ ♦ ❝ ❛ ✐ ♦ ♥✳ ❚ ❤ ❡ ✉ ❢ ❛ ❝ ❡ ❝ ❛ ♥ ❤ ❡ ❡❢ ♦ ❡ ②✐ ❡❧ ❞ ❤ ❡
✐ ♠ ❛ ❣ ❡ ♦❢ ❤ ❡ ♦ ♣ ❧ ❛ ② ❡ ♦❢ ❤ ❡ ♣ ❡ ❝✐ ♠ ❡ ♥ ♦ ❛ ❞ ❡ ♣ ❤ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ❤ ❡ ❡ ❝ ❛ ♣ ❡
❞ ❡ ♣ ❤ ♦❢ ❤ ❡ ❡❧ ❡ ❝ ♦ ♥ ✳ ❚ ♦ ❣ ❡ ♥ ❡ ❛ ❡ ✸ ❉ ❞ ❛ ❛✱ ❛ ❢ ♦ ❝ ✉ ❡ ❞ ✐ ♦ ♥ ❜ ❡ ❛ ♠ ✐ ❤ ❡ ♥ ✉ ❡ ❞ ♦
❡ ♠ ♦ ✈ ❡ ❤ ❡ ✉ ❢ ❛ ❝ ❡ ❧ ❛ ② ❡ ✱ ❛ ♥ ❞ ❤ ❡ ♥ ❤ ❡ ♣ ♦ ❝ ❛ ♥ ✐ ❡ ♣ ❡ ❛ ❡ ❞ ❛ ❤ ❡ ♥ ❡ ✇ ✉ ❢ ❛ ❝ ❡✳
■ ❡ ❛ ✐ ♦ ♥ ♦❢ ♠✐❧❧✐ ♥ ❣ ❛ ♥ ❞ ❝ ❛ ♥ ♥✐ ♥ ❣ ❤ ❡ ❡❢ ♦ ❡ ❜ ✉✐❧ ❞ ✉ ♣ ❛ ✸ ❉ ✐ ♠ ❛ ❣ ❡ ❛ ❝ ❦ ✐ ♥ ❤ ❡ ❧✐ ❝ ❡
❛ ♥ ❞ ✈✐ ❡ ✇ ♠ ♦ ❞ ❡✳ ■ ♥ ❤✐ ❤ ❡ ✐ ✱ ✇ ❡ ❤ ❛ ✈ ❡ ❡ ✈ ❛❧ ✉ ❛ ❡ ❞ ❤ ❡ ✸ ❉ ❡ ♦❧ ✉ ✐ ♦ ♥ ♣ ❡ ❢ ♦ ♠ ❛ ♥ ❝ ❡ ♦❢
❋■ ❇✲ ❙ ❳ ▼ ❜ ② ✐ ♠ ✉❧ ❛ ✐ ♥ ❣ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♣ ♦ ❝ ❡ ✳ ❲❡ ❤ ♦ ✇ ❤ ❛ ❋■ ❇✲ ❙ ❳ ▼ ❝ ❛ ♥
❛ ❝ ❤✐ ❡ ✈ ❡ ❛ ♥ ✐ ♦ ♦ ♣✐ ❝ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ✶ ✵ ♥ ♠ ❞ ✉ ❡ ♦ ❤ ❡ ❤ ♦ ❡ ❝ ❛ ♣ ❡ ❧ ❡ ♥ ❣ ❤ ✭ ❁ ✶ ✵ ♥ ♠✮
♦❢ ❤ ❡ ❡ ♠✐ ❡ ❞ ❡❧ ❡ ❝ ♦ ♥ ❛ ♥ ❞ ❤ ❡ ♠ ❛❧❧ ✐ ③ ❡ ♦❢ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣ ♦ ✳ ❙ ✉ ♣ ✐ ✐ ♥ ❣❧ ②✱ ✇ ❡ ❛❧ ♦
✜ ♥ ❞ ❤ ❛ ❋■ ❇✲ ❙ ❳ ▼✱ ❜ ② ✈✐ ✉ ❡ ♦❢ ✐ ❡❧ ❡ ❝ ♦ ♥ ❞ ❡ ❡ ❝ ✐ ♦ ♥ ♠ ♦ ❞ ❡✱ ❝ ❛ ♥ ♦ ♣ ❡ ❛ ❡ ❛ ❛ ❞ ♦ ❡
❤ ❡ ❡ ♦ ❞ ❡ ♦❢ ♠ ❛ ❣ ♥✐ ✉ ❞ ❡ ❧ ♦ ✇ ❡ ❤ ❛ ♥ ❛ ♥ ② ❛ ♥ ♠✐ ✐ ♦ ♥ ❡ ❝ ❤ ♥✐ ✉ ❡✳ ❚ ❤ ✉ ❋■ ❇✲ ❙ ❳ ▼
♦ ✛ ❡ ❤✐ ❣ ❤ ✐ ♦ ♦ ♣✐ ❝ ❡ ♦❧ ✉ ✐ ♦ ♥ ❛ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ❧ ♦ ✇ ❡ ❞ ♦ ❡✱ ❛ ♥ ❞ ❛ ✉ ❝ ❤ ♦ ✈ ❡ ❝ ♦ ♠ ❡
❡ ✈ ❡ ❡ ❧✐ ♠✐ ❛ ✐ ♦ ♥ ♦❢ ❛❧❧ ❝ ✉ ❡ ♥ ❛ ♥ ♠✐ ✐ ♦ ♥ ♠ ❡ ❤ ♦ ❞ ❢ ♦ ✸ ❉ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣✳
❆ ♥ ♦ ❤ ❡ ❧✐ ♠✐ ❛ ✐ ♦ ♥ ♦❢ ❝ ✉ ❡ ♥ ♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ② ♠ ❡ ❤ ♦ ❞ ✐ ✐ ♠ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥✳
❆❧ ❤ ♦ ✉ ❣ ❤ ❢ ❡ ❡ ❡❧ ❡ ❝ ♦ ♥ ❧ ❛ ❡ ✭ ❋ ❊ ▲ ✮ ♣ ♦ ✈✐ ❞ ❡ ❤ ♦ ❳✲ ❛ ② ♣ ✉❧ ❡ ✇✐ ❤ ❢ ❡ ♠ ♦ ❡ ❝ ♦ ♥ ❞
❡ ♦❧ ✉ ✐ ♦ ♥✱ ✐ ♠ ❛ ❣✐ ♥ ❣ ✇✐ ❤ ❤ ❡ ❡ ❤ ♦ ❝ ♦ ❤ ❡ ❡ ♥ ❳✲ ❛ ② ♣ ✉❧ ❡ ✐ ✈ ❡ ② ❝ ❤ ❛❧❧ ❡ ♥ ❣✐ ♥ ❣✳ ■ ♥
❤✐ ❤ ❡ ✐ ✱ ✇ ❡ ♣ ♦ ♣ ♦ ❡ ❛ ♥ ❡ ✇ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❜ ❛ ❡ ❞ ♦ ♥ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠
❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❛ ♥ ❞ ♥ ♦ ✈ ❡❧ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ✳ ❖ ✉ ♠ ❡ ❤ ♦ ❞ ❞✐ ✛ ❡ ❢ ♦ ♠ ♣ ❡✲
✈✐ ♦ ✉ ♦❢ ❳✲ ❛ ② ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❡ ❜ ② ✉ ✐ ♥ ❣ ❛ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡
♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ♦ ❣ ❡ ♥ ❡ ❛ ❡ ❤ ❡ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ♦❢ ❜ ♦ ❤ ❤ ❡ ❛ ♠ ♣❧ ❡ ❛ ♥ ❞ ❤ ❡ ❡❢ ❡ ❡ ♥ ❝ ❡✳
❚ ❤ ❡ ♠ ❛✐ ♥ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ♦❢ ❤ ❡ ♥ ❡ ✇ ♠ ❡ ❤ ♦ ❞ ❛ ❡ ✐ ❢ ❛ ✐ ♠ ❛ ❣✐ ♥ ❣✱ ❡ ① ❡ ♥ ❞ ❡ ❞ ✜ ❡❧ ❞ ♦❢
✈✐ ❡ ✇ ❛ ♥ ❞ ✐ ❞ ❡ ❝ ♦ ✉ ♣❧✐ ♥ ❣ ♦❢ ♦ ♣ ✐ ❝ ❛ ♥ ❞ ❛ ♠ ♣❧ ❡✳ ❚ ♦ ✐ ♥ ✈ ❡ ✐ ❣ ❛ ❡ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ♣ ❡ ✲
❢ ♦ ♠ ❛ ♥ ❝ ❡ ♦❢ ❤ ❡ ♥ ❡ ✇ ♠ ❡ ❤ ♦ ❞ ✇ ❡ ♣ ❡ ❢ ♦ ♠ ❜ ♦ ❤ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ♣ ♦ ♦❢
♦❢ ❝ ♦ ♥ ❝ ❡ ♣ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✉ ✐ ♥ ❣ ② ♥ ❝ ❤ ♦ ♦ ♥ ❧✐ ❣ ❤ ❢ ♦ ♠ ❇ ❊ ❙ ❙ ❨ ■■✳ ❖ ✉ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧
❛ ♥ ❞ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ❡ ✉❧ ❡ ✈ ❡ ❛❧ ❤ ❡ ♣ ♦ ❡ ♥ ✐ ❛❧ ♦❢ ❤✐ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ♠ ❡ ❤ ♦ ❞ ❢ ♦ ❢ ✉ ✉ ❡
✐ ♠ ❛ ❣✐ ♥ ❣ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛ ❋ ❊ ▲ ✳
❋✐ ♥ ❛❧❧ ②✱ ❢ ♦ ❛❧❧ ❧ ❡ ♥ ✲ ❜ ❛ ❡ ❞ ♦❢ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✱ ✐ ✐ ❝ ✐ ✐ ❝ ❛❧ ♦ ✉ ♥ ❞ ❡ ✲
❛ ♥ ❞ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ♣ ❡ ❢ ♦ ♠ ❛ ♥ ❝ ❡ ♦❢ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ✳ ❲ ❤✐❧ ❡ ❡ ✛ ❡ ❝ ♦❢ ② ❡ ♠ ❛ ✐ ❝
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③ ♦ ♥ ❡ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❡ ♦ ❤ ❛ ✈ ❡ ❜ ❡ ❡ ♥ ❦ ♥ ♦ ✇ ♥ ❢ ♦ ❛ ❧ ♦ ♥ ❣ ✐ ♠ ❡✱ ❤ ❡ ❡ ✛ ❡ ❝ ♦❢ ❛ ♥ ❞ ♦ ♠
③ ♦ ♥ ❡✲ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❡ ♦ ❤ ❛ ✈ ❡ ❡ ♠ ❛✐ ♥ ❡ ❞ ✉ ♥ ❝❧ ❡ ❛ ✳ ❩ ♦ ♥ ❡ ♣❧ ❛ ❡ ❛ ❡ ♠ ❛✐ ♥❧ ② ♣ ♦ ❞ ✉ ❝ ❡ ❞
❜ ② ❡❧ ❡ ❝ ♦ ♥ ❜ ❡ ❛ ♠ ❧✐ ❤ ♦ ❣ ❛ ♣ ❤ ② ❛ ♥ ❞ ♣❧ ❛ ♥ ❛ ❡ ❝ ❤✐ ♥ ❣ ❡ ❝ ❤ ♥✐ ✉ ❡ ✳ ❋ ♦ ❤ ❛ ❞ ❳✲ ❛ ② ✱
❛ ♥ ❛❧ ❡ ♥ ❛ ✐ ✈ ❡ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ❢ ❛ ❜ ✐ ❝ ❛ ✐ ♦ ♥ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✐ ❜ ❛ ❡ ❞ ♦ ♥ ❛❧ ❡ ♥ ❛ ❡❧ ② ❝ ♦ ❛ ✐ ♥ ❣ ❛
♠✐ ❝ ♦✲ ✇✐ ❡ ✇✐ ❤ ✇ ♦ ❞✐ ✛ ❡ ❡ ♥ ♠ ❛ ❡ ✐ ❛❧ ✳ ❲✐ ❤ ❤✐ ♣ ♦ ❝ ❡ ✱ ✈ ❡ ② ❤✐ ♥ ③ ♦ ♥ ❡ ❧ ❛ ② ❡
✇✐ ❤ ✈ ❡ ② ❤✐ ❣ ❤ ❛ ♣ ❡ ❝ ❛ ✐ ♦ ❝ ❛ ♥ ❜ ❡ ❞ ❡ ♣ ♦ ✐ ❡ ❞✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❞ ❡ ♣ ❡ ♥ ❞✐ ♥ ❣ ♦ ♥ ❤ ❡ ❢ ❛ ❜ ✐✲
❝ ❛ ✐ ♦ ♥ ♠ ❡ ❤ ♦ ❞✱ ❛ ♥ ❞ ♦ ♠ ③ ♦ ♥ ❡ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❡ ♦ ♠ ❛ ② ✐ ♥ ♦ ❞ ✉ ❝ ❡ ♦ ♥ ❣ ❛ ❜ ❡ ❛ ✐ ♦ ♥ ✳
❚ ♦ ✉ ♥ ❞ ❡ ❛ ♥ ❞ ❤ ❡ ❡ ❡ ✛ ❡ ❝ ✱ ✇ ❡ ✉ ❞✐ ❡ ❞ ❤ ❡ ❡ ✛ ❡ ❝ ♦❢ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❡ ♦ ♦ ♥ ③ ♦ ♥ ❡
♣❧ ❛ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ✉ ✐ ♥ ❣ ❞✐ ✛ ❡ ❡ ♥ ❛ ♥ ❞ ♦ ♠ ✢ ✉ ❝ ✉ ❛ ✐ ♦ ♥ ✳ ❲❡ ❢ ♦ ✉ ♥ ❞ ❤ ❛ ❛ ♥ ❞ ♦ ♠ ❡ ✲
♦ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ❞ ❡ ❝ ❡ ❛ ❡ ❞ ❤ ❡ ❝ ♦ ♥ ❛ ❛ ♥ ❢ ❡ ♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✳ ❲❡ ❛❧ ♦
❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❛ ♥ ✉ ♣ ♣ ❡ ❜ ♦ ✉ ♥ ❞ ❢ ♦ ❤ ❡ ♠ ❡ ❛ ♥ ❛ ❝ ❝ ❡ ♣ ❛ ❜❧ ❡ ✈ ❛ ✐ ❛ ♥ ❝ ❡ ♦❢ ❤ ❡ ③ ♦ ♥ ❡✲ ♣❧ ❛ ❡
❞ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ❛ ❡✳
■ ♥ ✉ ♠ ♠ ❛ ②✱ ✇ ❡ ❤ ❛ ✈ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ③ ❡ ❞ ❤ ❡ ❧✐ ♠✐ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♠ ♦ ♣ ♦ ✇ ❡ ❢ ✉❧ ❛ ♥ ❞
✇✐ ❞ ❡❧ ② ✉ ❡ ❞ ✸ ❉ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ❛ ♥ ♠✐ ✐ ♦ ♥ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ② ✇✐ ❤ ♦✲
♠ ♦ ❣ ❛ ♣ ❤✐ ❝ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥✳ ❲❡ ❤ ♦ ✇ ❤ ❛ ✸ ❉ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ❤✐ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✐ ❧✐ ♠✐ ❡ ❞
❜ ② ❤ ❡ ❞ ❡ ♣ ❤ ♦❢ ✜ ❡❧ ❞✳ ❚ ♦ ✐ ♥ ✈ ❡ ✐ ❣ ❛ ❡ ❛❧ ❡ ♥ ❛ ✐ ✈ ❡ ✱ ✇ ❡ ♣ ❡ ❢ ♦ ♠ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ♦❢ ❛
❝ ♦ ♥❢ ♦ ❝ ❛❧ ❛ ♥ ♠✐ ✐ ♦ ♥ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ❛ ♥ ❞ ❛ ❋■ ❇✲ ❙ ❳ ▼✳ ❲❡ ❤ ♦ ✇ ❤ ❛ ❋■ ❇✲ ❙ ❳ ▼
✐ ❛ ✈ ❡ ② ♣ ♦ ♠✐ ✐ ♥ ❣ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❤ ❛ ❝ ♦ ✉❧ ❞ ♦ ✛ ❡ ✸ ❉ ✐ ♦ ♦ ♣✐ ❝ ❡ ♦❧ ✉ ✐ ♦ ♥ ❛ ✶ ✵ ♥ ♠
✇✐ ❤ ❞ ❛ ♠ ❛ ✐ ❝ ❛❧❧ ② ✐ ♠ ♣ ♦ ✈ ❡ ❞ ✐ ❣ ♥ ❛❧ ♦ ♥ ♦✐ ❡✳ ❲❡ ❛❧ ♦ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❛ ♥ ❡ ✇ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ②
♠ ❡ ❤ ♦ ❞ ❤ ❛ ❝ ♦ ✉❧ ❞ ♣ ♦ ✈ ❡ ❜ ❡ ♥ ❡ ✜ ❝✐ ❛❧ ❢ ♦ ❢ ✉❧❧ ✜ ❡❧ ❞ ✐ ♠ ❛ ❣✐ ♥ ❣ ✇✐ ❤ ❤ ♦ ❝ ♦ ❤ ❡ ❡ ♥ ❳✲ ❛ ②
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❉✐ ❡ ❱ ♦ ❡✐❧ ❡ ❞ ❡ ❘ ♥ ❣ ❡ ♥ ♠✐ ❦ ♦ ❦ ♦ ♣✐ ❡ ❜ ❡ ❡ ❤ ❡ ♥ ❞ ❛ ✐ ♥✱ ❞ ❛ ❘ ♥ ❣ ❡ ♥❧✐ ❝ ❤ ❡✐ ♥ ❡ ❤ ♦ ❤ ❡
❊✐ ♥ ❞ ✐ ♥ ❣ ✐ ❡❢ ❡✱ ❡✐ ♥ ❡ ♥ ❣ ✉ ❡ ♥ ❊❧ ❡ ♠ ❡ ♥ ❦ ♦ ♥ ❛ ✉ ♥ ❞ ❡✐ ♥ ❡ ❦ ✉ ③ ❡ ❲❡❧❧ ❡ ♥❧ ♥ ❣ ❡ ❛ ✉❢ ✇ ❡✐ ✳
❉✐ ❡ ❡ ❡✐ ♥ ③✐ ❣ ❛ ✐ ❣ ❡ ❑ ♦ ♠ ❜✐ ♥ ❛ ✐ ♦ ♥ ❡ ♠ ❣❧✐ ❝ ❤ ❞✐ ❡ ❆ ❜ ❜✐❧ ❞ ✉ ♥ ❣ ✈ ♦ ♥ ❞✐ ❝ ❦ ❡ ♥ ♦ ❜ ❡ ♥ ♠✐
❤ ♦ ❤ ❡ ❆ ✉ ✢ ✉ ♥ ❣ ✉ ♥ ❞ ❜ ❡ ❜ ❝ ❦ ♦ ❞✐ ❡ ▲ ❝ ❦ ❡ ③ ✇✐ ❝ ❤ ❡ ♥ ❞ ❡ ♦ ♣ ✐ ❝ ❤ ❡ ♥ ▼✐ ❦ ♦ ❦ ♦ ♣✐ ❡
✉ ♥ ❞ ❞ ❡ ❊❧ ❡ ❦ ♦ ♥ ❡ ♥ ♠✐ ❦ ♦ ❦ ♦ ♣✐ ❡✳ ❉ ❛ ♠✐ ❤ ❛ ❜ ❡ ♥ ✐ ❝ ❤ ♥ ❣ ❡ ♥ ❜ ❛ ✐ ❡ ❡ ▼✐ ❦ ♦ ❦ ♦ ♣✐ ❡✲
♠ ❡ ❤ ♦ ❞ ❡ ♥ ③ ✉ ❡✐ ♥ ❡ ♠ ✉ ❡ ✇ ❡ ✈ ♦❧❧ ❡ ♥ ❲❡ ❦ ③ ❡ ✉ ❣ ❢ ✈✐ ❡❧ ❡ ❆ ♥ ✇ ❡ ♥ ❞ ✉ ♥ ❣ ❡ ♥ ✐ ♥ ❞ ❡ ♥
▼ ❛ ❡ ✐ ❛❧✲ ✉ ♥ ❞ ▲ ❡ ❜ ❡ ♥ ✇✐ ❡ ♥ ❝ ❤ ❛❢ ❡ ♥ ❡ ♥ ✇✐ ❝ ❦ ❡❧ ✳
❯ ♥ ❡ ❞ ❡ ♥ ♥ ❣ ❡ ♥ ❜ ❛ ✐ ❡ ❡ ♥✱ ❜✐❧ ❞ ❣ ❡ ❜ ❡ ♥ ❞ ❡ ♥ ❱❡ ❢ ❛ ❤ ❡ ♥ ❤ ❛ ❞✐ ❡ ✸ ❉✲ ❘ ♥ ❣ ❡ ♥ ♠✐ ❦ ♦✲
❦ ♦ ♣✐ ❡ ❛ ✉❢ ❇ ❛ ✐ ❞ ❡ ❘ ♥ ❣ ❡ ♥ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❡ ❜✐ ❧ ❛ ♥ ❣✱ ✈ ♦ ❛❧❧ ❡ ♠ ✐ ♥ ❞ ❡ ❇✐ ♦❧ ♦ ❣✐ ❡✱ ❞✐ ❡
❜ ❡✐ ❡ ❡ ❆ ♥ ✇ ❡ ♥ ❞ ✉ ♥ ❣ ❣ ❡❢ ✉ ♥ ❞ ❡ ♥✳ ❆❧❧ ❡ ❞✐ ♥ ❣ ✐ ♥ ❞ ❞✐ ❡ ✐ ♥ ③✐ ♣✐ ❡ ♥ ❞ ❡ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝ ❤ ❡ ♥
❘ ❡ ❦ ♦ ♥ ✉ ❦ ✐ ♦ ♥✱ ❞✐ ❡ ❛ ✉❢ ❞ ❡ ❧✐ ♥ ❡ ❛ ❡ ♥ ♦❥ ❡ ❦ ✐ ♦ ♥ ❜ ❡ ✉ ❤ ❡ ♥✱ ❜ ❡ ❡✐ ❢ ❞✐ ❡ ♠ ❡✐ ❡ ♥
❜✐ ♦❧ ♦ ❣✐ ❝ ❤ ❡ ♥ ❩ ❡❧❧ ❡ ♥ ✈ ❡ ❧ ❡ ③ ✱ ❞ ❛ ❞ ❡ ❡ ♥ ❉✐ ❝ ❦ ❡ ❞✐ ❡ ❙ ❝ ❤ ❢ ❡ ♥ ✐ ❡❢ ❡ ❞ ❡ ❣ ❡ ❣ ❡ ♥ ✇ ✐ ❣ ❡ ♥ ❩ ♦✲
♥ ❡ ♥ ♣❧ ❛ ❡ ♥ ❜ ❡ ❡✐ ❣ ✳ ❉✐ ❡ ❡ ♦ ❜❧ ❡ ♠ ✈ ❡ ❝ ❤ ❢ ✐ ❝ ❤✱ ✇ ❡ ♥ ♥ ♠ ❛ ♥ ❞✐ ❡ ❧ ❛ ❡ ❛❧ ❡ ❆ ✉❢✲
❧ ✉ ♥ ❣ ❞ ❡ ❩ ♦ ♥ ❡ ♥ ♣❧ ❛ ❡ ♥ ♦ ❜❥ ❡ ❦ ✐ ✈ ❡ ❛ ✉❢ ✶ ✵ ♥ ♠ ❡ ❤ ❤ ✳ ❯ ♠ ❞ ❡ ♥ ❊ ✛ ❡ ❦ ❞ ❡ ❜ ❡ ❣ ❡ ♥ ③ ❡ ♥
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♦ ③ ❡ ❡ ✐ ♠ ✉❧✐ ❡ ✳ ❲✐ ③ ❡✐ ❣ ❡ ♥✱ ❞ ❛ ❋■ ❇✲ ❙ ❳ ▼ ❛ ✉❢ ❣ ✉ ♥ ❞ ❞ ❡ ❦ ✉ ③ ❡ ♥ ❆ ✉ ✐ ❧ ♥ ❣ ❡
✭ ❁ ✶ ✵ ♥ ♠✮ ❞ ❡ ❡ ♠✐ ✐ ❡ ❡ ♥ ❊❧ ❡ ❦ ♦ ♥ ❡ ♥ ✉ ♥ ❞ ❞ ❡ ❣ ❡ ✐ ♥ ❣ ❡ ♥ ● ❡ ❞ ❡ ❇ ❡ ♥ ♥ ✢ ❡ ❝ ❦ ♦✲
✇✐ ❡ ❞ ❡ ❤ ♦ ❤ ❡ ♥ ③✐ ✐ ♦ ♥ ❋ ✈ ♦ ❣ ❛ ♥ ❣ ❡✐ ♥ ❡ ✐ ♦ ♦ ♣ ❡ ❆ ✉ ✢ ✉ ♥ ❣ ✈ ♦ ♥ ✶ ✵ ♥ ♠ ❡ ❡✐ ❝ ❤ ❡ ♥
❦ ❛ ♥ ♥✳ ❜ ❡ ❛ ❝ ❤ ❡ ♥ ❞ ❡ ✇ ❡✐ ❡ ✜ ♥ ❞ ❡ ♥ ✇✐ ❛ ✉ ❝ ❤✱ ❞ ❛ ❋■ ❇✲ ❙ ❳ ▼ ❛ ✉❢ ❣ ✉ ♥ ❞ ❡✐ ♥ ❡ ❊❧ ❡ ❦✲
♦ ♥ ❡ ♥ ❡ ❢ ❛ ✉ ♥ ❣ ♠ ♦ ❞ ✉ ❜ ❡✐ ❡✐ ♥ ❡ ❞ ❡✐ ● ❡ ♥ ♦ ❞ ♥ ✉ ♥ ❣ ❡ ♥ ♥✐ ❡ ❞ ✐ ❣ ❡ ❡ ♥ ❉ ♦ ✐ ❛ ❜ ❡✐ ❡ ♥
❦ ❛ ♥ ♥ ❛❧ ♥ ❣ ❡ ♥ ❜ ❛ ✐ ❡ ❡ ❚ ❛ ♥ ♠✐ ✐ ♦ ♥ ♠ ❡ ❤ ♦ ❞ ❡ ♥✳ ❙ ♦ ♠✐ ❜✐ ❡ ❡ ❋■ ❇✲ ❙ ❳ ▼ ❡✐ ♥ ❡ ❤ ♦✲
❤ ❡ ✐ ♦ ♦ ♣ ❡ ❆ ✉ ✢ ✉ ♥ ❣ ❜ ❡✐ ❡✐ ♥ ❡ ✐ ❣ ♥✐ ✜ ❦ ❛ ♥ ♥✐ ❡ ❞ ✐ ❣ ❡ ❡ ♥ ❉ ♦ ✐ ✉ ♥ ❞ ❜ ❡ ✇✐ ♥ ❞ ❡ ♦
❡✐ ♥ ❡ ❞ ❡ ❦ ❡ ♥ ❇ ❡ ❝ ❤ ♥ ❦ ✉ ♥ ❣ ❡ ♥ ❛❧❧ ❡ ❣ ♥ ❣✐ ❣ ❡ ♥ ♥ ❣ ❡ ♥ ❜ ❛ ✐ ❡ ❡ ♥ ❚ ❛ ♥ ♠✐ ✐ ♦ ♥ ✲
✈ ❡ ❢ ❛ ❤ ❡ ♥ ❢ ❞✐ ❡ ✸ ❉✲ ❇✐❧ ❞ ❣ ❡ ❜ ✉ ♥ ❣✳
❊✐ ♥ ❡ ✇ ❡✐ ❡ ❡ ❊✐ ♥ ❝ ❤ ♥ ❦ ✉ ♥ ❣ ❞ ❡ ❞ ❡ ③ ❡✐ ✐ ❣ ❡ ♥ ▼✐ ❦ ♦ ❦ ♦ ♣✐ ❡ ✈ ❡ ❢ ❛ ❤ ❡ ♥ ✐ ♠ ✇ ❡✐ ❝ ❤ ❡ ♥
❘ ♥ ❣ ❡ ♥ ❜ ❡ ❡✐ ❝ ❤ ✐ ❞✐ ❡ ❩ ❡✐ ❛ ✉ ✢ ✉ ♥ ❣✳ ❖ ❜ ✇ ♦ ❤❧ ❢ ❡✐ ❡ ❊❧ ❡ ❦ ♦ ♥ ❡ ♥❧ ❛ ❡ ✭ ❋ ❊ ▲ ✮ ❦ ✉ ③ ❡
❘ ♥ ❣ ❡ ♥ ♣ ✉❧ ❡ ♠✐ ❋❡ ♠ ♦ ❡ ❦ ✉ ♥ ❞ ❡ ♥ ❛ ✉ ✢ ✉ ♥ ❣ ❜✐ ❡ ❡ ♥✱ ✐ ❞✐ ❡ ❆ ❜ ❜✐❧ ❞ ✉ ♥ ❣ ♠✐ ❞✐ ❡ ❡ ♥
✶ ✺
❦ ✉ ③ ❡ ♥✱ ❦ ♦ ❤ ❡ ♥ ❡ ♥ ✉❧ ❡ ♥ ❡✐ ♥ ❡ ❣ ♦ ❡ ❍ ❡ ❛ ✉ ❢ ♦ ❞ ❡ ✉ ♥ ❣✳ ■ ♥ ❞✐ ❡ ❡ ❆ ❜ ❡✐ ❝ ❤❧ ❛ ❣ ❡ ♥
✇✐ ❡✐ ♥ ❡ ♥ ♥ ❡ ✉ ❡ ♥ ❍ ♦❧ ♦ ❣ ❛ ♣ ❤✐ ❡ ❛ ♥ ❛ ③ ✈ ♦ ✱ ❞ ❡ ❛ ✉❢ ❞ ❡ ❇ ❛ ✐ ❞ ❡ ❋ ♦ ✉ ✐ ❡ ✲ ❚ ❛ ♥ ❢ ♦ ♠ ❛✲
✐ ♦ ♥ ✲ ❍ ♦❧ ♦ ❣ ❛ ♣ ❤✐ ❡ ❜ ❡ ✉ ❤ ✳ ❯ ♥ ❡ ❡ ▼ ❡ ❤ ♦ ❞ ❡ ✉ ♥ ❡ ❝ ❤ ❡✐ ❞ ❡ ✐ ❝ ❤ ✈ ♦ ♥ ❢ ❤ ❡ ❡ ♥ ❍ ♦❧ ♦✲
❣ ❛ ♣ ❤✐ ❡ ❛ ♥ ③ ❡ ♥ ❞ ✉ ❝ ❤ ❞✐ ❡ ❱❡ ✇ ❡ ♥ ❞ ✉ ♥ ❣ ❡✐ ♥ ❡ ❞✐ ✛ ❛ ❦ ✐ ✈ ❡ ♥ ♦ ♣ ✐ ❝ ❤ ❡ ♥ ❊❧ ❡ ♠ ❡ ♥ ✱ ✉ ♠
❞✐ ❡ ❇ ❡❧ ❡ ✉ ❝ ❤ ✉ ♥ ❣ ♦ ✇ ♦ ❤❧ ❞ ❡ ♦ ❜ ❡ ❛❧ ❛ ✉ ❝ ❤ ❞ ❡ ❘ ❡❢ ❡ ❡ ♥ ③ ③ ✉ ❡ ③ ❡ ✉ ❣ ❡ ♥✳ ❉✐ ❡ ❍ ❛ ✉ ♣ ✲
✈ ♦ ❡✐❧ ❡ ❞ ❡ ♥ ❡ ✉ ❡ ♥ ▼ ❡ ❤ ♦ ❞ ❡ ✐ ♥ ❞ ❞✐ ❡ ❝ ❤ ♥ ❡❧❧ ❡ ❇✐❧ ❞ ❣ ❡ ❜ ✉ ♥ ❣✱ ❞ ❛ ❡ ✇ ❡✐ ❡ ❡ ❙✐ ❝ ❤ ❢ ❡❧ ❞
✉ ♥ ❞ ❞✐ ❡ ❊ ♥ ❦ ♦ ♣ ♣❧ ✉ ♥ ❣ ✈ ♦ ♥ ❖ ♣ ✐ ❦ ✉ ♥ ❞ ♦ ❜ ❡✳ ❯ ♠ ❞✐ ❡ ❆ ✉ ✢ ✉ ♥ ❣ ❞ ❡ ♥ ❡ ✉ ❡ ♥ ▼ ❡ ❤ ♦ ❞ ❡
③ ✉ ✉ ♥ ❡ ✉ ❝ ❤ ❡ ♥✱ ❢ ❤ ❡ ♥ ✇✐ ♦ ✇ ♦ ❤❧ ❤ ❡ ♦ ❡ ✐ ❝ ❤ ❡ ❇ ❡ ❡ ❝ ❤ ♥ ✉ ♥ ❣ ❡ ♥ ❛❧ ❛ ✉ ❝ ❤ ❊ ① ♣ ❡ ✐✲
♠ ❡ ♥ ❡ ♠✐ ❙ ② ♥ ❝ ❤ ♦ ♦ ♥ ❛ ❤❧ ✉ ♥ ❣ ✈ ♦ ♥ ❇ ❊ ❙ ❙ ❨ ■■ ❞ ✉ ❝ ❤✳ ❯ ♥ ❡ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❡❧❧ ❡ ♥
✉ ♥ ❞ ❤ ❡ ♦ ❡ ✐ ❝ ❤ ❡ ♥ ❊ ❣ ❡ ❜ ♥✐ ❡ ③ ❡✐ ❣ ❡ ♥ ❞ ❛ ♦ ❡ ♥ ✐ ❛❧ ❞✐ ❡ ❡ ❍ ♦❧ ♦ ❣ ❛ ♣ ❤✐ ❡ ♠ ❡ ❤ ♦ ❞ ❡ ❢
③ ✉ ❦ ♥❢ ✐ ❣ ❡ ❊ ① ♣ ❡ ✐ ♠ ❡ ♥ ❡ ❛ ♥ ❋ ❊ ▲ ✳
❋ ❛❧❧ ❡ ❧✐ ♥ ❡ ♥ ❜ ❛ ✐ ❡ ❡ ♥✱ ❜✐❧ ❞ ❣ ❡ ❜ ❡ ♥ ❞ ❡ ♥ ❊ ① ♣ ❡ ✐ ♠ ❡ ♥ ❡ ✐ ♠ ❘ ♥ ❣ ❡ ♥ ❜ ❡ ❡✐ ❝ ❤ ✐ ❡
❡ ♥ ❝ ❤ ❡✐ ❞ ❡ ♥ ❞✱ ❞✐ ❡ ❆ ❜ ❜✐❧ ❞ ✉ ♥ ❣ ❡✐ ❣ ❡ ♥ ❝ ❤ ❛❢ ❡ ♥ ✈ ♦ ♥ ❋ ❡ ♥ ❡❧✲ ❩ ♦ ♥ ❡ ♥ ♣❧ ❛ ❡ ♥ ③ ✉ ✈ ❡ ❡ ❤ ❡ ♥✳
❲ ❤ ❡ ♥ ❞ ❞✐ ❡ ❆ ✉ ✇✐ ❦ ✉ ♥ ❣ ❡ ♥ ✈ ♦ ♥ ② ❡ ♠ ❛ ✐ ❝ ❤ ❡ ♥ ❩ ♦ ♥ ❡ ♥ ♣ ♦ ✐ ✐ ♦ ♥✐ ❡ ✉ ♥ ❣ ❢ ❡ ❤❧ ❡ ♥ ❡✐
▲ ❛ ♥ ❣ ❡ ♠ ❜ ❡ ❦ ❛ ♥ ♥ ✐ ♥ ❞✱ ✐ ♥ ❞ ❞✐ ❡ ❊ ✛ ❡ ❦ ❡ ✈ ♦ ♥ ③ ✉❢ ❧❧✐ ❣ ❡ ♥ ❩ ♦ ♥ ❡ ♥ ♣ ♦ ✐ ✐ ♦ ♥✐ ❡ ✉ ♥ ❣ ❢ ❡ ❤❧ ❡ ♥
✉ ♥ ❦❧ ❛ ❣ ❡ ❜❧✐ ❡ ❜ ❡ ♥✳ ❩ ♦ ♥ ❡ ♥ ♣❧ ❛ ❡ ♥ ✇ ❡ ❞ ❡ ♥ ❤ ❛ ✉ ♣ ❝ ❤❧✐ ❝ ❤ ❞ ✉ ❝ ❤ ❊❧ ❡ ❦ ♦ ♥ ❡ ♥ ❛ ❤❧❧✐ ❤ ♦✲
❣ ❛ ♣ ❤✐ ❡ ✉ ♥ ❞ ♣❧ ❛ ♥ ❛ ❡ ➘ ③ ❡ ❝ ❤ ♥✐ ❦ ❡ ♥ ❤ ❡ ❣ ❡ ❡❧❧ ✳ ❋ ❤ ❛ ❡ ❘ ♥ ❣ ❡ ♥ ❛ ❤❧ ❡ ♥ ❜ ❡ ✉ ❤
❡✐ ♥ ❛❧ ❡ ♥ ❛ ✐ ✈ ❡ ❩ ♦ ♥ ❡ ♥ ♣❧ ❛ ❡ ♥ ❤ ❡ ❡❧❧ ✉ ♥ ❣ ❛ ♥ ❛ ③ ❞ ❛ ❛ ✉❢✱ ❛ ❜ ✇ ❡ ❝ ❤ ❡❧ ♥ ❞ ❡✐ ♥ ❡ ♥ ▼✐ ❦ ♦✲
❞ ❛ ❤ ♠✐ ③ ✇ ❡✐ ✈ ❡ ❝ ❤✐ ❡ ❞ ❡ ♥ ❡ ♥ ▼ ❛ ❡ ✐ ❛❧✐ ❡ ♥ ③ ✉ ❜ ❡ ❝ ❤✐ ❝ ❤ ❡ ♥✳ ▼✐ ❞✐ ❡ ❡ ♠ ❱❡ ❢ ❛ ❤ ❡ ♥
❦ ♥ ♥ ❡ ♥ ❡ ❤ ❞ ♥ ♥ ❡ ❩ ♦ ♥ ❡ ♥ ❝ ❤✐ ❝ ❤ ❡ ♥ ♠✐ ❡ ❤ ❤ ♦ ❤ ❡ ♥ ❆ ♣ ❡ ❦ ✈ ❡ ❤ ❧ ♥✐ ❡ ♥ ❛ ❜ ❣ ❡ ❝ ❤✐ ❡✲
❞ ❡ ♥ ✇ ❡ ❞ ❡ ♥✳ ❆ ❜ ❤ ♥ ❣✐ ❣ ✈ ♦ ♥ ❞ ❡ ♠ ❍ ❡ ❡❧❧ ✉ ♥ ❣ ✈ ❡ ❢ ❛ ❤ ❡ ♥ ❦ ♥ ♥ ❡ ♥ ❥ ❡ ❞ ♦ ❝ ❤ ③ ✉❢ ❧❧✐ ❣ ❡ ❩ ♦✲
♥ ❡ ♥ ♣ ♦ ✐ ✐ ♦ ♥✐ ❡ ✉ ♥ ❣ ❢ ❡ ❤❧ ❡ ③ ✉ ❛ ❦ ❡ ♥ ❆ ❜ ❡ ❛ ✐ ♦ ♥ ❡ ♥ ❢ ❤ ❡ ♥✳ ❯ ♠ ❞✐ ❡ ❡ ❊ ✛ ❡ ❦ ❡ ③ ✉ ✈ ❡ ✲
❡ ❤ ❡ ♥✱ ✉ ♥ ❡ ✉ ❝ ❤ ❡ ♥ ✇✐ ❞✐ ❡ ❆ ✉ ✇✐ ❦ ✉ ♥ ❣ ❡ ♥ ✈ ♦ ♥ ♦ ✐ ✐ ♦ ♥✐ ❡ ✉ ♥ ❣ ❢ ❡ ❤❧ ❡ ♥ ❛ ✉❢ ❞ ❛ ❆ ✉❢✲
❧ ✉ ♥ ❣ ✈ ❡ ♠ ❣ ❡ ♥ ❞ ❡ ❩ ♦ ♥ ❡ ♥ ♣❧ ❛ ❡ ♥ ✉ ♥ ❡ ❱❡ ✇ ❡ ♥ ❞ ✉ ♥ ❣ ✉ ♥ ❡ ❝ ❤✐ ❡ ❞❧✐ ❝ ❤ ❡ ③ ✉❢ ❧❧✐ ❣ ❡
❋❧ ✉ ❦ ✉ ❛ ✐ ♦ ♥ ❡ ♥✳ ❲✐ ❢ ❛ ♥ ❞ ❡ ♥ ❤ ❡ ❛ ✉ ✱ ❞ ❛ ③ ✉❢ ❧❧✐ ❣ ❡ ❋❡ ❤❧ ❡ ③ ✉ ❡✐ ♥ ❡ ❞ ❡ ✉ ❧✐ ❝ ❤ ❡ ♥ ❘ ❡ ❞ ✉ ❦✲
✐ ♦ ♥ ❞ ❡ ❑ ♦ ♥ ❛ ❜ ❡ ❛ ❣ ✉ ♥ ❣ ❢ ❤ ❡ ♥ ❦ ♥ ♥ ❡ ♥✳ ❲✐ ❤ ❛ ❜ ❡ ♥ ❛ ✉ ❝ ❤ ❡✐ ♥ ❡ ♦ ❜ ❡ ❡ ❙ ❝ ❤ ❛ ♥ ❦ ❡
❢ ❞✐ ❡ ♠✐ ❧ ❡ ❡ ❛ ❦ ③ ❡ ♣ ✐ ❡ ❜ ❛ ❡ ❱ ❛ ✐ ❛ ♥ ③ ❞ ❡ ❩ ♦ ♥ ❡ ♥ ❛ ❜ ❝ ❤ ❡✐ ❞ ✉ ♥ ❣ ❛ ❡ ❜ ❡ ✐ ♠ ♠ ✳
■ ♥ ❞ ❡ ❆ ❜ ❡✐ ❤ ❛ ❜ ❡ ♥ ✇✐ ❞✐ ❡ ● ❡ ♥ ③ ❡ ♥ ❞ ❡ ✇ ❡✐ ✈ ❡ ❜ ❡✐ ❡ ❡ ♥ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝ ❤ ❡ ♥
❘ ❡ ❦ ♦ ♥ ✉ ❦ ✐ ♦ ♥ ✈ ♦ ♥ ✸ ❉✲ ♦ ❜ ❡ ♥ ♠✐ ❡❧ ❚ ❛ ♥ ♠✐ ✐ ♦ ♥ ♥ ❣ ❡ ♥ ♠✐ ❦ ♦ ❦ ♦ ♣✐ ❡ ❝ ❤ ❛ ❛ ❦✲
❡ ✐ ✐ ❡ ✳ ❲✐ ③ ❡✐ ❣ ❡ ♥✱ ❞ ❛ ❞✐ ❡ ✸ ❉✲ ❆ ✉ ✢ ✉ ♥ ❣ ♠✐ ❞✐ ❡ ❡ ♠ ❆ ♥ ❛ ③ ❞ ✉ ❝ ❤ ❞✐ ❡ ❙ ❝ ❤ ✲
❢ ❡ ♥ ✐ ❡❢ ❡ ❜ ❡ ❣ ❡ ♥ ③ ✐ ✳ ❩ ✉ ❯ ♥ ❡ ✉ ❝ ❤ ✉ ♥ ❣ ✈ ♦ ♥ ❆❧ ❡ ♥ ❛ ✐ ✈ ❡ ♥ ❢ ❤ ❡ ♥ ✇✐ ❙✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ❡ ♥
③ ✉ ❇✐❧ ❞ ❡ ♥ ❡ ❤ ✉ ♥ ❣ ✐ ♥ ❡✐ ♥ ❡ ♠ ❦ ♦ ♥❢ ♦ ❦ ❛❧ ❡ ♥ ❘ ♥ ❣ ❡ ♥ ♠✐ ❦ ♦ ❦ ♦ ♣ ✉ ♥ ❞ ❡✐ ♥ ❡ ♠ ❋■ ❇✲ ❙ ❳ ▼
❞ ✉ ❝ ❤✳ ❲✐ ③ ❡✐ ❣ ❡ ♥✱ ❞ ❛ ❋■ ❇✲ ❙ ❳ ▼ ❡✐ ♥ ✈✐ ❡❧ ✈ ❡ ♣ ❡ ❝ ❤ ❡ ♥ ❞ ❡ ❆ ♥ ❛ ③ ✐ ✱ ❞ ❡ ❡✐ ♥ ❡ ✐ ♦✲
♦ ♣ ❡ ✸ ❉✲ ❆ ✉ ✢ ✉ ♥ ❣ ✉ ♠ ❞✐ ❡ ✶ ✵ ♥ ♠ ❡ ❡✐ ❝ ❤ ❡ ♥ ❦ ❛ ♥ ♥ ✉ ♥ ❞ ③ ✉ ③❧✐ ❝ ❤ ❡✐ ♥ ❞ ❛ ✐ ❝ ❤
✈ ❡ ❜ ❡ ❡ ❡ ❙✐ ❣ ♥ ❛❧✲ ❘ ❛ ✉ ❝ ❤✲ ❱❡ ❤ ❧ ♥✐ ❜✐ ❡ ❡ ♥ ❦ ♥ ♥ ❡✳ ❲✐ ❡❧❧ ❡ ♥ ❛ ✉ ❝ ❤ ❡✐ ♥ ❡ ♥ ❡ ✉ ❡
❍ ♦❧ ♦ ❣ ❛ ♣ ❤✐ ❡ ♠ ❡ ❤ ♦ ❞ ❡ ✈ ♦ ✱ ❞✐ ❡ ✐ ❝ ❤ ❢ ❱ ♦❧❧❢ ❡❧ ❞ ❛ ❜ ❜✐❧ ❞ ✉ ♥ ❣ ❡ ♥ ♠✐ ❦ ✉ ③ ❡ ♥ ❦ ♦ ❤ ❡ ♥ ❡ ♥
❘ ♥ ❣ ❡ ♥ ♣ ✉❧ ❡ ♥ ❛❧ ✈ ♦ ❡✐❧ ❤ ❛❢ ❡ ✇ ❡✐ ❡ ♥ ✉ ♥ ❞ ♥ ❡ ✉ ❡ ❊✐ ♥ ✐ ❝ ❤ ❡ ♥ ✐ ♥ ❞✐ ❡ ✉❧ ❛ ❝ ❤ ♥ ❡❧❧ ❡
❤ ② ✐ ❦ ❧✐ ❡❢ ❡ ♥ ❦ ♥ ♥ ❡✳
✶ ✻
◆ ♦ ❛ ✐ ♦ ♥
❚ ❤ ♦ ✉ ❣ ❤ ♦ ✉ ❤ ❡ ❤ ❡ ✐ ✱ ♣ ❛ ❡ ♥ ❤ ❡ ❡ (()) ❛ ❡ ❡✐ ❤ ❡ ✉ ❡ ❞ ♦ ✐ ♥ ❞✐ ❝ ❛ ❡ ❛ ♥ ❡ ✇ ② ♠ ❜ ♦❧
✇✐ ❤ ♦ ✉ ❡ ① ♣❧✐ ❝✐ ❧ ② ❞ ❡ ✜ ♥✐ ♥ ❣ ✐ ✱ ❡✳ ❣✳ ❤ ❡ ❡❧ ❡ ❝ ✐ ❝ ✜ ❡❧ ❞ (E ) ♦ ♦ ❣ ♦ ✉ ♣ ♠ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧
❡ ① ♣ ❡ ✐ ♦ ♥ ✱ ❡✳ ❣✳ 2 · ( 1 + 1) = 4✳ ❙ ✉ ❛ ❡ ❜ ❛ ❝ ❦ ❡ ([]) ❛ ❡ ✉ ❡ ❞ ❢ ♦ ❛ ❣ ✉ ♠ ❡ ♥ ♦❢
❢ ✉ ♥ ❝ ✐ ♦ ♥ ✱ ❢ ♦ ❝❧ ♦ ❡ ❞ ✐ ♥ ❡ ✈ ❛❧ ❛ ♥ ❞ ❝✐ ❛ ✐ ♦ ♥ ✱ ❡✳ ❣✳ e x p [ 0] = 1 , 1 ∈ [ 0, 1] ♦ ❬ ✺ ✶❪✳
◆ ♦ ♠ ❡ ♥ ❝❧ ❛ ✉ ❡
d r N ♦ ✉ ❡ ♠ ♦ ③ ♦ ♥ ❡ ✇✐ ❞ ❤
❈ ❉■ ❝ ♦ ❤ ❡ ❡ ♥ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ✐ ♠ ❛ ❣✐ ♥ ❣
❈ ❙ ❚ ❳ ▼ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❝ ❛ ♥ ♥✐ ♥ ❣ ❛ ♥ ♠✐ ✐ ♦ ♥ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡
❉ ❖ ❊ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥
❉ ❖ ❋ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉
❡ ■ ❊ ❡ ① ❡ ♥ ❞ ❡ ❞ ♣ ② ❝ ❤ ♦ ❣ ❛ ♣ ❤ ② ✐ ❡ ❛ ✐ ✈ ❡ ❡ ♥ ❣✐ ♥ ❡
❋ ❊ ▲ ❢ ❡ ❡ ❡❧ ❡ ❝ ♦ ♥ ❧ ❛ ❡
❋ ❋ ❚ ❢ ❛ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠
❋■ ❇ ❢ ♦ ❝ ✉ ❡ ❞ ✐ ♦ ♥ ❜ ❡ ❛ ♠
❋■ ❇✲ ❙ ❳ ▼ ❢ ♦ ❝ ✉ ❡ ❞ ✐ ♦ ♥ ❜ ❡ ❛ ♠ ♠✐❧❧✐ ♥ ❣ ❝ ❛ ♥ ♥✐ ♥ ❣ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡
❋ ❚ ❍  ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ②
❋ ❲ ❍ ▼ ❢ ✉❧❧ ✇✐ ❞ ❤ ❤ ❛❧❢ ♠ ❛ ①✐ ♠ ✉ ♠
❋ ❩ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡
▼ ❚ ❋  ♠ ♦ ❞ ✉❧ ❛ ✐ ♦ ♥ ❛ ♥ ❢ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥
◆ ❆ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ♣ ❡ ✉ ❡
◆ ❋ ❋ ❆  ✇✐ ❞ ❡✲ ❛ ♥ ❣❧ ❡ ♥ ❡ ❛ ❛ ♥ ❞ ❢ ❛ ✜ ❡❧ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥
❖ ❙ ❆ ♦ ❞ ❡ ♦ ✐ ♥ ❣ ❛ ♣ ❡ ✉ ❡
❖ ❚ ❋ ♦ ♣ ✐ ❝ ❛❧ ❛ ♥ ❢ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥
❙ ❋ ✭✐ ♥ ❡ ♥ ✐ ② ✴ ❛ ♠ ♣❧✐ ✉ ❞ ❡ ✮ ♣ ♦✐ ♥ ♣ ❡ ❛ ❞ ❢ ✉ ♥ ❝ ✐ ♦ ♥






signal to noise ratio 
scanning transmission X-ray microscope 
transmission X-ray microscope 
❈ ❤ ❛ ♣ ❡ ✶
■ ♥ ♦ ❞ ✉ ❝ ✐ ♦ ♥
▼✐ ❝ ♦ ❝ ♦ ♣ ❡ ♣❧ ❛ ② ❛ ♥ ✐ ♠ ♣ ♦ ❛ ♥ ♦❧ ❡ ❢ ♦ ✐ ♥ ❞ ✉ ✐ ❛❧ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ♥ ❛ ✉ ❛❧ ❝✐ ❡ ♥ ❝ ❡✳
■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ❤ ❛ ❢ ♦ ✉ ♥ ❞ ♠ ❛ ♥ ② ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ❧✐❢ ❡ ❝✐ ❡ ♥ ❝ ❡✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡
❜ ② ✉ ❞ ②✐ ♥ ❣ ❞✐ ❡ ❛ ❡ ❛ ❤ ❡ ❝ ❡❧❧ ✉❧ ❛ ❧ ❡ ✈ ❡❧✳ ■ ♥ ❡ ♥ ❡ ❣ ② ❡ ❡ ❛ ❝ ❤✱ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ♣❧ ❛ ② ❛
❝ ✉ ❝✐ ❛❧ ♦❧ ❡ ❢ ♦ ❤ ❡ ❞ ❡ ✈ ❡❧ ♦ ♣ ♠ ❡ ♥ ♦❢ ❡ ✣ ❝✐ ❡ ♥ ❡ ♥ ❡ ❣ ② ♦ ❛ ❣ ❡ ❞ ❡ ✈✐ ❝ ❡ ✳
❚ ❤ ❡ ✜ ❧✐ ❣ ❤ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✇ ❡ ❡ ❞ ❡ ✈ ❡❧ ♦ ♣ ❡ ❞ ✐ ♥ ❤ ❡ ◆ ❡ ❤ ❡ ❧ ❛ ♥ ❞ ❛ ♦ ✉ ♥ ❞ ✶ ✻ ✷ ✵✳ ■ ♥
✶ ✽ ✼ ✸✱ ❆ ❜ ❜ ❡ ♥ ♦ ❡ ❞ ❤ ❛ ❧✐ ❣ ❤ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ❛ ❡ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❧✐ ♠✐ ❡ ❞ ❜ ② ❤ ❡ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤✳
❚ ❤ ❡✐ ❜ ❡ ❛ ❝ ❤✐ ❡ ✈ ❛ ❜❧ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ❛ ❜ ♦ ✉ ❤ ❛❧❢ ♦❢ ❤ ❡ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤ ♦❢ ❤ ❡ ❧✐ ❣ ❤ ✉ ❡ ❞✳
■ ♥ ♣ ❛ ❝ ✐ ❝ ❡✱ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧ ❧✐ ❣ ❤ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ❝ ❛ ♥ ♦ ♥❧ ② ❡ ♦❧ ✈ ❡ ✉ ❝ ✉ ❡ ♦❢ ❛ ❜ ♦ ✉
❛ ✉ ❛ ❡ ♠✐ ❝ ♦ ♠ ❡ ❡ ✳ ❆❧ ❤ ♦ ✉ ❣ ❤ ❤ ❡✐ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ❧✐ ♠✐ ❡ ❞✱ ❤ ❡✐ ❡ ❛ ② ✉ ❛ ❣ ❡ ❛ ♥ ❞
✈ ❡ ❛ ✐❧✐ ② ♠ ❛ ❦ ❡ ❤ ❡ ♠ ❤ ❡ ♠ ♦ ❝ ♦ ♠ ♠ ♦ ♥❧ ② ✉ ❡ ❞ ② ♣ ❡ ♦❢ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✳ ❚ ❤ ❡ ② ❤ ❛ ✈ ❡
❜ ❡ ❝ ♦ ♠ ❡ ✈ ❛❧ ✉ ❛ ❜❧ ❡ ♦ ♦❧ ❢ ♦ ❜✐ ♦❧ ♦ ❣ ②✱ ♣ ❤ ② ✐ ❝ ❛ ♥ ❞ ♠ ❛ ❡ ✐ ❛❧ ❝✐ ❡ ♥ ❝ ❡✳ ❚ ❤✐ ✈ ❡ ❛ ✐❧✐ ②
✐ ♣ ❛ ❧ ② ❞ ✉ ❡ ♦ ❤ ❡ ❡ ✛ ♦ ♠ ❛ ❞ ❡ ♦ ❞ ❡ ✈ ❡❧ ♦ ♣ ❞✐ ✛ ❡ ❡ ♥ ❝ ♦ ♥ ❛ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ✳ ❚ ❤ ❡ ❡
✈ ❛ ✐ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❧✐ ❣ ❤ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ❡ ♥ ❛ ❜❧ ❡ ❤ ❡ ✉ ❞ ② ♦❢ ♦ ❤ ❡ ✇✐ ❡ ✐ ♥ ✈✐ ✐ ❜❧ ❡ ❛ ♠ ♣❧ ❡ ✳
❚ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ♦ ♥ ❛ ♠ ❡ ❤ ♦ ❞ ✐ ♥ ❝❧ ✉ ❞ ❡ ❞ ❛ ❦ ✜ ❡❧ ❞✱ ❩ ❡ ♥✐ ❦ ❡ ♣ ❤ ❛ ❡ ❝ ♦ ♥ ❛ ❛ ♥ ❞
❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ✐ ♥ ❡ ❢ ❡ ❡ ♥ ❝ ❡ ❝ ♦ ♥ ❛ ♠✐ ❝ ♦ ❝ ♦ ♣ ②✳
❙ ♠ ❛❧❧ ❡ ✉ ❝ ✉ ❡ ❤ ❛ ♥ ❣✐ ✈ ❡ ♥ ❜ ② ❆ ❜ ❜ ❡ ❧✐ ♠✐ ❝ ❛ ♥ ❜ ❡ ❡ ♦❧ ✈ ❡ ❞ ❜ ② ♠ ♦ ❞ ❡ ♥ ✉ ♣ ❡ ✲
❡ ♦❧ ✉ ✐ ♦ ♥ ♠ ❡ ❤ ♦ ❞ ✳ ❤ ♦ ♦ ❛ ❝ ✐ ✈ ❛ ❡ ❞ ❧ ♦ ❝ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ✭ ❆ ▲ ▼✮ ❬ ✹❪ ❛ ♥ ❞ ♦ ❝ ❤ ❛ ✲
✐ ❝ ♦ ♣ ✐ ❝ ❛❧ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ✭ ❙ ❚ ❖ ❘ ▼✮ ❬ ✼ ✶❪ ✉ ❡ ❛ ✐ ✐ ❝ ❛ ♥ ❛❧ ② ✐ ♦❢ ✢ ✉ ♦✲
❡ ❝ ❡ ♥ ❝ ❡ ✐ ❣ ♥ ❛❧ ♦ ♦ ✈ ❡ ❝ ♦ ♠ ❡ ❤ ❡ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❧✐ ♠✐ ✳ ❖ ❤ ❡ ✉ ♣ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ♠ ❡ ❤ ♦ ❞
✉ ❝ ❤ ❛ ✐ ♠ ✉❧ ❛ ❡ ❞ ❡ ♠✐ ✐ ♦ ♥ ❞ ❡ ♣❧ ❡ ✐ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ✭ ❙ ❚ ❊ ❉✮ ❬ ✸ ✼❪ ❛ ♥ ❞ ❣ ♦ ✉ ♥ ❞ ❛ ❡
❞ ❡ ♣❧ ❡ ✐ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ✭ ● ❙ ❉✮ ❬ ✸ ✻❪ ✉ ❡ ♥ ♦ ♥✲❧✐ ♥ ❡ ❛ ❡ ① ❝✐ ❛ ✐ ♦ ♥ ♦❢ ✢ ✉ ♦ ♦ ♣ ❤ ♦ ❡ ♦ ✐ ♥✲
❝ ❡ ❛ ❡ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥✳ ❲ ❤✐❧ ❡ ✐ ♥ ❤ ❡ ❡ ✉ ♣ ❡ ✲ ❡ ♦❧ ✉ ✐ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✱ ❤ ❡ ❝ ❡ ♥ ❡ ♦❢
❤ ❡ ✢ ✉ ♦ ♦ ♣ ❤ ♦ ❡ ✐ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ✇✐ ❤ ✉ ♣ ♦ ❛ ♣ ❡ ❝✐ ✐ ♦ ♥ ♦❢ ❛ ❢ ❡ ✇ ♥ ❛ ♥ ♦ ♠ ❡ ❡ ✱ ❤ ❡
♥ ♦ ♥✲ ✢ ✉ ♦ ❡ ❝ ❡ ♥ ❝ ❡❧❧ ✉❧ ❛ ✉ ❝ ✉ ❡ ✉ ♦ ✉ ♥ ❞✐ ♥ ❣ ❤ ❡ ✢ ✉ ♦ ♦ ♣ ❤ ♦ ❡ ❛ ❡ ♥ ♦ ✐ ♠ ❛ ❣ ❡ ❞✳
■ ♥ ✶ ✾ ✷ ✹✱ ❞ ❡ ❇ ♦ ❣❧✐ ❡ ♣ ✉ ❜❧✐ ❤ ❡ ❞ ❤✐ ❤ ② ♣ ♦ ❤ ❡ ✐ ❤ ❛ ♠ ❛ ❡ ❡ ① ❤✐ ❜✐ ❛ ✇ ❛ ✈ ❡✲❧✐ ❦ ❡
❜ ❡ ❤ ❛ ✈✐ ♦ ✳ ❚ ❤ ❡ ❛ ♥ ♠✐ ✐ ♦ ♥ ❡❧ ❡ ❝ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✭ ❚ ❊ ▼✮ ❬ ✹ ✼❪ ♠ ❛ ❦ ❡ ✉ ❡ ♦❢ ❤ ❡ ✐ ❣✲
✶ ✾
✷ ✵ ❈ ❍ ❆ ❚ ❊ ❘ ✶✳ ■ ◆ ❚ ❘ ❖ ❉ ❯ ❈ ❚■ ❖ ◆
♥✐ ✜ ❝ ❛ ♥ ❧ ② ❤ ♦ ❡ ❞ ❡ ❇ ♦ ❣❧✐ ❡ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤ ♦❢ ❡❧ ❡ ❝ ♦ ♥ ♣ ❡ ♠✐ ✐ ♥ ❣ ❛ ♦ ♠✐ ❝ ❡ ♦❧ ✉ ✐ ♦ ♥✳
❍ ♦ ✇ ❡ ✈ ❡ ✱ ❞ ✉ ❡ ♦ ❤ ❡ ♦ ♥ ❣ ✐ ♥ ❡❧ ❛ ✐ ❝ ❝ ❛ ❡ ✐ ♥ ❣ ♦❢ ❤ ❡ ❡❧ ❡ ❝ ♦ ♥ ✐ ♥ ❤ ❡ ❛ ♠ ♣❧ ❡✱ ❤ ❡
❡ ♦❧ ✉ ✐ ♦ ♥ ❞ ❡ ❝ ❡ ❛ ❡ ✇✐ ❤ ✐ ♥ ❝ ❡ ❛ ❡ ❞ ❤✐ ❝ ❦ ♥ ❡ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ■ ♥ ♣ ❛ ❝ ✐ ❝ ❡✱ ❚ ❊ ▼ ❛ ♣✲
♣❧✐ ❝ ❛ ✐ ♦ ♥ ❛ ❡ ❧✐ ♠✐ ❡ ❞ ♦ ✉ ❜✲ ♠✐ ❝ ♦ ♠ ❡ ❡ ❤✐ ♥ ❛ ♠ ♣❧ ❡ ✳ ❆ ♥ ♦ ❤ ❡ ❢ ♦ ♠ ♦❢ ❡❧ ❡ ❝ ♦ ♥
♠✐ ❝ ♦ ❝ ♦ ♣ ② ✐ ❝ ❛ ♥ ♥✐ ♥ ❣ ❡❧ ❡ ❝ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ✭ ❙ ❊ ▼✮✳ ■ ♥ ❙ ❊ ▼✱ ❛ ❢ ♦ ❝ ✉ ❡ ❞ ❡❧ ❡ ❝ ♦ ♥
❜ ❡ ❛ ♠ ✐ ❛ ❡ ❝ ❛ ♥ ♥ ❡ ❞ ♦ ✈ ❡ ❤ ❡ ✉ ❢ ❛ ❝ ❡ ♦❢ ❛ ❛ ♠ ♣❧ ❡✳ ❚ ❤ ❡ ❡❧ ❡ ❝ ♦ ♥ ❜ ❡ ❛ ♠ ❣ ❡ ♥ ❡ ❛ ❡
❡ ❝ ♦ ♥ ❞ ❛ ② ❛ ♥ ❞ ❜ ❛ ❝ ❦✲ ❝ ❛ ❡ ❡ ❞ ❡❧ ❡ ❝ ♦ ♥ ✇ ❤✐ ❝ ❤ ❝ ❛ ② ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❜ ♦ ✉ ❤ ❡ ✉ ✲
❢ ❛ ❝ ❡ ♦ ♣ ♦❧ ♦ ❣ ② ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ❆ ❞ ❞✐ ✐ ♦ ♥ ❛❧❧ ②✱ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❳✲ ❛ ② ❛ ❡ ❛❧ ♦ ❣ ❡ ♥ ❡ ❛ ❡ ❞
✇ ❤✐ ❝ ❤ ❝ ❛ ♥ ❜ ❡ ✉ ❡ ❞ ♦ ❛ ♥ ❛❧ ② ③ ❡ ❤ ❡ ❡❧ ❡ ♠ ❡ ♥ ❛❧ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡✳
❙✐ ♠✐❧ ❛ ♦ ❡❧ ❡ ❝ ♦ ♥ ✱ ❳✲ ❛ ② ❤ ❛ ✈ ❡ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ❤ ♦ ❡ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤ ❤ ❛ ♥ ✈✐ ✐ ❜❧ ❡
❧✐ ❣ ❤ ✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ❝ ❛ ♥ ♣ ♦ ❡ ♥ ✐ ❛❧❧ ② ❛ ❝ ❤✐ ❡ ✈ ❡ ✈ ❡ ② ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥✳
■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ❳✲ ❛ ② ❤ ❛ ✈ ❡ ❤ ❡ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ❤ ❛ ❤ ❡ ② ❝ ❛ ♥ ♣ ❡ ♥ ❡ ❛ ❡ ❤✐ ❝ ❦ ❡ ♦ ❜❥ ❡ ❝
❤ ❛ ♥ ❡❧ ❡ ❝ ♦ ♥ ❝ ❛ ♥✳ ❋ ✉ ❤ ❡ ♠ ♦ ❡✱ ❳✲ ❛ ② ❡ ① ❤✐ ❜✐ ❛ ♦ ♥ ❣ ❡ ❡ ♥ ❡ ❣ ② ❛ ♥ ❞ ♠ ❛ ❡ ✐ ❛❧✲
❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❡❧ ❡ ♠ ❡ ♥ ❝ ♦ ♥ ❛ ✳ ❚ ❤✐ ❝ ♦ ♥ ❛ ✐ ❞ ✉ ❡ ♦ ❛ ♦ ♠✐ ❝ ✐ ♥ ♥ ❡ ✲ ❤ ❡❧❧ ❛ ♥ ✐ ✐ ♦ ♥ ✳
❖ ♥ ❡ ❡ ♥ ❡ ❣ ② ❛ ♥ ❣ ❡ ✇ ❤✐ ❝ ❤ ✐ ✇ ❡❧❧ ✉✐ ❡ ❞ ❢ ♦ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✐ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞
✇ ❛ ❡ ✇✐ ♥ ❞ ♦ ✇ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❑✲ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ♦❢ ❝ ❛ ❜ ♦ ♥ ✭ ✷ ✽ ✸ ❡ ❱✮ ❛ ♥ ❞ ♦ ① ② ❣ ❡ ♥ ✭ ✺ ✸ ✶ ❡ ❱✮✳
❙✐ ♥ ❝ ❡ ❝ ❡❧❧ ✉ ❝ ✉ ❡ ♠ ❛✐ ♥❧ ② ❝ ♦ ♥ ✐ ♦❢ ❝ ❛ ❜ ♦ ♥ ✐ ❝ ❤ ♣ ♦ ❡✐ ♥ ❡ ♠ ❜ ❡ ❞ ❞ ❡ ❞ ✐ ♥ ✇ ❛ ❡ ✱
❤ ❡ ② ❡ ① ❤✐ ❜✐ ❛ ♦ ♥ ❣ ♥ ❛ ✉ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ❝ ♦ ♥ ❛ ✐ ♥ ❤ ❡ ✇ ❛ ❡ ✇✐ ♥ ❞ ♦ ✇ ❬ ✶ ✵ ✼❪✳ ❉ ✉ ❡
♦ ❤✐ ❝ ♦ ♥ ❛ ✱ ❝ ❡❧❧ ❝ ❛ ♥ ❜ ❡ ✉ ❞✐ ❡ ❞ ❛ ❤ ❡ ❡ ❡ ♥ ❡ ❣✐ ❡ ✇✐ ❤ ♦ ✉ ❛ ✐ ✜ ❝✐ ❛❧❧ ② ❛✐ ♥✐ ♥ ❣
❤ ❡✐ ✉ ❝ ✉ ❡ ❬ ✼ ✼❪✳
▼✐ ❝ ♦ ❝ ♦ ♣ ② ▼ ❡ ❤ ♦ ❞  ❘ ❡ ♦❧ ✉ ✐ ♦ ♥ ✷ ❉  ❖ ❜❥ ❡ ❝ ❤✐ ❝ ❦ ♥ ❡ ■ ♥ ❡ ❛ ❝ ✐ ♦ ♥ ✴ ❈ ♦ ♥ ❛ ▲✐ ♠✐ ❛ ✐ ♦ ♥
▲ ▼ ≈ 2 0 0 ♥ ♠ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ✴ ♣ ❤ ❛ ❡ ❤✐❢ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤
❙■ ≈ 1 0 0 ♥ ♠ ✢ ✉ ♦ ❡ ❝ ❡ ♥ ❝ ❡ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤
❙ ✉ ♣ ❡ ✲ ❡ ♦❧ ✉ ✐ ♦ ♥ ≈ 1 0 ♥ ♠ ✢ ✉ ♦ ❡ ❝ ❡ ♥ ❝ ❡ ❙ ◆ ❘
❚ ❳ ▼ 1 0 ♥ ♠ ❁ ✶ ✵ ➭ ♠ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ✴ ♣ ❤ ❛ ❡ ❤✐❢ ❙ ◆ ❘ ✴ ♦ ♣ ✐ ❝
❚ ❊ ▼ < 0 .1 ♥ ♠ ❁ ✵✳ ✺ ➭ ♠ ✐ ♥ ❡❧ ❛ ✐ ❝ ✴ ❡❧ ❛ ✐ ❝ ❝ ❛ ❡ ✐ ♥ ❣  ❙ ◆ ❘
❙ ❊ ▼ < 1 ♥ ♠ ✉ ❢ ❛ ❝ ❡ ✉ ❢ ❛ ❝ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ♠ ♣❧ ❡
❙ ◆ ❖ ▼ ≈ 3 0 ♥ ♠ ✉ ❢ ❛ ❝ ❡ ✉ ❢ ❛ ❝ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♣
❚ ❛ ❜❧ ❡ ✶✳ ✶✿ ❈ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ ❞✐ ✛ ❡ ❡ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ♠ ❡ ❤ ♦ ❞ ✳ ✭ ▲✐ ❣ ❤ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ✭ ▲ ▼✮✱
✉ ❝ ✉ ❡ ❞ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ✭ ❙■✮✱ ✉ ♣ ❡ ✲ ❡ ♦❧ ✉ ✐ ♦ ♥ ♠ ❡ ❤ ♦ ❞ ✱ ❛ ♥ ♠✐ ✐ ♦ ♥ ❳✲ ❛ ② ♠✐✲
❝ ♦ ❝ ♦ ♣ ② ✭ ❚ ❳ ▼✮✱ ❛ ♥ ♠✐ ✐ ♦ ♥ ❡❧ ❡ ❝ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ✭ ❚ ❊ ▼✮✱ ❝ ❛ ♥ ♥✐ ♥ ❣ ❡❧ ❡ ❝ ♦ ♥ ♠✐✲
❝ ♦ ❝ ♦ ♣ ② ✭ ❙ ❊ ▼✮ ❛ ♥ ❞ ❝ ❛ ♥ ♥✐ ♥ ❣ ♥ ❡ ❛ ✜ ❡❧ ❞ ♦ ♣ ✐ ❝ ❛❧ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ✭ ❙ ◆ ❖ ▼✮✳ ✮ ◆ ♦ ❡ ❤ ❛
❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ♦ ✛ ❡ ❛ ✉ ♥✐ ✉ ❡ ❝ ♦ ♠ ❜✐ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ❛ ♥ ❞ ❧ ❛ ❣ ❡ ♦ ❜❥ ❡ ❝
❤✐ ❝ ❦ ♥ ❡ ✳
■ ♥ ❛ ❜❧ ❡ ✶✳ ✶✱ ❞✐ ✛ ❡ ❡ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ♠ ❡ ❤ ♦ ❞ ❛ ❡ ❝ ♦ ♠ ♣ ❛ ❡ ❞ ✇✐ ❤ ❡ ❣ ❛ ❞ ♦ ❤ ❡✐
✷ ✶
❡ ♦❧ ✉ ✐ ♦ ♥ ❢ ♦ ② ♣✐ ❝ ❛❧ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ❛ ♠ ♣❧ ❡ ✳ ■ ✐ ♥ ♦ ❡ ✇ ♦ ❤ ② ❤ ❛ ♦❢ ❳✲ ❛ ② ♠✐✲
❝ ♦ ❝ ♦ ♣ ② ✐ ❛❧ ♠ ♦ ✐ ❞ ❡ ❛❧❧ ② ✉✐ ❡ ❞ ❢ ♦ ✉ ❞ ②✐ ♥ ❣ ❤ ❡ ✉❧ ❛✲ ✉ ❝ ✉ ❡ ♦❢ ❝ ❡❧❧ ✐ ♥ ❝ ❡ ✐
❝ ♦ ♠ ❜✐ ♥ ❡ ❤✐ ❣ ❤ ♣ ❡ ♥ ❡ ❛ ✐ ♦ ♥ ❞ ❡ ♣ ❤✱ ❤✐ ❣ ❤ ✸ ❉ ❡ ♦❧ ✉ ✐ ♦ ♥ ❛ ♥ ❞ ♣ ❤ ♦ ♦ ♥ ❡ ♥ ❡ ❣ ② ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥
♦ ❜❥ ❡ ❝ ❝ ♦ ♥ ❛ ✳ ❚ ❤ ❡ ❝ ♦ ♠ ❜✐ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ❤ ❡ ❡ ♣ ♦ ♣ ❡ ✐ ❡ ❡ ♥ ❛ ❜❧ ❡ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣
♦❢ ✇ ❤ ♦❧ ❡ ❝ ❡❧❧ ✐ ♥ ❤ ❡✐ ❛❧ ♠ ♦ ♥ ❛ ✉ ❛❧ ❛ ❡✳ ❇ ♦ ❤ ♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ② ❛ ♥ ❞ ❧✐ ❣ ❤
♠✐ ❝ ♦ ❝ ♦ ♣ ② ❝ ❛ ♥ ✐ ♠ ❛ ❣ ❡ ✇ ❤ ♦❧ ❡ ❝ ❡❧❧ ✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ✐ ❛❧ ♦ ✇ ❡❧❧ ✉✐ ❡ ❞
❢ ♦ ❝ ♦ ❡❧ ❛ ✐ ✈ ❡ ❧✐ ❣ ❤ ❛ ♥ ❞ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ②✳ ❚ ❤ ❡ ❝ ♦ ❡❧ ❛ ✐ ✈ ❡ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ❛ ♣ ♣ ♦ ❛ ❝ ❤
❝ ♦ ♠ ❜✐ ♥ ❡ ❤ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❜ ♦ ✉ ❤ ❡ ❝ ❡❧❧ ✉❧ ❛ ✉❧ ❛✲ ✉ ❝ ✉ ❡ ♦ ❜ ❛✐ ♥ ❡ ❞ ❜ ② ♦❢ ❳✲
❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ✇✐ ❤ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛❧ ♣ ♦ ♣ ❡ ✐ ❡ ✐ ♠ ❛ ❣ ❡ ❞ ❜ ② ✢ ✉ ♦ ❡ ❝ ❡ ♥ ❝ ❡ ❧✐ ❣ ❤ ♠✐ ❝ ♦ ❝ ♦ ♣ ②
❬ ✸ ✹✱ ✽ ✷❪✳
❖ ✈ ❡ ❤ ❡ ❧ ❛ ❞ ❡ ❝ ❛ ❞ ❡ ✱ ✈ ❛ ✐ ♦ ✉ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ② ♠ ❡ ❤ ♦ ❞ ❤ ❛ ✈ ❡ ❜ ❡ ❡ ♥ ❞ ❡ ✈ ❡❧ ♦ ♣ ❡ ❞✳
❖ ♥ ❡ ❝❧ ❛ ♦❢ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ❡ ❝ ❤ ♥✐ ✉ ❡ ♠ ❛ ❦ ❡ ✉ ❡ ♦❢ ❳✲ ❛ ② ❧ ❡ ♥ ❡ ✳ ❚ ❤ ❡ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞
❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ✇ ❡ ❡ ✉ ❣ ❣ ❡ ❡ ❞ ❢ ♦ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ② ✐ ♥ ❤ ❡ ✶ ✾ ✺ ✵ ❬ ✺ ✽✱ ✷❪ ❛ ♥ ❞
✜ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✇ ❡ ❡ ❝ ♦ ♥ ❞ ✉ ❝ ❡ ❞ ✐ ♥ ❤ ❡ ✼ ✵ ❬ ✼ ✺❪✳ ❚ ❤✐ ❝❧ ❛ ❝ ♦ ♥ ❛✐ ♥ ❢ ✉❧❧ ✜ ❡❧ ❞
❛ ♥ ♠✐ ✐ ♦ ♥ ♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ② ✭ ❚ ❳ ▼✮ ❬ ✼ ✼❪ ❛ ♥ ❞ ❝ ❛ ♥ ♥✐ ♥ ❣ ♦❢ ❳✲ ❛ ② ❛ ♥ ♠✐ ✲
✐ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ✭ ❙ ❚ ❳ ▼✮ ❬ ✹ ✺✱ ✻ ✵❪✳ ❇ ♦ ❤ ♠ ❡ ❤ ♦ ❞ ❤ ❛ ✈ ❡ ❢ ♦ ✉ ♥ ❞ ♠ ❛ ♥ ② ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✐ ♥
❧✐❢ ❡ ❛ ♥ ❞ ♠ ❛ ❡ ✐ ❛❧ ❝✐ ❡ ♥ ❝ ❡ ✳ ❈ ✉ ❡ ♥ ❧ ②✱ ❢ ✉❧❧ ✜ ❡❧ ❞ ❛ ♥ ♠✐ ✐ ♦ ♥ ♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ②
❣ ❡ ♥ ❡ ❛ ❡ ❤ ❡ ❜ ❡ ✐ ♠ ❛ ❣ ❡ ♦❢ ✇ ❤ ♦❧ ❡ ❝ ❡❧❧ ✳ ❖ ♥ ❡ ♦❢ ❤ ❡ ♠ ❛✐ ♥ ❝ ❤ ❛❧❧ ❡ ♥ ❣ ❡ ✐ ♥ ❤ ❡ ❞ ❡✲
✈ ❡❧ ♦ ♣ ♠ ❡ ♥ ♦❢ ❧ ❡ ♥ ❜ ❛ ❡ ❞ ♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ② ✇ ❛ ❤ ❛ ❢ ♦ ❤✐ ♣ ❤ ♦ ♦ ♥ ❡ ♥ ❡ ❣ ②
❛ ♥ ❣ ❡ ✭ ✶ ✵ ✵ ❡ ❱ ✲ ✺ ❦ ❡ ❱✮ ❤ ❡ ❛ ✐ ♦ ❜ ❡ ✇ ❡ ❡ ♥ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ❛ ♥ ❞ ♣ ❤ ❛ ❡ ❤✐❢ ✐ ♦ ♦ ❧ ❛ ❣ ❡
♦ ♠ ❛ ♥ ✉❢ ❛ ❝ ✉ ❡ ❡ ✣ ❝✐ ❡ ♥ ❡❢ ❛ ❝ ✐ ✈ ❡ ❧ ❡ ♥ ❡ ✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✉ ❡
❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ✐ ❝ ✱ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ❧ ② ♠ ❡ ♥ ✐ ♦ ♥ ❡ ❞ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ✳ ❚ ❤ ❡ ❡ ♦ ♣ ✐ ❝ ❛ ❡
❡ ❝ ❤ ♥✐ ❝ ❛❧❧ ② ❝ ❤ ❛❧❧ ❡ ♥ ❣✐ ♥ ❣ ♦ ♠ ❛ ♥ ✉❢ ❛ ❝ ✉ ❡ ✇✐ ❤ ❤✐ ❣ ❤ ❛ ♣ ❡ ✉ ❡ ✭ ❡ ❡ ❝ ❤ ❛ ♣ ❡ ✽✮✳ ■ ♥
❝ ♦ ♥ ❛ ♦ ❤ ❡✐ ❡❢ ❛ ❝ ✐ ✈ ❡ ❝ ♦ ✉ ♥ ❡ ♣ ❛ ✐ ♥ ❧✐ ❣ ❤ ♠✐ ❝ ♦ ❝ ♦ ♣ ②✱ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡
❣ ❡ ♥ ❡ ❛ ❡ ❡ ✈ ❡ ❛❧ ❢ ♦ ❝ ❛❧ ♣ ♦ ✇ ❤✐ ❝ ❤ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❞✐ ✛ ❡ ❡ ♥ ♦ ❞ ❡ ♦❢ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❛ ♥ ❞
❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ❢ ♦ ❝ ❛❧ ♣ ♦ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❤ ❡ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤✳ ■ ♥ ♣ ❛ ❝ ✐ ❝ ❡✱ ❋ ❡ ♥ ❡❧
③ ♦ ♥ ❡ ♣❧ ❛ ❡ ❤ ❛ ✈ ❡ ❛ ♥ ❡ ✣ ❝✐ ❡ ♥ ❝ ② ♦❢ ✺ ✲ ✸ ✺ ♣ ❡ ❝ ❡ ♥ ❬ ✻ ✹✱ ✶ ✵ ✸❪✱ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡ ✐ ♥ ❝✐ ❞ ❡ ♥
✐ ♥ ❡ ♥ ✐ ② ✐ ❞✐ ✐ ❜ ✉ ❡ ❞ ✐ ♥ ♦ ♠ ❛ ♥ ② ♦ ❞ ❡ ♦❢ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❜ ✉ ♦ ♥❧ ② ♦ ♥ ❡ ♦ ❞ ❡ ✐ ✉ ❡ ❞
❢ ♦ ✐ ♠ ❛ ❣✐ ♥ ❣✳
❆ ♥ ❛❧ ❡ ♥ ❛ ✐ ✈ ❡ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ♥ ❛ ♠ ❡❧ ② ❧ ❡ ♥ ✲❧ ❡ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ❡ ❝ ❤ ♥✐ ✉ ❡ ✱ ✐ ❜ ❛ ❡ ❞ ♦ ♥
❋ ❛ ✉ ♥ ❤ ♦❢ ❡ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❤ ❡ ♦ ②✳ ❚ ❤ ❡ ❡ ❡ ❝ ❤ ♥✐ ✉ ❡ ❡ ❝ ♦ ✈ ❡ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ♦❢ ❛ ❛ ♠ ♣❧ ❡ ❢ ♦ ♠
✐ ❢ ❛ ✲ ✜ ❡❧ ❞ ❝ ❛ ❡ ✐ ♥ ❣ ✐ ❣ ♥ ❛❧ ❬ ✷ ✸✱ ✷ ✵❪✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❋ ❛ ✉ ♥ ❤ ♦❢ ❡ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❤ ❡ ♦ ②✱
❤ ❡ ❢ ❛ ✲ ✜ ❡❧ ❞ ❝ ❛ ❡ ✐ ♥ ❣ ♣ ❛ ❡ ♥ ♦❢ ❛ ❝ ♦ ♠ ♣❧ ❡ ① ❝ ❛❧ ❛ ✇ ❛ ✈ ❡ ✐ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♦ ❤ ❡
❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ♦❢ ❤ ❡ ✇ ❛ ✈ ❡✳ ❙✐ ♥ ❝ ❡ ❤ ❡ ❝ ❛ ❡ ✐ ♥ ❣ ✐ ❣ ♥ ❛❧ ✐ ❞✐ ❡ ❝ ❧ ② ❞ ❡ ❡ ❝ ❡ ❞✱ ♥ ♦
❧ ❡ ♥ ✐ ♥ ❡ ❡ ❞ ❡ ❞ ❛ ♥ ❞ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧❧ ② ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ❤ ♦ ✉❧ ❞ ♦ ♥❧ ② ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❤ ❡ ❛ ♣ ❡ ✉ ❡
❝ ❡ ❛ ❡ ❞ ❜ ② ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❞✐ ❛ ♥ ❝ ❡ ❛ ♥ ❞ ❤ ❡ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ♦❢ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱
❳✲ ❛ ② ❞ ❡ ❡ ❝ ♦ ❛ ❡ ♦ ♥❧ ② ❡ ♥ ✐ ✐ ✈ ❡ ♦ ❤ ❡ ✐ ♥ ❝✐ ❞ ❡ ♥ ✐ ♥ ❡ ♥ ✐ ②✳ ❍ ❡ ♥ ❝ ❡✱ ❤ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥
❝ ❛ ✐ ❡ ❞ ✐ ♥ ❤ ❡ ♣ ❤ ❛ ❡ ♦❢ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ✇ ❛ ✈ ❡ ✐ ❧ ♦ ✳ ❚ ❤✐ ♣ ❤ ❛ ❡ ✐ ♥ ❡ ❡ ❞ ❡ ❞ ♦ ❞ ❡ ❞ ✉ ❝ ❡
❤ ❡ ❡ ❛❧ ♣ ❛ ❝ ❡ ✐ ♠ ❛ ❣ ❡ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡ ❢ ♦ ♠ ✐ ❡ ❝✐ ♣ ♦ ❝ ❛❧ ♣ ❛ ❝ ❡ ❝ ❛ ❡ ✐ ♥ ❣ ✐ ❣ ♥ ❛❧✳
❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ♣ ❤ ❛ ❡ ♦❢ ❤ ❡ ✐ ❣ ♥ ❛❧ ❤ ❛ ♦ ❜ ❡ ❡ ❝ ♦ ✈ ❡ ❡ ❞ ❜ ② ❛ ✉ ①✐❧✐ ❛ ② ♠ ❡ ❛ ♥ ✳ ❚ ❤ ❡
✷ ✷ ❈ ❍ ❆ ❚ ❊ ❘ ✶✳ ■ ◆ ❚ ❘ ❖ ❉ ❯ ❈ ❚■ ❖ ◆
❡ ❝ ♦ ✈ ❡ ② ♦❢ ❤ ❡ ❡ ❛❧ ♣ ❛ ❝ ❡ ✐ ♠ ❛ ❣ ❡ ✐ ❢ ✉ ❤ ❡ ❝ ♦ ♠ ♣❧✐ ❝ ❛ ❡ ❞ ✐❢ ❤ ❡ ✐ ❣ ♥ ❛❧ ♦ ♥ ♦✐ ❡ ❛ ✐ ♦ ✐
❧ ♦ ✇✳ ❚ ❤ ❡ ✐ ❣ ♥ ❛❧ ♦ ♥ ♦✐ ❡ ❛ ✐ ♦ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❤ ❡ ❡ ♥ ❣ ❤ ♦❢ ❤ ❡ ❝ ❛ ❡ ✐ ♥ ❣ ✐ ❣ ♥ ❛❧ ✇ ❤✐ ❝ ❤
✐ ② ♣✐ ❝ ❛❧❧ ② ❧ ♦ ✇ ❢ ♦ ♥ ♦ ♥✲ ❝ ② ❛❧❧✐ ♥ ❡✱ ✇ ❡ ❛ ❦ ❝ ♦ ♥ ❛ ❛ ♠ ♣❧ ❡ ✱ ✉ ❝ ❤ ❛ ❝ ❡❧❧ ✳ ❚ ❤ ❡ ✐ ❣ ♥ ❛❧
♦ ♥ ♦✐ ❡ ❛ ✐ ♦ ❝ ❛ ♥ ❜ ❡ ✐ ♥ ❝ ❡ ❛ ❡ ❞ ❜ ② ❡ ① ♣ ♦ ✐ ♥ ❣ ❤ ❡ ❛ ♠ ♣❧ ❡ ♦ ❤✐ ❣ ❤ ❡ ❞ ♦ ❡ ❜ ✉ ♠ ♦
❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ❛ ♠ ♣❧ ❡ ❛ ❡ ❞ ❛ ♠ ❛ ❣ ❡ ❞ ❜ ② ❧ ❛ ❣ ❡ ❛ ❞✐ ❛ ✐ ♦ ♥ ❞ ♦ ❡ ✳ ❉ ✉ ❡ ♦ ❤ ❡ ❡ ❧✐ ♠✐ ❛ ✐ ♦ ♥ ✱
❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♠ ❛ ❣✐ ♥ ❣ ♦❢ ✉ ❝ ❤ ❛ ♠ ♣❧ ❡ ✇✐ ❤ ❧ ❡ ♥ ✲❧ ❡ ♠ ❡ ❤ ♦ ❞ ✐ ❝ ❤ ❛❧❧ ❡ ♥ ❣✐ ♥ ❣✳
▲✐❢ ❡ ❝✐ ❡ ♥ ❝ ❡ ✐ ♦ ♥ ❡ ♦❢ ❤ ❡ ♠ ♦ ✐ ♠ ♣ ♦ ❛ ♥ ❜ ✉ ❛❧ ♦ ♠ ♦ ❞✐ ✣ ❝ ✉❧ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥
❢ ♦ ♦❢ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣✳ ❈ ❡❧❧ ❛ ❡ ✉ ❡ ✸ ❉ ♥ ❛ ♥ ♦ ❝ ❛❧ ❡ ♦ ❜❥ ❡ ❝ ❛ ♥ ❞ ❤ ❡✐ ✐ ♥ ❡ ♥ ❛❧
✉ ❝ ✉ ❡ ② ♣✐ ❝ ❛❧❧ ② ❝ ♦ ✈ ❡ ❛ ✇✐ ❞ ❡ ❛ ♥ ❣ ❡ ♦❢ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ✳ ❈ ✉ ❡ ♥ ❧ ②✱ ❤ ❡ ♠ ♦ ❞ ❡ ❛✐❧ ❡ ❞
❳✲ ❛ ② ❜ ❛ ❡ ❞ ✸ ❉ ✐ ♠ ❛ ❣ ❡ ♦❢ ✇ ❤ ♦❧ ❡ ❝ ❡❧❧ ❛ ❡ ❛ ❝ ❤✐ ❡ ✈ ❡ ❞ ✇✐ ❤ ♦❢ ❳✲ ❛ ② ❛ ♥ ♠✐ ✐ ♦ ♥
♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ❡ ✸ ❉ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ❛ ♥✐ ♦ ♦ ♣✐ ❝ ❛ ♥ ❞ ❧✐ ♠✐ ❡ ❞ ♦ ❛ ❜ ♦ ✉ ✸ ✵
♥ ♠ ✇ ❤✐ ❝ ❤ ✐ ✐❧❧ ♠ ✉ ❝ ❤ ❝ ♦ ❛ ❡ ❤ ❛ ♥ ♠ ♦ ♦❢ ❤ ❡ ❝ ❡❧❧ ✉❧ ❛ ✉ ❝ ✉ ❡ ❬ ✽ ✸✱ ✸ ✹❪✳ ■ ♥
❤✐ ❤ ❡ ✐ ✱ ✇ ❡ ✇✐❧❧ ❛ ♥ ❛❧ ② ③ ❡ ❤ ❡ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ❧✐ ♠✐ ❛ ✐ ♦ ♥ ♦❢ ❚ ❳ ▼ ♦ ♠ ♦ ❣ ❛ ♣ ❤ ② ❜ ②
♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ♠ ❡ ❛ ♥ ✳ ❋ ✉ ❤ ❡ ♠ ♦ ❡✱ ♥ ❡ ✇ ❝ ♦ ♥ ❝ ❡ ♣ ❢ ♦ ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥
♦❢ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ✇✐❧❧ ❜ ❡ ♣ ❡ ❡ ♥ ❡ ❞✳
❈ ✉ ❡ ♥ ❧ ②✱ ❛ ♥ ♠✐ ✐ ♦ ♥ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ♦ ♣ ❡ ❛ ❡ ❛ ♠ ❛ ♥ ② ❡❧ ❡ ❝ ♦ ♥ ♦ ❛ ❣ ❡
✐ ♥ ❣ ❛ ♦ ✉ ♥ ❞ ❤ ❡ ✇ ♦ ❧ ❞✱ ❛ ♥ ❞ ❤ ❛ ✈ ❡ ❜ ❡ ❡ ♥ ✉ ❡ ❞ ♦ ♦❧ ✈ ❡ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ❛ ♥ ❞ ♠ ❡ ❞✐ ❝ ❛❧ ♣ ♦ ❜✲
❧ ❡ ♠ ❬ ✶ ✷✱ ✹ ✹✱ ✸ ✹✱ ✻❪✳ ❋ ♦ ❛ ❧ ♦ ♥ ❣ ✐ ♠ ❡✱ ❤ ❡ ✐ ♠ ♣ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ♥ ❡ ♦❧ ✉ ✐ ♦ ♥ ✇ ❡ ❡ ❞ ✐ ✈ ❡ ♥ ❜ ②
❜ ❡ ❡ ♦ ♣ ✐ ❝ ✇ ❤✐ ❝ ❤ ✐ ♠ ♣ ♦ ✈ ❡ ❞ ❤ ❡ ❧ ❛ ❡ ❛❧ ❡ ♦❧ ✉ ✐ ♦ ♥✳ ◆ ♦ ✇ ❛ ❞ ❛ ② ✱ ♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦✲
❝ ♦ ♣ ❡ ❤ ❛ ✈ ❡ ❡ ❛ ❝ ❤ ❡ ❞ ❛ ♣ ♦✐ ♥ ✇ ❤ ❡ ❡ ✐ ♠ ♣ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ♥ ❤ ❡ ❧ ❛ ❡ ❛❧ ❡ ♦❧ ✉ ✐ ♦ ♥ ♥ ♦ ❧ ♦ ♥ ❣ ❡
❛ ♥ ❧ ❛ ❡ ✐ ♥ ♦ ❜ ❡ ❡ ✸ ❉ ❡ ♦❧ ✉ ✐ ♦ ♥✳ ❚ ❤✐ ✐ ♠ ❛✐ ♥❧ ② ❞ ✉ ❡ ♦ ❤ ❡ ❞ ❡ ❝ ❡ ❛ ❡ ♦❢ ❤ ❡ ❞ ❡ ♣ ❤
♦❢ ❢ ♦ ❝ ✉ ✭ ❉ ❖ ❋✮ ✇✐ ❤ ✐ ♥ ❝ ❡ ❛ ❡ ❞ ❧ ❛ ❡ ❛❧ ❡ ♦❧ ✉ ✐ ♦ ♥✳ ❚ ❤ ❡ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ❧✐ ♠✐ ❤ ❡ ✸ ❉
❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ❝ ❡ ❤ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡ ✐ ❞ ♦ ♥ ❡ ✈✐ ❛ ♦ ♠ ♦ ❣ ❛ ♣ ❤ ②✳ ❋ ♦ ♦✲
♠ ♦ ❣ ❛ ♣ ❤ ②✱ ♦ ♥ ❡ ❛ ❦ ❡ ❛ ❡ ✐ ❡ ♦❢ ✐ ♠ ❛ ❣ ❡ ✉ ♥ ❞ ❡ ❞✐ ✛ ❡ ❡ ♥ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❣❧ ❡ ✳ ❖ ♥ ❡ ❝ ❡ ♥ ❛❧
❛ ✉ ♠ ♣ ✐ ♦ ♥ ✐ ♥ ♦ ♠ ♦ ❣ ❛ ♣ ❤ ② ✐ ❤ ❛ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ❛ ❡ ❣ ❡ ♥ ❡ ❛ ❡ ❞ ❤ ♦ ✉ ❣ ❤ ❛ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥
❛❧ ♦ ♥ ❣ ❛ ❛ ②✳ ❚ ❤✐ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ✐ ✈✐ ♦❧ ❛ ❡ ❞ ❛ ♦ ♦ ♥ ❛ ❤ ❡ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ✐ ♠ ❛❧❧ ❡
❤ ❛ ♥ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ❤ ❡ ❡ ✛ ❡ ❝ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❛ ✜ ① ❡ ❞ ♣ ❛ ✐ ❛❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥
✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❜ ② ❞ ♦ ❡ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ❝ ❤ ❡ ♠✐ ❝ ❛❧ ❜ ❡ ❛ ❦ ❞ ♦ ✇ ♥ ❛❧ ♦ ✐ ♥ ❝ ❡ ❛ ❡ ✇✐ ❤ ❤✐ ❣ ❤ ❡
❡ ♦❧ ✉ ✐ ♦ ♥✳ ■ ♥ ♦ ❞ ❡ ♦ ✉ ❞ ② ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ❡ ✛ ❡ ❝ ❛ ♥ ❞ ❛ ♥ ❛❧ ② ③ ❡ ❤ ❡✐ ✐ ♠ ♣ ❛ ❝ ♦ ♥
❤ ❡ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝ ✸ ❉ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥✱ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ❛ ♥ ❞ ♣ ❛ ✐ ❛❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥
♠ ❡ ❤ ♦ ❞ ❢ ♦ ❛ ♥ ♠✐ ✐ ♦ ♥ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ❛ ❡ ❞ ❡ ✈ ❡❧ ♦ ♣ ❡ ❞ ✐ ♥ ❝ ❤ ❛ ♣ ❡ ✹✳
■ ♥ ❤✐ ❤ ❡ ✐ ✱ ❛ ♥ ❡ ✇ ❝ ♦ ♥ ❝ ❡ ♣ ❢ ♦ ❞✐ ❡ ❝ ✸ ❉ ✐ ♠ ❛ ❣✐ ♥ ❣ ✇✐ ❤ ♦❢ ❳✲ ❛ ② ✐ ❛❧ ♦
❛ ♥ ❛❧ ② ③ ❡ ❞✳ ■ ✐ ❜ ❛ ❡ ❞ ♦ ♥ ♦ ♣ ✐ ❝ ❛❧ ❡ ❝ ✐ ♦ ♥✐ ♥ ❣ ❛ ♥ ❞ ❛ ❡ ✲ ❝ ❛ ♥ ♥✐ ♥ ❣ ♦❢ ❛ ❛ ♠ ♣❧ ❡✳ ❚ ❤✐
❝ ♦ ♥ ❝ ❡ ♣ ✐ ❛❧ ♦ ✉ ❡ ❞ ❜ ② ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❧✐ ❣ ❤ ♠✐ ❝ ♦ ❝ ♦ ♣ ②✳ ■ ♥ ❤ ❡ ❡ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✱ ❤ ❡ ✐ ♠ ❛ ❣ ❡
✐ ❣ ❡ ♥ ❡ ❛ ❡ ❞ ❜ ② ❝ ❛ ♥ ♥✐ ♥ ❣ ❤ ❡ ❛ ♠ ♣❧ ❡ ❤ ♦ ✉ ❣ ❤ ❛ ❝ ♦ ♠ ♠ ♦ ♥ ❢ ♦ ❝ ❛❧ ♣ ♦✐ ♥ ♦❢ ❝ ♦ ♥ ❞ ❡ ♥ ❡
❛ ♥ ❞ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❞ ❞ ❡ ❡ ❝ ✐ ♥ ❣ ❤ ❡ ❛ ♥ ♠✐ ❡ ❞ ✐ ❣ ♥ ❛❧ ✇✐ ❤ ❛ ♣ ♦✐ ♥ ✲❧✐ ❦ ❡ ❞ ❡ ❡ ❝ ♦ ✳ ❚ ❤✐
❡ ✉ ♣ ❤ ❛ ❤ ❡ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ❤ ❛ ❤ ❡ ✐ ❣ ♥ ❛❧ ♦ ✐ ❣✐ ♥ ❛ ❡ ❢ ♦ ♠ ❛ ♠ ❛❧❧ ❛ ❡ ❛ ❛ ♦ ✉ ♥ ❞ ❤ ❡
❝ ♦ ♠ ♠ ♦ ♥ ❢ ♦ ❝ ❛❧ ♣ ♦✐ ♥ ♦❢ ❤ ❡ ❧ ❡ ♥ ❡ ✳ ❆ ✸ ❉ ✐ ♠ ❛ ❣ ❡ ✐ ❤ ❡ ♥ ❞✐ ❡ ❝ ❧ ② ❣ ❡ ♥ ❡ ❛ ❡ ❞ ❜ ② ❝ ♦ ❡✲
❧ ❛ ✐ ♥ ❣ ❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❞ ❛ ❛ ✇✐ ❤ ❤ ❡ ❞ ❡ ❡ ❝ ❡ ❞ ✐ ❣ ♥ ❛❧ ❡ ♥ ❣ ❤✳ ❙✐ ♥ ❝ ❡ ♥ ♦ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧
❡ ♣ ❢ ♦ ❛❧✐ ❣ ♥ ♠ ❡ ♥ ❛ ♥ ❞ ✸ ❉ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❛ ❡ ♥ ❡ ❝ ❡ ❛ ②✱ ✉ ❝ ❤ ♠ ❡ ❤ ♦ ❞ ❞✐ ❡ ❝ ❧ ②
✷ ✸
❣ ❡ ♥ ❡ ❛ ❡ ❛ ✸ ❉ ✐ ♠ ❛ ❣ ❡ ❛ ❝ ❦✳ ❚ ❤ ❡ ♣ ♦ ♣ ❡ ✐ ❡ ❛ ♥ ❞ ❝ ❛ ♣ ❛ ❜✐❧✐ ✐ ❡ ♦❢ ✉ ❝ ❤ ❛ ❝ ♦ ♥❢ ♦ ❝ ❛❧
❝ ❛ ♥ ♥✐ ♥ ❣ ❛ ♥ ♠✐ ✐ ♦ ♥ ♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✭ ❈ ❙ ❚ ❳ ▼✮ ❛ ❡ ❛ ♥ ❛❧ ② ③ ❡ ❞ ✐ ♥ ❝ ❤ ❛ ♣ ❡ ✺✳
❆ ❝ ♦ ♠ ♣❧ ❡ ❡❧ ② ❞✐ ✛ ❡ ❡ ♥ ✸ ❉ ✐ ♠ ❛ ❣✐ ♥ ❣ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❝ ♦ ♠ ♣ ❛ ❡ ❞ ♦ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ❧ ② ♠ ❡ ♥✲
✐ ♦ ♥ ❡ ❞ ❛ ♥ ♠✐ ✐ ♦ ♥ ♠ ❡ ❤ ♦ ❞ ✐ ❜ ❛ ❡ ❞ ♦ ♥ ❝ ♦ ♠ ❜✐ ♥✐ ♥ ❣ ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ✉ ❢ ❛ ❝ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣
❜ ② ❳✲ ❛ ② ❛ ♥ ❞ ❤✐ ❣ ❤ ♣ ❡ ❝✐ ✐ ♦ ♥ ✉ ❢ ❛ ❝ ❡ ❡ ♠ ♦ ✈ ❛❧✳ ❆ ♥ ❛ ♥ ❛❧ ♦ ❣ ♦ ✉ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✐ ❤ ❡ ❝ ♦ ♠✲
❜✐ ♥ ❛ ✐ ♦ ♥ ♦❢ ❝ ❛ ♥ ♥✐ ♥ ❣ ❡❧ ❡ ❝ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ❛ ♥ ❞ ❢ ♦ ❝ ✉ ❡ ❞ ✐ ♦ ♥ ❜ ❡ ❛ ♠ ♠✐❧❧✐ ♥ ❣ ✭ ❋■ ❇✲ ❙ ❊ ▼✮
♦ ♣ ♦ ❞ ✉ ❝ ❡ ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ✸ ❉ ✐ ♠ ❛ ❣ ❡ ✳ ❚ ❤✐ ❋■ ❇✲ ❙ ❊ ▼ ♠ ❡ ❤ ♦ ❞ ✇ ❛ ♦ ✐ ❣✐ ♥ ❛❧❧ ② ❞ ❡✲
✈ ❡❧ ♦ ♣ ❡ ❞ ❢ ♦ ❤ ❡ ❡ ♠✐ ❝ ♦ ♥ ❞ ✉ ❝ ♦ ✐ ♥ ❞ ✉ ② ❜ ✉ ❤ ❛ ♥ ♦ ✇ ❛❧ ♦ ❜ ❡ ❡ ♥ ✉ ❝ ❝ ❡ ❢ ✉❧❧ ② ❛ ♣ ♣❧✐ ❡ ❞
♦ ❝ ② ♦ ❣ ❡ ♥✐ ❝ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ❛ ♠ ♣❧ ❡ ❬ ✼ ✹❪✳ ■ ♥ ❤✐ ❤ ❡ ✐ ✱ ❛ ✐ ♠✐❧ ❛ ♠ ❡ ❤ ♦ ❞ ✐ ❛ ♥ ❛❧ ② ❡ ❞
✇ ❤✐ ❝ ❤ ✐ ❜ ❛ ❡ ❞ ♦ ♥ ❝ ❛ ♥ ♥✐ ♥ ❣ ♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ② ❛ ♥ ❞ ♣ ❤ ♦ ♦ ❡❧ ❡ ❝ ♦ ♥ ❞ ❡ ❡ ❝ ✐ ♦ ♥
❢ ♦ ✉ ❢ ❛ ❝ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣✳ ■ ♥ ❤✐ ❋■ ❇✲ ❙ ❳ ▼ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ❛ ♦❢ ❳✲ ❛ ② ❜ ❡ ❛ ♠ ✐ ❢ ♦ ❝ ✉ ❡ ❞
♦ ♥ ♦ ❤ ❡ ✉ ❢ ❛ ❝ ❡ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ❤ ♦ ♦ ❡❧ ❡ ❝ ♦ ♥ ❛ ❡ ❡ ♠✐ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ✐❧❧ ✉ ♠✐ ♥ ❛ ❡ ❞
✉ ❢ ❛ ❝ ❡ ❧ ❛ ② ❡ ✳ ❉ ✉ ❡ ♦ ❤ ❡ ❡❧ ❛ ✐ ✈ ❡❧ ② ❧ ♦ ✇ ♣ ❤ ♦ ♦ ♥ ❡ ♥ ❡ ❣ ② ♦❢ ♦❢ ❳✲ ❛ ② ✱ ❤ ❡ ❣ ❡ ♥ ❡ ✲
❛ ❡ ❞ ❡❧ ❡ ❝ ♦ ♥ ❛❧ ♦ ❤ ❛ ✈ ❡ ❡❧ ❛ ✐ ✈ ❡❧ ② ❧ ♦ ✇ ❡ ♥ ❡ ❣✐ ❡ ✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ❡❧ ❡ ❝ ♦ ♥ ❝ ❛ ♥ ♦ ♥❧ ②
❡ ❝ ❛ ♣ ❡ ❢ ♦ ♠ ❛ ❤✐ ♥ ✉ ❢ ❛ ❝ ❡ ❧ ❛ ② ❡ ✭ ❁ ✶ ✵ ♥ ♠✮✳ ❚ ❤ ✉ ✱ ❤ ❡ ♠ ❡ ❤ ♦ ❞ ❤ ❛ ❛ ♥ ❡ ① ❝ ❡❧❧ ❡ ♥
❞ ❡ ♣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥✳ ❯ ✐ ♥ ❣ ❳✲ ❛ ② ✐ ♥ ❡ ❛ ❞ ♦❢ ❡❧ ❡ ❝ ♦ ♥ ❤ ❛ ❤ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡
♦❢ ❛ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ❜ ❡ ❡ ❡❧ ❡ ♠ ❡ ♥ ❝ ♦ ♥ ❛ ❢ ♦ ❝ ❡❧❧ ✳ ■ ♥ ❝ ❤ ❛ ♣ ❡ ✻✱ ✇ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❤✐
♥ ♦ ✈ ❡❧ ✸ ❉ ✐ ♠ ❛ ❣✐ ♥ ❣ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❛ ♥ ❞ ✐ ♥ ✈ ❡ ✐ ❣ ❛ ❡ ✐ ♣ ♦ ❡ ♥ ✐ ❛❧ ♣ ❡ ❢ ♦ ♠ ❛ ♥ ❝ ❡ ❜ ② ♥ ✉ ♠ ❡ ✐ ❝ ❛❧
✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✳
◆ ❡ ✇ ❳✲ ❛ ② ♦ ✉ ❝ ❡ ✱ ❧✐ ❦ ❡ ❢ ❡ ❡ ❡❧ ❡ ❝ ♦ ♥ ❧ ❛ ❡ ✱ ♥ ♦ ✇ ♦ ✛ ❡ ❤ ♦ ✲ ♣ ✉❧ ❡ ❞✱ ❝ ♦ ❤ ❡ ❡ ♥
❳✲ ❛ ② ❜ ❡ ❛ ♠ ❛ ♥ ❞ ❛❧❧ ♦ ✇ ♦ ❛ ❝ ❦❧ ❡ ♥ ❡ ✇ ❝✐ ❡ ♥ ✐ ✜ ❝ ✉ ❡ ✐ ♦ ♥ ✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ✐ ♠ ❛ ❣✲
✐ ♥ ❣ ✇✐ ❤ ❛ ✐ ♥ ❣❧ ❡ ❢ ❡ ♠ ♦ ❡ ❝ ♦ ♥ ❞✲ ♣ ✉❧ ❡ ❡ ♥ ❛ ❜❧ ❡ ❤ ❡ ❛ ♥ ❛❧ ② ✐ ♦❢ ❢ ❛ ♣ ♦ ❝ ❡ ❡ ❬ ✻ ✺❪✳
❚ ❤ ❡ ❡ ♥ ❡ ✇ ❝ ♦ ❤ ❡ ❡ ♥ ♦ ✉ ❝ ❡ ❛❧ ♦ ❡ ✉✐ ❡ ♥ ♦ ✈ ❡❧ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❡ ❢ ♦ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣✳ ■ ♥
❝ ❤ ❛ ♣ ❡ ✼✱ ❛ ♥ ❡ ✇ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ♦ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ✐ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞✳ ■ ✐
❜ ❛ ❡ ❞ ♦ ♥ ♥ ❡ ✇❧ ② ❞ ❡ ✐ ❣ ♥ ❡ ❞ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ✳ ❚ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❡ ✉❧ ♦ ❜✲
❛✐ ♥ ❡ ❞ ✇✐ ❤ ❤ ❡ ❡ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ❛ ❡ ♣ ❡ ❡ ♥ ❡ ❞✳ ■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ♣ ♦ ✐ ❜❧ ❡
❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ❢ ♦ ❢ ✉❧❧ ✜ ❡❧ ❞ ✐ ♠ ❛ ❣✐ ♥ ❣ ✇✐ ❤ ❤ ♦ ♣ ✉❧ ❡ ❢ ♦ ♠ ❢ ❡ ❡ ❡❧ ❡ ❝ ♦ ♥ ❧ ❛ ❡ ❛ ❡
❞✐ ❝ ✉ ❡ ❞✳ ❋ ✉ ❤ ❡ ♠ ♦ ❡✱ ❧ ❡ ♥ ❜ ❛ ❡ ❞ ♦❢ ❳✲ ❛ ② ❛ ♥ ♠✐ ✐ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ♠ ❡ ❤ ♦ ❞
♠ ❛ ② ❛❧ ♦ ♣ ♦ ❡ ♥ ✐ ❛❧❧ ② ♣ ♦ ✜ ❢ ♦ ♠ ✉ ✐ ♥ ❣ ♣ ❡ ❝✐ ❛❧❧ ② ❞ ❡ ✐ ❣ ♥ ❡ ❞ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡✲
♠ ❡ ♥ ✳ ❆ ♥ ❡ ✇ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❝ ♦ ♠ ❜✐ ♥ ❡ ✐ ♥✲❧✐ ♥ ❡ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❛ ♥ ❞ ❛ ♥ ♠✐ ✐ ♦ ♥ ♦❢ ❳✲ ❛ ②
♠✐ ❝ ♦ ❝ ♦ ♣ ②✳ ❚ ❤ ❡ ❡ ✉ ♣ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ❛ ♣ ♣ ❡ ♥ ❞✐ ① ❉ ❛❧❧ ♦ ✇ ❤ ❡ ✉ ❡ ♦❢ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❢ ♦ ♠
✐ ♥✲❧✐ ♥ ❡ ❤ ♦❧ ♦ ❣ ❛ ♠ ✇✐ ❤ ♦ ✉ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ❤ ❡ ❞ ♦ ❡ ♦ ♥ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ■ ♥ ❤ ❡ ❛ ♠ ❡ ❝ ❤ ❛ ♣ ❡ ✱
❛ ❞✐ ❝ ✉ ✐ ♦ ♥ ✐ ✐ ♥ ❝❧ ✉ ❞ ❡ ❞ ♦❢ ❤ ♦ ✇ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ❝ ❛ ♥ ♣ ♦ ❡ ♥ ✐ ❛❧❧ ② ✐ ♠ ♣ ♦ ✈ ❡
❡ ①✐ ✐ ♥ ❣ ❡ ✉ ♣ ❢ ♦ ♦❢ ❳✲ ❛ ② ❩ ❡ ♥✐ ❦ ❡ ❛ ♥ ❞ ❞ ❛ ❦ ✜ ❡❧ ❞ ❝ ♦ ♥ ❛ ✳
■ ♥ ✉ ♠ ♠ ❛ ②✱ ❤✐ ❤ ❡ ✐ ❛✐ ♠ ♦ ✐ ♠ ♣ ♦ ✈ ❡ ♦ ✉ ✉ ♥ ❞ ❡ ❛ ♥ ❞✐ ♥ ❣ ♦❢ ❤ ❡ ♦❢ ❳✲ ❛ ②
♦ ♣ ✐ ❝ ❛❧ ❡ ✉ ♣ ❢ ♦ ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ✸ ❉ ✐ ♠ ❛ ❣✐ ♥ ❣✳ ❲❡ ✐ ♥ ✈ ❡ ✐ ❣ ❛ ❡ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ♣ ❡ ❢ ♦ ✲
♠ ❛ ♥ ❝ ❡ ♦❢ ❞✐ ✛ ❡ ❡ ♥ ❡ ✉ ♣ ❜ ② ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✱ ✇ ❤✐ ❝ ❤ ❛❧❧ ♦ ✇ ✉ ♦ ❝ ♦ ♠ ♣ ❛ ❡
❞✐ ✛ ❡ ❡ ♥ ♦ ♣ ✐ ❝ ❛❧ ❡ ✉ ♣ ❛ ♥ ❞ ♦ ❡ ✈ ❛❧ ✉ ❛ ❡ ❤ ❡✐ ♣ ♦ ❡ ♥ ✐ ❛❧ ♣ ❡ ❢ ♦ ♠ ❛ ♥ ❝ ❡✳
✷ ✹ ❈ ❍ ❆ ❚ ❊ ❘ ✶✳ ■ ◆ ❚ ❘ ❖ ❉ ❯ ❈ ❚■ ❖ ◆
❈ ❤ ❛ ♣ ❡ ✷
❈ ✉ ❡ ♥ ❙ ❛ ✉ ♦❢ ✷ ❉ ❛ ♥ ❞ ✸ ❉ ❳✲ ❛ ②
■ ♠ ❛ ❣✐ ♥ ❣
■ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ❤ ❛ ♣ ❡ ✱ ✇ ❡ ✐ ♥ ✈ ❡ ✐ ❣ ❛ ❡ ❤ ❡ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ❞✐ ✛ ❡ ❡ ♥ ♦❢ ❳✲ ❛ ②
✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ❡ ❤ ♦ ❞ ✳ ■ ♥ ❤✐ ❝ ❤ ❛ ♣ ❡ ✱ ✇ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❤ ❡ ❡ ✉✐ ❡ ❞ ❤ ❡ ♦ ② ❛ ♥ ❞ ♣ ❡ ❡ ♥ ❛
❡❧ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♠ ♦ ❝ ♦ ♠ ♠ ♦ ♥ ♦❢ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ❡ ❤ ♦ ❞ ✳
✷✳ ✶ ❆ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ♦❢ ❙ ♦❢ ❳✲ ❛ ② ■ ♠ ❛ ❣✐ ♥ ❣
❙ ♦❢ ❳✲ ❛ ② ♦ ✛ ❡ ❛ ✉ ♥✐ ✉ ❡ ❝ ♦ ♠ ❜✐ ♥ ❛ ✐ ♦ ♥ ♦❢ ❧ ❛ ❣ ❡ ♣ ❡ ♥ ❡ ❛ ✐ ♦ ♥ ❞ ❡ ♣ ❤✱ ❣ ♦ ♦ ❞ ❡❧ ❡ ♠ ❡ ♥
❝ ♦ ♥ ❛ ❛ ♥ ❞ ❤ ♦ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤ ❢ ♦ ♠✐ ❝ ♦ ❝ ♦ ♣ ②✳ ❚ ❤ ❡ ❤ ♦ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤ ✐ ❛ ✐ ❣ ♥✐❢✲
✐ ❝ ❛ ♥ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ✐ ♥ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦ ❧✐ ❣ ❤ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ✐ ♥ ❝ ❡ ❤ ❡ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❧✐ ♠✐ ❡ ❞
❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♠ ♣ ♦ ✈ ❡ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ❆ ❜ ❜ ❡ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❧✐ ♠✐ ✳ ❋ ♦ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ❛ ♠✲
♣❧ ❡ ❡ ♠ ❜ ❡ ❞ ❞ ❡ ❞ ✐ ♥ ✇ ❛ ❡ ✱ ❤ ❡ ♣ ❡ ♥ ❡ ❛ ✐ ♦ ♥ ❞ ❡ ♣ ❤ ♦❢ ♦❢ ❳✲ ❛ ② ✐ ❧ ❛ ❣ ❡ ❤ ❛ ♥ ♠ ♦
❝ ❡❧❧ ✳ ❋ ♦ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥✱ ❤ ❡ ♣ ❡ ♥ ❡ ❛ ✐ ♦ ♥ ❞ ❡ ♣ ❤ ♦❢ ✈ ❛ ❝ ✉ ✉ ♠ ✉❧ ❛ ✈✐ ♦❧ ❡ ❧✐ ❣ ❤ ✐ ♠ ✉ ❝ ❤
♠ ❛❧❧ ❡ ♦ ❤ ❛ ♦ ♥❧ ② ✈ ❡ ② ❤✐ ♥ ❛ ♠ ♣❧ ❡ ♦ ✉ ❢ ❛ ❝ ❡ ❛ ❡ ❛ ❝ ❝ ❡ ✐ ❜❧ ❡ ❢ ♦ ✐ ♠ ❛ ❣✐ ♥ ❣✳ ✶
❍ ❛ ❞ ❳✲ ❛ ② ❤ ❛ ✈ ❡ ❛ ❤✐ ❣ ❤ ❡ ♣ ❡ ♥ ❡ ❛ ✐ ♦ ♥ ❞ ❡ ♣ ❤ ❜ ✉ ♣ ♦ ✈✐ ❞ ❡ ❛ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ❧ ♦ ✇ ❡
♥ ❛ ✉ ❛❧ ❝ ♦ ♥ ❛ ❢ ♦ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ❛ ♠ ♣❧ ❡ ❧ ❡ ❛ ❞✐ ♥ ❣ ♦ ❤✐ ❣ ❤ ❡ ❞ ♦ ❡ ❢ ♦ ❤ ❡ ❛ ♠ ❡ ✐ ❣ ♥ ❛❧
♦ ♥ ♦✐ ❡ ❛ ✐ ♦ ❬ ✽ ✶❪✳ ❇ ♦ ❤ ❤ ❡ ♣ ❡ ♥ ❡ ❛ ✐ ♦ ♥ ❞ ❡ ♣ ❤ ❛ ♥ ❞ ❤ ❡ ❝ ♦ ♥ ❛ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❤ ❡
✐ ♥ ❡ ❛ ❝ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❳✲ ❛ ② ❛ ♥ ❞ ❤ ❡ ♠ ❛ ❡ ✐ ❛❧ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ✐ ♠ ❛ ❣ ❡
♦❢ ❛ ❛ ♠ ♣❧ ❡ ❣ ❡ ♥ ❡ ❛ ❡ ❞ ❜ ② ❤ ❡ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❤ ❡ ✐ ♥ ❡ ❛ ❝ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❳✲
❛ ② ❛ ♥ ❞ ❛ ♠ ♣❧ ❡✳ ■ ♥ ♦ ❞ ❡ ♦ ✉ ♥ ❞ ❡ ❛ ♥ ❞ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ♣ ♦ ❝ ❡ ✇✐ ❤✐ ♥ ❛ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡✱
✇ ❡ ♥ ♦ ✇ ✜ ❞ ❡ ❝ ✐ ❜ ❡ ❤ ❡ ✐ ♥ ❡ ❛ ❝ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ♦❢ ❳✲ ❛ ② ❛ ♥ ❞ ♠ ❛ ❡ ✳ ❚ ❤ ❡ ♥✱ ✇ ❡
❛ ♥ ❛❧ ② ③ ❡ ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ♦❢ ❛ ❝ ❛ ❡ ✐ ♥ ❣ ✐ ❣ ♥ ❛❧ ♦ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✳
✶ ▼ ♦ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ❛ ♠ ♣❧ ❡ ❛ ❡ ❝ ♦ ♥ ❛✐ ♥ ❡ ❞ ✐ ♥ ✇ ❛ ❡ ✳ ❚ ❤ ❡ ❛ ❡ ♥ ✉ ❛ ✐ ♦ ♥ ❧ ❡ ♥ ❣ ❤ ✭ ❞ ❡ ❝ ❡ ❛ ❡ ♦❢ ❤ ❡
✐ ♥ ❡ ♥ ✐ ② ♦ 1 / e ✮ ❢ ♦ ✇ ❛ ❡ ❛ ✺ ✷ ✵ ❡ ❱ ✐ ≈ 9 .1 ➭ ♠✳  ❆ ✺ ✵ ❡ ❱ ✐ ✐ ♦ ♥❧ ② ≈ 4 6 ♥ ♠✳ ❬ ❈ ❳ ❘ ❖
❤ ♣✿ ✴ ✴ ❤ ❡ ♥ ❦ ❡✳❧ ❜❧✳ ❣ ♦ ✈ ✴❪
✷ ✺
✷ ✻ ❈ ❍ ❆ ❚ ❊ ❘ ✷✳ ❈ ❯ ❘ ❘ ❊ ◆ ❚ ❙ ❚ ❆ ❚ ❯ ❙ ❖ ❋ ✷ ❉ ❆ ◆ ❉ ✸ ❉ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ●
✷✳ ✶✳ ✶ ❚ ❤ ❡ ■ ♥ ❡ ❛ ❝ ✐ ♦ ♥ ❇ ❡ ✇ ❡ ❡ ♥ ❙ ♦❢ ❳✲ ❛ ② ❛ ♥ ❞ ▼ ❛ ❡ ✐ ❛❧ ✷
❙ ♦❢ ❳✲ ❛ ② ✐ ♥ ❡ ❛ ❝ ✇✐ ❤ ❛ ❛ ♠ ♣❧ ❡ ❜ ② ❡❧ ❛ ✐ ❝ ❛ ♥ ❞ ✐ ♥ ❡❧ ❛ ✐ ❝ ❝ ❛ ❡ ✐ ♥ ❣✳ ■ ♥ ❤ ❡ ♦❢
❳✲ ❛ ② ❛ ♥ ❣ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✶ ✵ ✵ ❡ ❱ ❛ ♥ ❞ ✷ ❦ ❡ ❱✱ ❤ ❡ ❞ ♦ ♠✐ ♥ ❛ ✐ ♥ ❣ ✐ ♥ ❡❧ ❛ ✐ ❝ ♣ ♦ ❝ ❡ ✐ ❛ ❜ ♦ ♣✲
✐ ♦ ♥ ✇ ❤✐❧ ❡ ♦ ❤ ❡ ❡ ✛ ❡ ❝ ❧✐ ❦ ❡ ❚ ❤ ♦ ♠ ♦ ♥ ♦ ❈ ♦ ♠ ♣ ♦ ♥ ❝ ❛ ❡ ✐ ♥ ❣ ❛ ❡ ♥ ❡ ❣❧✐ ❣✐ ❜❧ ❡✳ ❚ ❤ ❡
❛ ❜ ♦ ♣ ✐ ♦ ♥ ♣ ♦ ❝ ❡ ❡✐ ❤ ❡ ❣ ❡ ♥ ❡ ❛ ❡ ❛ ❢ ❡ ❡ ♣ ❤ ♦ ♦ ❡❧ ❡ ❝ ♦ ♥ ♦ ❧✐❢ ❛ ❜ ♦ ✉ ♥ ❞ ❡❧ ❡ ❝ ♦ ♥
✐ ♥ ♦ ❛ ♥ ✉ ♥ ♦ ❝ ❝ ✉ ♣✐ ❡ ❞ ❡ ♥ ❡ ❣ ② ❛ ❡✳ ❚ ❤ ❡ ❡ ① ❝✐ ❡ ❞ ❛ ♦ ♠ ❡ ✉ ♥ ♦ ❛ ❧ ♦ ✇ ❡ ❡ ♥ ❡ ❣ ② ❛ ❡
❜ ② ✜❧❧✐ ♥ ❣ ❤ ❡ ✈ ❛ ❝ ❛ ♥ ❝ ② ✇✐ ❤ ❛ ♥ ❡❧ ❡ ❝ ♦ ♥ ❢ ♦ ♠ ❛ ♥ ♦ ✉ ❡ ❤ ❡❧❧✳ ❚ ❤ ❡ ❡ ① ❝ ❡ ❡ ♥ ❡ ❣ ② ✐
❡❧ ❡ ❛ ❡ ❞ ❡✐ ❤ ❡ ✈✐ ❛ ❤ ❡ ❡ ♠✐ ✐ ♦ ♥ ♦❢ ❛ ♣ ❤ ♦ ♦ ♥ ✇✐ ❤ ❛ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ✐ ❝ ❡ ♥ ❡ ❣ ② ✭ ✢ ✉ ♦ ❡ ✲
❝ ❡ ♥ ❝ ❡✮ ♦ ❤ ❡ ❡ ♠✐ ✐ ♦ ♥ ♦❢ ❛ ♥ ♦ ✉ ❡ ❤ ❡❧❧ ❡❧ ❡ ❝ ♦ ♥ ✭ ♥ ♦ ♥✲ ❛ ❞✐ ❛ ✐ ✈ ❡ ❆ ✉ ❣ ❡ ♣ ♦ ❝ ❡ ✮✳ ■❢
❛ ♥ ❡❧ ❡ ❝ ♦ ♥ ✐ ❡ ♠✐ ❡ ❞✱ ❤✐ ❡❧ ❡ ❝ ♦ ♥ ❝ ❛ ♥ ❣ ❡ ♥ ❡ ❛ ❡ ❡ ❝ ♦ ♥ ❞ ❛ ② ❡❧ ❡ ❝ ♦ ♥ ✈✐ ❛ ✐ ♥ ❡❧ ❛ ✐ ❝
❝ ❛ ❡ ✐ ♥ ❣✳
❚ ❤ ❡ ❛ ❡ ♦❢ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ✐ ♠ ❛ ❡ ✐ ❛❧ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ✳ ❚ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ✐ ♥ ❛ ❜ ♦ ♣ ✐ ♦ ♥
❜ ❡ ✇ ❡ ❡ ♥ ♠ ❛ ❡ ✐ ❛❧ ✐ ✉ ❡ ❞ ❛ ❛ ❝ ♦ ♥ ❛ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ✐ ♥ ♦❢ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣✳ ❘ ❡❧ ❛ ❡ ❞
♦ ❤ ❡ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ✐ ❤ ❡ ❞ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❡ ♥ ❡ ❣ ② ✇✐ ❤✐ ♥ ❤ ❡ ❛ ♠ ♣❧ ❡ ✇ ❤✐ ❝ ❤ ❡ ✉❧ ✐ ♥
❢ ❛ ✱ ❢ ❡ ❡ ❡❧ ❡ ❝ ♦ ♥ ❛ ♥ ❞ ✜ ♥ ❛❧❧ ② ✐ ♥ ❜ ♦ ❦ ❡ ♥ ❝ ❤ ❡ ♠✐ ❝ ❛❧ ❜ ♦ ♥ ❞ ✳ ❙ ♦ ♠ ❡ ❛ ♠ ♣❧ ❡ ✱ ✉ ❝ ❤ ❛
❝ ❡❧❧ ✱ ❛ ❡ ❡❧ ❛ ✐ ✈ ❡❧ ② ❡ ♥ ✐ ✐ ✈ ❡ ❛ ♥ ❞ ❤ ♦ ✉❧ ❞ ❣ ❡ ♥ ❡ ❛❧❧ ② ♦ ♥❧ ② ❜ ❡ ✐ ♠ ❛ ❣ ❡ ❞ ✉ ♥ ❞ ❡ ❝ ② ♦ ❣ ❡ ♥✐ ❝
❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❬ ✽ ✶❪✳ ❆❧ ❡ ♥ ❛ ✐ ✈ ❡❧ ②✱ ❤ ♦ ♣ ✉❧ ❡ ✭ ♦❢ ❛ ❢ ❡ ✇ ❢ ❡ ♠ ♦ ❡ ❝ ♦ ♥ ❞ ✮ ❝ ❛ ♥ ❜ ❡ ✉ ❡ ❞✳
❉ ✉ ✐ ♥ ❣ ❤ ❡ ♣ ✉❧ ❡✱ ❤ ❡ ❛ ♦ ♠ ❝ ❛ ♥ ♥ ♦ ♠ ♦ ✈ ❡ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ❢ ♦ ♠ ❤ ❡✐ ♦ ✐ ❣✐ ♥ ❛❧ ♣ ♦ ✐ ✐ ♦ ♥
❛❧ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❝ ❤ ❡ ♠✐ ❝ ❛❧ ❜ ♦ ♥ ❞ ♠✐ ❣ ❤ ❜ ❡ ❛ ❦ ❬ ✺ ✾❪✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ❤ ♦ ✇ ❤ ❡
❛ ♠ ♣❧ ❡ ✐ ♥ ✐ ♥ ❛ ✉ ❛❧ ❛ ❡✳
❋ ♦ ❤ ❡ ❡❧ ❛ ✐ ❝ ❝ ❛ ❡ ✐ ♥ ❣ ♣ ♦ ❝ ❡ ✱ ❤ ❡ ❳✲ ❛ ② ❛ ❡ ✈✐ ❡ ✇ ❡ ❞ ❛ ❡❧ ❡ ❝ ♦ ♠ ❛ ❣ ♥ ❡ ✐ ❝
✇ ❛ ✈ ❡ ✸ ✳ ❍ ❡ ♥ ❝ ❡✱ ❤ ❡ ② ♣ ♦ ❞ ✉ ❝ ❡ ❛ ❢ ♦ ❝ ❡ ♦ ♥ ❤ ❡ ❜ ♦ ✉ ♥ ❞ ❡❧ ❡ ❝ ♦ ♥ ♦❢ ❤ ❡ ❛ ♦ ♠ ✐ ♥ ❤ ❡
♠ ❛ ❡ ✐ ❛❧✳ ❚ ❤✐ ❢ ♦ ❝ ❡ ❞ ✐ ✈ ❡ ❛ ♥ ♦ ❝✐❧❧ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ❡❧ ❡ ❝ ♦ ♥ ✳ ❚ ❤ ✉ ✱ ❤ ❡ ❡❧ ❡ ❝ ♦ ♥
❣ ❡ ♥ ❡ ❛ ❡ ❛ ❡ ❝ ♦ ♥ ❞ ❛ ② ✜ ❡❧ ❞ ✇ ❤✐ ❝ ❤ ♣ ♦ ❞ ✉ ❝ ❡ ❛ ♣ ❤ ❛ ❡ ❤✐❢ ♦❢ ❤ ❡ ✐ ♥ ❝✐ ❞ ❡ ♥ ✜ ❡❧ ❞✳ ❚ ❤ ❡
❛ ♠ ♦ ✉ ♥ ♦❢ ♣ ❤ ❛ ❡ ❤✐❢ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❤ ❡ ❛ ♦ ♠✐ ❝ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ♠ ❛ ❡ ✐ ❛❧ ❛ ♥ ❞ ✐
❞ ❡ ❝ ✐ ❜ ❡ ❞ ❢ ♦ ❡ ❛ ❝ ❤ ❛ ♦ ♠ ❜ ② ❤ ❡ ❡ ❛❧ ♣ ❛ (f 1 ) ♦❢ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞ ❛ ♦ ♠✐ ❝ ❝ ❛ ❡ ✐ ♥ ❣
❢ ❛ ❝ ♦ (f )✳ ❚ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ♣ ❛ ♦❢ ❤ ❡ ❛ ♦ ♠✐ ❝ ❝ ❛ ❡ ✐ ♥ ❣ ❢ ❛ ❝ ♦ (f 2 ) ❞ ❡ ❝ ✐ ❜ ❡ ❤ ❡
❛ ❡ ♥ ✉ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✇ ❛ ✈ ❡ ✜ ❡❧ ❞ ❞ ✉ ❡ ♦ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ✭ ❡ ❡ ❛❧ ♦ ❬ ✶❪✮✳ ❖ ♥ ❛ ♠ ❛ ❝ ♦ ❝ ♦ ♣✐ ❝
❝ ❛❧ ❡✱ ❤ ❡ ✐ ♥ ❡ ❛ ❝ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ♠ ❛ ❡ ✐ ❛❧ ❛ ♥ ❞ ❳✲ ❛ ② ✐ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ③ ❡ ❞ ❜ ② ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ①
❡❢ ❛ ❝ ✐ ✈ ❡ ✐ ♥ ❞ ❡ ① (n [λ ])✳ ❚ ❤ ❡ ❡❢ ❛ ❝ ✐ ✈ ❡ ✐ ♥ ❞ ❡ ① ✐ ♦❢ ❡ ♥ ✇ ✐ ❡ ♥ ❛
n = 1 − δ [λ ] + i β [λ ] . ✭ ✷✳ ✶✮
❍ ❡ ❡✱ β ❞ ❡ ❝ ✐ ❜ ❡ ❤ ❡ ❛ ❡ ♥ ✉ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✇ ❛ ✈ ❡ ❛ ♥ ❞ δ ✐ ❤ ❡ ♣ ❤ ❛ ❡ ❤✐❢ ✐ ♥ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥
♦ ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ✐ ♥ ✈ ❛ ❝ ✉ ✉ ♠✳ ■❢ ♦ ♥ ❡ ♥ ❡ ❣❧ ❡ ❝ ❤ ❡ ✐ ♥ ❡ ❛ ❝ ✐ ♦ ♥ ♦❢ ♥ ❡✐ ❣ ❤ ❜ ♦ ✐ ♥ ❣ ❛ ♦ ♠
♦ ♥ ❤ ❡ ✐ ♥ ♥ ❡ ❛ ♦ ♠✐ ❝ ❡ ♥ ❡ ❣ ② ❛ ❡ ✱ ❤ ❡ ❡❢ ❛ ❝ ✐ ✈ ❡ ✐ ♥ ❞ ❡ ① ♦❢ ❛ ♠ ❛ ❡ ✐ ❛❧ ❝ ❛ ♥ ❛❧ ♦ ❜ ❡
✷ ❚ ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ♦❢ ❳✲ ❛ ② ❛ ♥ ❞ ❤ ❡✐ ✐ ♥ ❡ ❛ ❝ ✐ ♦ ♥ ✇✐ ❤ ♠ ❛ ❡ ✐ ❛❧ ✐ ✇ ❡❧❧ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ✐ ♥ ❧✐ ❡ ❛ ✉ ❡✳
❍ ❡ ❡✱ ✇ ❡ ❢ ♦❧❧ ♦ ✇ ❬ ✶❪ ❛ ♥ ❞ ❬ ✻ ✷❪✳
✸ ❚ ❤ ❡ ❤ ❡ ♦ ② ❤ ❛ ❢ ♦❧❧ ♦ ✇ ❤ ♦❧ ❞ ♦ ♥❧ ② ❢ ♦ ❝ ❛❧ ❛ ✱ ♠ ♦ ♥ ♦ ❝ ❤ ♦ ♠ ❛ ✐ ❝ ❛ ♥ ❞ ❛ ✐ ❝ ✜ ❡❧ ❞ ✳ ◆ ❡ ✈ ❡ ❤ ❡❧ ❡ ✱
✐ ✐ ❛ ✉ ✣ ❝✐ ❡ ♥ ❧ ② ❣ ♦ ♦ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ❡ ❤ ♦ ❞ ✳
✷✳ ✶✳ ❆ ❉ ❱ ❆ ◆ ❚ ❆ ● ❊ ❙ ❖ ❋ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ● ✷ ✼
✇ ✐ ❡ ♥ ❛ ❤ ❡ ✇ ❡✐ ❣ ❤ ❡ ❞ ✉ ♠ ♦❢ ❤ ❡ ✭❢ ♦ ✇ ❛ ❞✮ ❛ ♦ ♠✐ ❝ ❝ ❛ ❡ ✐ ♥ ❣ ❢ ❛ ❝ ♦ ♦ ✈ ❡ ❤ ❡
② ♣ ❡ ♦❢ ❛ ♦ ♠
n = 1 −
a
n a r e λ 2
2 π f
( 0 )
1 , a − i f ( 0 )2 , a . ✭ ✷✳ ✷✮
❍ ❡ ❡✱ n a ✐ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ❛ ♦ ♠ ♦❢ ② ♣ ❡ ” a ” ♣ ❡ ✉ ♥✐ ✈ ♦❧ ✉ ♠ ❡✱ r e ✐ ❤ ❡ ❝❧ ❛ ✐ ❝ ❛❧
❡❧ ❡ ❝ ♦ ♥ ❛ ❞✐ ✉ ✭≈ 2 .8 · 1 0 − 1 5 ♠✮ ❛ ♥ ❞ λ ✐ ❤ ❡ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤ ♦❢ ❤ ❡ ❳✲ ❛ ② ✳
❚ ❤ ❡ ✐ ♥ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❝ ❛❧ ❛ ❍ ❡❧ ♠ ❤ ♦❧ ③ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✷✳ ✸✮ ❞ ❡ ❝ ✐ ❜ ❡ ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥
♦❢ ❛ ❝ ❛❧ ❛ ✜ ❡❧ ❞ (U ) ✇✐ ❤✐ ♥ ❛ ♥ ✐ ♥ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ♠ ❡ ❞✐ ✉ ♠✳ ✹ ■ ♥ ❤✐ ❢ ♦ ♠ ✉❧ ❛✱ ❤ ❡ ❡✲
❢ ❛ ❝ ✐ ✈ ❡ ✐ ♥ ❞ ❡ ① ❝ ❤ ❛ ❛ ❝ ❡ ✐ ③ ❡ ❤ ❡ ✐ ♥ ❡ ❛ ❝ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❝ ❛❧ ❛ ✜ ❡❧ ❞ ❛ ♥ ❞ ❤ ❡ ❛ ♠ ♣❧ ❡✳
∆ U + k 20 n 2 U = 0 ✭ ✷✳ ✸✮
❚ ❤ ❡ ❝ ❛❧ ❛ ✜ ❡❧ ❞ U ✐ ✐ ❞ ❡ ♥ ✐ ✜ ❡ ❞ ✇✐ ❤ ❤ ❡ ✜ ❡❧ ❞ ♦❢ ❳✲ ❛ ② ✱ ∆ ✐ ❤ ❡ ▲ ❛ ♣❧ ❛ ❝✐ ❛ ♥ ❛ ♥ ❞
k 0 = 2 πλ ✐ ❤ ❡ ✇ ❛ ✈ ❡ ♥ ✉ ♠ ❜ ❡ ✳ ■ ✐ ❝ ♦ ♠ ♠ ♦ ♥ ♦ ❡ ✇ ✐ ❡ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ✈ ❛❧ ✉ ❡ ❞ ❝ ❛❧ ❛
✜ ❡❧ ❞ U ❛ ❤ ❡ ♣ ♦ ❞ ✉ ❝ ♦❢ ❛ ♥ ❛ ♠ ♣❧✐ ✉ ❞ ❡ A = √ I ❛ ♥ ❞ ❛ ♣ ❤ ❛ ❡ ❡ ♠ e x p [ i ϕ]✳ ❍ ❡ ❡✱
I ✐ ❤ ❡ ✐ ♥ ❡ ♥ ✐ ② ❛ ♥ ❞ ❛ ❦ ❡ ♥ ♦ ♥✲ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ✈ ❛❧ ✉ ❡ ✇ ❤✐❧ ❡ ϕ ❛ ❦ ❡ ✈ ❛❧ ✉ ❡ ✐ ♥ ❤ ❡ ❡ ❛❧
♥ ✉ ♠ ❜ ❡ ✳
❚ ❤ ❡ ✐ ♥ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❝ ❛❧ ❛ ❍ ❡❧ ♠ ❤ ♦❧ ③ ❡ ✉ ❛ ✐ ♦ ♥ ❤ ♦❧ ❞ ✐ ♥ ❤ ❡ ❛ ❜ ❡ ♥ ❝ ❡ ♦❢ ❢ ❡ ❡ ❝ ✉ ✲
❡ ♥ ❛ ♥ ❞ ❝ ❤ ❛ ❣ ❡ ❞ ❡ ♥ ✐ ✐ ❡ ✐ ♥ ❛ ♥ ♦ ♥✲ ♠ ❛ ❣ ♥ ❡ ✐ ❝✱ ❧ ♦ ✇❧ ② ✈ ❛ ②✐ ♥ ❣ ❛ ♥ ❞ ✇ ❡ ❛ ❦❧ ② ❝ ❛ ❡ ✐ ♥ ❣
♠ ❛ ❡ ✐ ❛❧ ❛ ♥ ❞ ❝ ❛ ♥ ❜ ❡ ❞ ❡ ✐ ✈ ❡ ❞ ✉ ♥ ❞ ❡ ❤ ❡ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❢ ♦ ♠ ❤ ❡ ▼ ❛ ① ✇ ❡❧❧ ❡ ✉ ❛ ✐ ♦ ♥
❬ ✻ ✷✱ ♣ ♣✳ ✼ ✵ ✭ ✷✳ ✷ ✽✮❪✳ ● ❡ ♥ ❡ ❛❧❧ ②✱ ✜ ♥ ❞✐ ♥ ❣ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✷✳ ✸✮ ✐ ❛ ❝ ❤ ❛❧❧ ❡ ♥ ❣✐ ♥ ❣
♣ ♦ ❜❧ ❡ ♠ ❜ ✉ ❢ ♦ ♦ ♠ ❡ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ❛ ♥ ❡ ① ♣❧✐ ❝✐ ♦❧ ✉ ✐ ♦ ♥ ❤ ❛ ❜ ❡ ❡ ♥ ♦ ❜ ❛✐ ♥ ❡ ❞✳ ❲❡ ♥ ♦ ✇
✐ ♥ ✈ ❡ ✐ ❣ ❛ ❡ ♦ ♥ ❡ ❡ ① ❛ ♠ ♣❧ ❡ ✇ ❤✐ ❝ ❤ ✐ ❡ ❡ ♥ ✐ ❛❧ ❢ ♦ ❤ ❡ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✐ ♥ ❧ ❛ ❡ ❝ ❤ ❛ ♣ ❡ ✳
❚ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦ ❤ ❡ ✐ ♥ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❍ ❡❧ ♠ ❤ ♦❧ ③ ❡ ✉ ❛ ✐ ♦ ♥ ❢ ♦ ❛ ♣❧ ❛ ♥ ❡ ✇ ❛ ✈ ❡ ❛ ✈✲
❡❧✐ ♥ ❣ ❛❧ ♦ ♥ ❣ ❤ ❡ ③✲ ❛ ①✐ ❤ ♦ ✉ ❣ ❤ ❛ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ♠ ❛ ❡ ✐ ❛❧ ✇✐ ❤ ❡❢ ❛ ❝ ✐ ✈ ❡ ✐ ♥ ❞ ❡ ① n =
1 − δ + i β ❝ ❛ ♥ ❜ ❡ ♦❧ ✈ ❡ ❞✳ ❙✐ ♥ ❝ ❡ ❤ ❡ ♣❧ ❛ ♥ ❡ ✇ ❛ ✈ ❡ ✐ ❝ ♦ ♥ ❛ ♥ ❢ ♦ ❛ ✜ ① ❡ ❞ ③✱ ❤ ❡ ▲ ❛ ♣❧ ❛✲
❝✐ ❛ ♥ ✐ ♥ ✭ ✷✳ ✸✮ ❡ ❞ ✉ ❝ ❡ ♦ ❛ ❡ ❝ ♦ ♥ ❞ ❞ ❡ ✐ ✈ ❛ ✐ ✈ ❡ ✐ ♥ z ❛ ♥ ❞ ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ✐ ❞ ❡ ❝ ✐ ❜ ❡ ❞
❜ ②
∂ 2
∂ z 2 U + k
20 n 2 U = 0 .
❋ ♦ ❛ ❝ ♦ ♥ ❛ ♥ ❡❢ ❛ ❝ ✐ ✈ ❡ ✐ ♥ ❞ ❡ ①✱ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ❡ ✉ ❛ ✐ ♦ ♥ ✐ ❣✐ ✈ ❡ ♥
❜ ② ✺
U [z ] = U [z 0 ] e x p [k 0 (i ( 1 − δ ) − β ) (z − z 0 )] . ✭ ✷✳ ✹✮
❍ ❡ ❡✱ U [z 0 ] ✐ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ✜ ❡❧ ❞ ✐ ♥ ❤ ❡ z 0 − ♣❧ ❛ ♥ ❡✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✷✳ ✹✮✱
❤ ❡ ❛ ♠ ♣❧✐ ✉ ❞ ❡ ♦❢ ❤ ❡ ✇ ❛ ✈ ❡ ❞ ❡ ❝ ❡ ❛ ❡ ❜ ② e x p [ − k 0 β (z − z 0 )] ❛ ♥ ❞ ❤ ❡ ♣ ❤ ❛ ❡ ❝ ❤ ❛ ♥ ❣ ❡
✹ ❲❡ ❛ ✉ ♠ ❡ ❤ ❛ U ✐ ♠ ♦ ♥ ♦ ❝ ❤ ♦ ♠ ❛ ✐ ❝ ❛ ♥ ❞ ❛ ✐ ❝✳
✺ ❍ ❡ ❡✱ ❛ ❝ ❤ ♦✐ ❝ ❡ ♦❢ ✐ ❣ ♥ ✐ ♥ ❤ ❡ ❡ ① ♣ ♦ ♥ ❡ ♥ ✐ ❛❧ ✐ ♥ ❡ ❝ ❡ ❛ ②✳ ❍ ❡ ❡✱ ✐ ✐ ❝ ❤ ♦ ❡ ♥ ✉ ❝ ❤ ❤ ❛ ❛ ♣❧ ❛ ♥ ❡
✇ ❛ ✈ ❡ ❛ ✈ ❡❧✐ ♥ ❣ ✐ ♥ ❤ ❡ ♣ ♦ ✐ ✐ ✈ ❡ ③ ❞✐ ❡ ❝ ✐ ♦ ♥ ✐ ❣✐ ✈ ❡ ♥ ❜ ② U [z ] = U 0 e x p [ i (k z − ω t )] .
✷ ✽ ❈ ❍ ❆ ❚ ❊ ❘ ✷✳ ❈ ❯ ❘ ❘ ❊ ◆ ❚ ❙ ❚ ❆ ❚ ❯ ❙ ❖ ❋ ✷ ❉ ❆ ◆ ❉ ✸ ❉ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ●
❡❧ ❛ ✐ ✈ ❡ ♦ ❤ ❡ ♦ ♥ ❡ ✐ ♥ ✈ ❛ ❝ ✉ ✉ ♠ ❜ ② e x p [ − i k0 δ (z − z 0 )]✳ ❚ ❤✐ ❡ ✉❧ ✐ ✐ ❝ ❧ ② ♣ ❡ ❛ ❦✲
✐ ♥ ❣ ♦ ♥❧ ② ✈ ❛❧✐ ❞ ❢ ♦ ❛ ♣❧ ❛ ♥ ❡ ✇ ❛ ✈ ❡ ❛ ♥ ❞ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ♠ ❛ ❡ ✐ ❛❧✳ ◆ ❡ ✈ ❡ ❤ ❡❧ ❡ ✱ ✐ ✐ ❛❧ ♦
❤ ❡ ❦ ❡ ② ❛ ✉ ♠ ♣ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❢ ♦ ❢ ♦ ✇ ❛ ❞ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♥ ❣ ✇ ❛ ✈ ❡
✐ ♥ ✇ ❡ ❛ ❦❧ ② ❝ ❛ ❡ ✐ ♥ ❣ ❛ ♠ ♣❧ ❡ ✳ ❚ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✐ ✉ ❡ ❞ ✐ ♥ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧
✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ❞ ✉ ✐ ♥ ❣ ♦✲ ❝ ❛❧❧ ❡ ❞ ♠ ✉❧ ✐ ❧✐ ❝ ❡ ❛❧ ❣ ♦ ✐ ❤ ♠ ✳
❆ ♥ ♦ ❤ ❡ ✐ ♠ ♣❧✐ ✜ ❝ ❛ ✐ ♦ ♥ ✐ ❤ ❡ ✜ ❇ ♦ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✇ ❤✐ ❝ ❤ ❛ ✉ ♠ ❡ ❤ ❛ ❤ ❡
✐ ♥ ❝✐ ❞ ❡ ♥ ✜ ❡❧ ❞ ✐ ♥ ♦ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ❝ ❤ ❛ ♥ ❣ ❡ ❞ ❜ ② ❤ ❡ ♣ ❡ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱
❤ ❡ ✐ ♥ ❡ ❛ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡ ✇✐ ❤ ❤ ❡ ✐ ♥ ❝✐ ❞ ❡ ♥ ✜ ❡❧ ❞ ✐ ✇ ❡❧❧ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ✇✐ ❤ ♦ ✉ ❛ ❦✐ ♥ ❣
✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ❤ ❡ ✐ ♥ ❡ ❛ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ✜ ❡❧ ❞ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❤ ❡ ❛ ♠ ♣❧ ❡ ✇✐ ❤ ❤ ❡ ❛ ♠ ♣❧ ❡
✐ ❡❧❢✳ ❇ ♦ ❤ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✇✐❧❧ ❜ ❡ ❞✐ ❝ ✉ ❡ ❞ ✐ ♥ ❞ ❡ ❛✐❧ ✐ ♥ ❝ ❤ ❛ ♣ ❡ ✸✳
❚ ❤ ❡ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ♦❢ ❳✲ ❛ ② ✐ ♥ ❱ ❛ ❝ ✉ ✉ ♠
■ ✐ ❛ ✉ ♠ ❡ ❞ ❤ ❛ ❤ ❡ ❳✲ ❛ ② ❛ ❡ ✇ ❡❧❧ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ❜ ② ❛ ❝ ❛❧ ❛ ✜ ❡❧ ❞ U. ❚ ❤ ❡ ❢ ❡ ❡
♣ ❛ ❝ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ♦❢ ❛ ✇ ❛ ✈ ❡ ✐ ❤ ❡ ♥ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ❜ ② ❤ ❡ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❍ ❡❧ ♠ ❤ ♦❧ ③
❡ ✉ ❛ ✐ ♦ ♥ ✭ ✷✳ ✺✮
∆ U + k 20 U = 0 ✭ ✷✳ ✺✮
✇ ❤✐ ❝ ❤ ❡ ✉❧ ❢ ♦ ♠ ❤ ❡ ✐ ♥ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❍ ❡❧ ♠ ❤ ♦❧ ③ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✷✳ ✸✮ ❢ ♦ n = 1 ✳ ❆ ♥
♦ ✉ ❣ ♦✐ ♥ ❣ ♣ ❤ ❡ ✐ ❝ ❛❧ ✇ ❛ ✈ ❡
U s p h e ri c alr [r ] = e x p [ i k0 |r − r |]|r − r |
✐ ❛ ● ❡ ❡ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦ ❤ ❡ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❍ ❡❧ ♠ ❤ ♦❧ ③ ❡ ✉ ❛ ✐ ♦ ♥✳ ❚ ❤ ❛ ✐ ✱ ✐ ♦❧ ✈ ❡ ❤ ❡
❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ❡ ✉ ❛ ✐ ♦ ♥
∆ + k 20 U s p h e ri c alr = − 4 π δ [r − r ] .
❚ ❤✐ ❢ ❛ ❝ ✐ ❛❧ ♦ ✉ ❡ ❞ ✐ ♥ ❤ ❡ ✭ ✜ ✮ ❇ ♦ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✇ ❤✐ ❝ ❤ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❤ ❡ ✐ ♥✲
❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❍ ❡❧ ♠ ❤ ♦❧ ③ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✷✳ ✸✮ ❜ ② ❛ ♥ ✐ ♥ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❍ ❡❧ ♠ ❤ ♦❧ ③
❡ ✉ ❛ ✐ ♦ ♥
∆ U + k 20 U = f.
❍ ❡ ❡✱ f ✐ ❛ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✇ ❤✐ ❝ ❤ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ n ❛ ♥ ❞ ♦ ♥ ❛ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♦❢ U ✳ ❋ ♦ ❤ ❡
❝ ❛ ❡ ♦❢ ❛ ♥ ✐ ♥ ❝✐ ❞ ❡ ♥ ♣❧ ❛ ♥ ❡ ✇ ❛ ✈ ❡✱ ❤✐ ❡ ✉ ❛ ✐ ♦ ♥ ✐ ♠ ♣❧✐ ❡ ❤ ❛ ❤ ❡ ❢ ❛ ✜ ❡❧ ❞ ♣ ❛ ❡ ♥ ✐
❡❧ ❛ ❡ ❞ ♦ ❛ ♣ ❤ ❡ ✐ ❝ ❛❧ ❝ ✉ ♦❢ ❤ ❡ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ♦❢ f ✳
❆ ❧✐ ❣ ❤ ❧ ② ❞✐ ✛ ❡ ❡ ♥ ● ❡ ❡ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ✉ ❡ ❞ ♦ ♦❧ ✈ ❡ ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ✐ ♥ ❛ ❤ ♦ ♠ ♦✲
❣ ❡ ♥ ❡ ♦ ✉ ♠ ❡ ❞✐ ✉ ♠ ❢ ♦ ♠ ❛ ♥ ✐ ♥ ♣ ✉ ♣❧ ❛ ♥ ❡ ❛ z 0 ♦ ❛ ♥ ♦ ✉ ♣ ✉ ♣❧ ❛ ♥ ❡ ❛ z 1 ✳ ❚ ❤ ❡ ✐ ✉ ❛ ✐ ♦ ♥
✐ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✷✳ ✶✳ ❍ ❡ ❡✱ ✇ ❡ ❛ ✉ ♠ ❡ ❤ ❛ ❤ ❡ ✇ ♦ ♣❧ ❛ ♥ ❡ ❛ ❡ ♣ ❡ ♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛ ♦
❤ ❡ ③✲ ❛ ①✐ ✳ ❚ ❤ ❡ ♥✱ ❤ ❡ ❘ ❛ ②❧ ❡✐ ❣ ❤✲ ❙ ♦ ♠ ♠ ❡ ❢ ❡❧ ❞ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ✐ ♥ ❡ ❣ ❛❧ ♦❢ ❤ ❡ ✜ ❦✐ ♥ ❞
❞ ❡ ❝ ✐ ❜ ❡ ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❜ ②





U [x 0 , y0 , z0 ] z 1 − z 0r 0 1
e x p [ i k r0 1 ]
r 0 1 d x 0 d y 0 . ✭ ✷✳ ✻✮
✷✳ ✶✳ ❆ ❉ ❱ ❆ ◆ ❚ ❆ ● ❊ ❙ ❖ ❋ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ● ✷ ✾
❋✐ ❣ ✉ ❡ ✷✳ ✶✿ ❙ ❝ ❤ ❡ ♠ ❛ ✐ ❝ ✐❧❧ ✉ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♥ ♦ ❛ ✐ ♦ ♥ ✉ ❡ ❞✳ ■ ✐ ❛ ✉ ♠ ❡ ❞ ❤ ❛ ❤ ❡
✇ ❛ ✈ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ❡ ❢ ♦ ♠ ❤ ❡ z 0 ♣❧ ❛ ♥ ❡ ♦ ❤ ❡ z 1 ♣❧ ❛ ♥ ❡✳
❍ ❡ ❡✱ ✇ ❡ ✉ ❡ k = k 0 n ❛ ♥ ❞ ❞ ❡ ✜ ♥ ❡ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥✻
r 0 1 = (x 1 − x 0 ) 2 + ( y 1 − y 0 ) 2 + ( z 1 − z 0 ) 2 .
❋ ♦ ❛ ❤✐ ♥ ♦ ❜❥ ❡ ❝ ❛ ♥ ❞ ❛ ✉ ✣ ❝✐ ❡ ♥ ❧ ② ❧ ❛ ❣ ❡ ❞✐ ❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ♦ ❜❥ ❡ ❝ ❛ ♥ ❞ ❞ ❡ ❡ ❝ ♦ ✱
❤ ❡ ❞✐ ✛ ❛ ❝ ❡ ❞ ✜ ❡❧ ❞ ✐ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❞ ❜ ② ❤ ❡ ❋ ❡ ♥ ❡❧ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ✐ ♥ ❡ ❣ ❛❧
U [x, y, z ] ≈ − i k0 e x p [ i k0 z ]2 π z e x p
i k0
2 z x
2 + y 2 ✭ ✷✳ ✼✮
R 2
U [x , y , 0] e x p i k02 z x
2 + y 2 e x p − i k0z (x x + y y ) d x d y .
❍ ❡ ❡✱ ✐ ✐ ❛ ✉ ♠ ❡ ❞ ❤ ❛ U [x , y , 0] ✐ ❤ ❡ ✇ ❛ ✈ ❡ ✜ ❡❧ ❞ ❛ ❤ ❡ ❡ ①✐ ❢ ❛ ❝ ❡ ♦❢ ❤ ❡ ❤✐ ♥
❛ ♠ ♣❧ ❡✳ ❚ ② ♣✐ ❝ ❛❧❧ ② ❢ ♦ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ②✱ ❤ ❡ ❛ ♠ ♣❧ ❡ ✐ ♠ ❛❧❧
✻ ❚ ❤✐ ❢ ♦ ♠ ✉❧ ❛ ✐ ✉ ✉ ❛❧❧ ② ❞ ❡ ❞ ✉ ❝ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ❍ ❡❧ ♠ ❤ ♦❧ ③✲ ❑✐ ❝ ❤ ❤ ♦ ✛ ❤ ❡ ♦ ❡ ♠ ❜ ② ✉ ✐ ♥ ❣ ❤ ❡ ● ❡ ❡ ♥
❢ ✉ ♥ ❝ ✐ ♦ ♥
U R Sr [r ]  = e x p [ i k |r − r |]|r − r | −
e x p [ i k |r − r ∗ |]
|r − r ∗ | .
❍ ❡ ❡✱ r ∗ ✐ ❤ ❡ ♠✐ ♦ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ♦❢ r ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ♣❧ ❛ ♥ ❡ z 0 . ❚ ❤ ❡ ❍ ❡❧ ♠ ❤ ♦❧ ③✲ ❑✐ ❝ ❤ ❤ ♦ ✛❤ ❡ ♦ ❡ ♠ ❛ ❡ ∂ Ω G Q ∂∂ n U − U ∂∂ n G Q d σ = 4 π U [Q ] ❢ ♦ ❛ ♥ ② ● ❡ ❡ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥ G Q ❛ ♥ ❞ ❝ ❛ ♥ ❜ ❡❞ ❡ ❞ ✉ ❝ ❡ ❞ ❢ ♦ ♠ ❛ ♥ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❍ ❡❧ ♠ ❤ ♦❧ ③ ❡ ✉ ❛ ✐ ♦ ♥ ♦ ❤ ❡ ● ❛ ✉ ❞✐ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ❤ ❡ ♦ ❡ ♠✳ ❙ ❡ ❡
❬ ✻ ✷❪ ♣✳ ✶ ✽ ✛✳
✸ ✵ ❈ ❍ ❆ ❚ ❊ ❘ ✷✳ ❈ ❯ ❘ ❘ ❊ ◆ ❚ ❙ ❚ ❆ ❚ ❯ ❙ ❖ ❋ ✷ ❉ ❆ ◆ ❉ ✸ ❉ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ●
❡ ♥ ♦ ✉ ❣ ❤ ❛ ♥ ❞ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❛ ♠ ♣❧ ❡ ❛ ♥ ❞ ❞ ❡ ❡ ❝ ♦ ✐ ✉ ✣ ❝✐ ❡ ♥ ❧ ② ❧ ❛ ❣ ❡ ✉ ❝ ❤
❤ ❛ ❤ ❡ ❋ ❛ ✉ ♥ ❤ ♦❢ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✐ ✈ ❛❧✐ ❞
U [x, y, z ] ≈ − i k0 e x p [ i k0 z ]2 π z e x p
i k0
2 z x
2 + y 2 ✭ ✷✳ ✽✮
R 2
U [x , y , 0] e x p − i k0z (x x + y y ) d x d y .
❚ ❤ ❡ ❢ ❛ ✜ ❡❧ ❞ ✐ ❤ ❡ ♥ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♦ ❤ ❡ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ♦❢ ❤ ❡ ✜ ❡❧ ❞ U [x , y , 0] ✳
▲ ❡ ♥ ✲❧ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ❡ ❤ ♦ ❞ ② ♦ ✐ ♥ ✈ ❡ ❡✐ ❤ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✷✳ ✼✮ ♦ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✷✳ ✽✮✳
❚ ❤ ❡ ❛✐ ♠ ✐ ♦ ❡ ❝ ♦ ✈ ❡ ❤ ❡ ❡❢ ❛ ❝ ✐ ✈ ❡ ✐ ♥ ❞ ❡ ① ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ❜❥ ❡ ❝ ✳ ❙ ♦❢ ❳✲ ❛ ②
❞ ❡ ❡ ❝ ♦ ♦ ♥❧ ② ❞ ❡ ❡ ❝ ❤ ❡ ✐ ♥ ❡ ♥ ✐ ② ♦❢ ❤ ❡ ✐ ♥ ❝✐ ❞ ❡ ♥ ❳✲ ❛ ② ✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ♣ ❤ ❛ ❡
✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❢ ❛ ✜ ❡❧ ❞ ✐ ❧ ♦ ✳ ❇ ✉ ❤ ❡ ♣ ❤ ❛ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❡ ❡ ❞ ❡ ❞✱ ✐ ♥ ♦ ❞ ❡
♦ ✉ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✷✳ ✼✮ ♦ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✷✳ ✽✮ ♦ ♠ ❡ ❛ ✉ ❡ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ② ❤ ❡ ❡❢ ❛ ❝ ✐ ✈ ❡ ✐ ♥ ❞ ❡ ①
♦ ❤ ❡ ✜ ❡❧ ❞ ❛ ❤ ❡ ❡ ①✐ ❢ ❛ ❝ ❡✳ ❚ ❤ ❡ ♠ ❛✐ ♥ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❡ ①✐ ✐ ♥ ❣ ❧ ❡ ♥ ✲❧ ❡
♠ ❡ ❤ ♦ ❞ ✐ ❤ ❡ ✇ ❛ ② ❤✐ ♣ ❤ ❛ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ❡ ❝ ♦ ✈ ❡ ❡ ❞✳ ❲❡ ♥ ♦ ✇ ❣✐ ✈ ❡ ❛ ❤ ♦
♦ ✈ ❡ ✈✐ ❡ ✇ ♦❢ ❧ ❡ ♥ ✲❧ ❡ ❛ ♥ ❞ ❧ ❡ ♥ ❜ ❛ ❡ ❞ ♦❢ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ❡ ❤ ♦ ❞ ❢ ♦ ♥ ♦ ♥✲ ❝ ② ❛❧❧✐ ♥ ❡
❛ ♠ ♣❧ ❡ ❤ ❛ ❝ ❛ ♥ ❜ ❡ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ❜ ② ❤ ❡ ❝ ❛❧ ❛ ✇ ❛ ✈ ❡ ❤ ❡ ♦ ②✳
✷✳ ✷ ▲ ❡ ♥ ✲❧ ❡ ▼ ❡ ❤ ♦ ❞ ❢ ♦ ✷ ❉ ❛ ♥ ❞ ✸ ❉ ❳✲ ❛ ② ■ ♠ ❛ ❣✲
✐ ♥ ❣
✷✳ ✷✳ ✶ ❈ ♦ ❤ ❡ ❡ ♥ ❉✐ ✛ ❛ ❝ ✐ ♦ ♥ ■ ♠ ❛ ❣✐ ♥ ❣ ✭ ❈ ❉ ■ ✮
❚ ❤ ❡ ✉ ♥ ❞ ❡ ❧ ②✐ ♥ ❣ ♣ ❤ ② ✐ ❝ ❛❧ ❝ ♦ ♥ ❝ ❡ ♣ ♦❢ ❝ ♦ ❤ ❡ ❡ ♥ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ✐ ♠ ❛ ❣✐ ♥ ❣ ✐ ❤ ❛ ❤ ❡ ❞✐ ✛ ❛ ❝✲
✐ ♦ ♥ ♣ ❛ ❡ ♥ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❛ ✉ ❛ ✐ ♠ ♦ ♥ ♦ ❝ ❤ ♦ ♠ ❛ ✐ ❝ ✇ ❛ ✈ ❡ ❛ ♥ ❞ ❛ ❝ ❛ ❡ ✐ ♥ ❣ ❛ ♠ ♣❧ ❡
❝ ♦ ♥ ❛✐ ♥ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❛ ❜ ♦ ✉ ❤ ❡ ❤ ❡ ❡ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❝ ❛ ❡ ✐ ♥ ❣ ♣ ♦ ❝ ❡ ❛ ♥ ❞ ❤ ✉ ❛❧ ♦
❛ ❜ ♦ ✉ ❤ ❡ ✉ ❝ ✉ ❡ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ❲❡ ✜ ✉ ❞ ② ❤ ❡ ❝ ❛ ❡ ♦❢ ❛ ❤✐ ♥ ❛ ♠ ♣❧ ❡ ✐❧❧ ✉✲
♠✐ ♥ ❛ ❡ ❞ ❜ ② ❛ ♣❧ ❛ ♥ ❡ ✇ ❛ ✈ ❡✳ ■ ✐ ❛ ✉ ♠ ❡ ❞ ❤ ❛ ❤ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ❝ ❛❧ ❛ ✇ ❛ ✈ ❡
❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❛ ❡ ❛❧ ✇ ❛ ② ❢ ✉❧ ✜❧❧ ❡ ❞✳ ▲ ❡ ✉ ❛ ✉ ♠ ❡ ❤ ❛ ❤ ❡ ❛ ♠ ♣❧ ❡ ✐ ❤✐ ♥ ✐ ♥ ❤ ❡
③✲ ❞✐ ❡ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ❤ ❛ ❛ ❝ ♦ ♥ ❛ ♥ ❡❢ ❛ ❝ ✐ ✈ ❡ ✐ ♥ ❞ ❡ ① ❛❧ ♦ ♥ ❣ ❤✐ ❞✐ ❡ ❝ ✐ ♦ ♥
n [x, y, z ] = n [x, y ] z 0 − ∆ z ≤ z ≤ z 01 el s e .
❍ ❡ ❡✱ ∆ z ✐ ❤ ❡ ❤✐ ❝ ❦ ♥ ❡ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛✲
✐ ♦ ♥✱ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ✜ ❡❧ ❞ ✐
U [x, y, z 0 ] = U 0 e x p [ i k0 (n [x, y, z 0 ] − 1) ∆ z ]
≈ U 0 ( 1 + (i δ − β ) k 0 ∆ z ) .
✷✳ ✷✳ ▲ ❊ ◆ ❙✲ ▲ ❊ ❙ ❙ ▼ ❊ ❚ ❍ ❖ ❉ ❙ ❋ ❖ ❘ ✷ ❉ ❆ ◆ ❉ ✸ ❉ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ● ✸ ✶
✭ ❛ ✮ ❈ ♦ ❤ ❡ ❡ ♥ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ✐ ♠ ❛ ❣✐ ♥ ❣ ❡ ✉ ♣ ✭ ❜ ✮ ❘ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❛❧ ❣ ♦ ✐ ❤ ♠
❋✐ ❣ ✉ ❡ ✷✳ ✷✿ ■ ♥ ✜ ❣ ✉ ❡ ✷✳ ✷ ❛✱ ❛ ❝❧ ❛ ✐ ❝ ❛❧ ❝ ♦ ❤ ❡ ❡ ♥ ❞✐❢❢ ❛ ❝ ✐ ♦ ♥ ✐ ♠ ❛ ❣✐ ♥ ❣ ❡ ✉ ♣ ✐ ❤ ♦ ✇ ♥
❬ ✺ ✺❪✳ ■ ❝ ♦ ♥ ✐ ♦❢ ❛ ❛ ♠ ♣❧ ❡ ❛ ♥ ❞ ❛ ❞ ❡ ❡ ❝ ♦ ✳ ❚ ❤ ❡ ❛ ♠ ♣❧ ❡ ✐ ❝ ♦ ❤ ❡ ❡ ♥ ❧ ② ✐❧❧ ✉ ♠✐ ♥ ❛ ❡ ❞
❛ ♥ ❞ ❤ ❡ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ♣ ❛ ❡ ♥ ✐ ❡ ❝ ♦ ❞ ❡ ❞ ♦ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✳ ❚ ❤ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡
✐ ♠ ❛ ❣ ❡ ✐ ❞ ♦ ♥ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧❧ ②✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡ ✇✐ ❤ ❤ ❡ ❡ ♦ ❡ ❞ ✉ ❝ ✐ ♦ ♥ ❛❧ ❣ ♦ ✐ ❤ ♠ ❬ ✷ ✹❪ ❛
✐❧❧ ✉ ❛ ❡ ❞ ✐ ♥ ✜ ❣ ✉ ❡ ✷✳ ✷ ❜✳
■ ♥ ❛ ❝❧ ❛ ✐ ❝ ❛❧ ❈ ❉■ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✱ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❛ ♠ ♣❧ ❡ ❛ ♥ ❞ ❞ ❡ ❡ ❝ ♦ ✐ ❧ ❛ ❣ ❡
♦ ❤ ❛ ❤ ❡ ❋ ❛ ✉ ♥ ❤ ♦❢ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✐ ❛ ♣ ♣❧✐ ❝ ❛ ❜❧ ❡✳ ▲ ❡ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ❜ ❡ ❧ ♦ ❝ ❛ ❡ ❞
❛ z D ✳ ❚ ❤ ❡ ♥✱ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✷✳ ✽✮ ②✐ ❡❧ ❞
U [x, y, z D ] = i k0 e x p [ i k0 (z D − z 0 )]2 π (z D − z 0 ) e x p
i k0 (x 2 + y 2 )
2 ( z D − z 0 )
R 2
U [x , y , z0 ] e x p − i k0 x x + y yz D − z 0 d x d y
≈ i k0 e x p [ i k0 (z D − z 0 )]2 π (z D − z 0 ) e x p
i k0 (x 2 + y 2 )
2 ( z D − z 0 )
R 2
U 0 ( 1 + (i δ − β ) k 0 ∆ z ) e x p − i k0 x x + y yz D − z 0 d x d y .
❲✐ ❤ ❤✐ ❡ ✉ ❛ ✐ ♦ ♥✱ ♦ ♥ ❡ ❝ ❛ ♥ ❡ ❝ ♦ ♥ ✉ ❝ U [x, y, z 0 ] ❢ ♦ ♠ U [x, y, z D ] . ❇ ✉ ❤ ❡ ❞ ❡✲
❡ ❝ ♦ ♦ ♥❧ ② ♠ ❡ ❛ ✉ ❡ ❤ ❡ ✐ ♥ ❡ ♥ ✐ ② I = U U [x, y, z D ] ♦❢ ❛ ❞✐ ✛ ❛ ❝ ❡ ❞ ✇ ❛ ✈ ❡✳ ❆
♣ ❡ ✈✐ ♦ ✉ ❧ ② ♠ ❡ ♥ ✐ ♦ ♥ ❡ ❞✱ ❤ ❡ ♣ ❤ ❛ ❡ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ❧ ♦ ✳ ❍ ❡ ♥ ❝ ❡✱ ❤ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥
✸ ✷ ❈ ❍ ❆ ❚ ❊ ❘ ✷✳ ❈ ❯ ❘ ❘ ❊ ◆ ❚ ❙ ❚ ❆ ❚ ❯ ❙ ❖ ❋ ✷ ❉ ❆ ◆ ❉ ✸ ❉ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ●
✐ ♦ ♥❧ ② ♣ ♦ ✐ ❜❧ ❡ ✐❢ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❛ ♣ ✐ ♦ ✐ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ❛ ✈ ❛✐❧ ❛ ❜❧ ❡✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ✐ ✐
❛ ✉ ♠ ❡ ❞ ❤ ❛ ❤ ❡ ❛ ♠ ♣❧ ❡ ✐ ✐ ♦❧ ❛ ❡ ❞ ❛ ♥ ❞ ✐ ❞ ❡ ❛❧❧ ② ♣ ❛ ❡ ♦ ♠ ❛❧❧✳ ❚ ❤✐ ❡ ❝ ♦ ✈ ❡ ②
♣ ♦ ❜❧ ❡ ♠ ✐ ❛❧ ♦ ❦ ♥ ♦ ✇ ♥ ❛ ❤ ❡ ✏ ♣ ❤ ❛ ❡ ♣ ♦ ❜❧ ❡ ♠✑✳
❚ ❤ ❡ ✜ ❡ ♣ ♦ ❛ ♦❧ ✉ ✐ ♦ ♥ ✇ ❛ ❢ ♦ ✉ ♥ ❞ ✐ ♥ ✶ ✾ ✺ ✷✳ ❙ ❛ ② ❡ ♥ ♦ ✐ ❝ ❡ ❞ ❤ ❛ ❤ ❡ ❇ ❛ ❣ ❣
❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ♣ ❛ ❡ ♥ ❝ ❛ ♥ ❜ ❡ ♦ ✈ ❡ ❛ ♠ ♣❧ ❡ ❞ ❡❧ ❛ ✐ ✈ ❡ ♦ ❙ ❤ ❛ ♥ ♥ ♦ ♥✬ ❤ ❡ ♦ ❡ ♠ ❬ ✼ ✸❪✳ ❚ ❤✐
✐ ❛❧ ♦ ✉ ❡ ✐❢ ❤ ❡ ❛ ♠ ♣❧ ❡ ❤ ❛ ❛ ❡ ✐ ❝ ❡ ❞ ✉ ♣ ♣ ♦ ✐ ♥ ❡ ❛ ❞ ♦❢ ❜ ❡✐ ♥ ❣ ❝ ② ❛❧❧✐ ♥ ❡✳ ❇ ②
♦ ✈ ❡ ❛ ♠ ♣❧✐ ♥ ❣ ❤ ❡ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ♣ ❛ ❡ ♥✱ ❤ ❡ ❧ ♦ ♣ ❤ ❛ ❡ ❝ ❛ ♥ ❜ ❡ ❡ ❝ ♦ ✈ ❡ ❡ ❞✳ ■ ❡ ❛ ✐ ✈ ❡
♦❧ ✈ ❡ ❜ ❛ ❡ ❞ ♦ ♥ ❤✐ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ❤ ❛ ✈ ❡ ❜ ❡ ❡ ♥ ✉ ❡ ❞ ♦ ♦❧ ✈ ❡ ❤ ❡ ♣ ❤ ❛ ❡ ♣ ♦ ❜❧ ❡ ♠✳ ❋✐ ✱
❤ ❡ ● ❡ ❝ ❤ ❜ ❡ ❣ ❙ ❛ ① ♦ ♥ ❛❧ ❣ ♦ ✐ ❤ ♠ ❬ ✷ ✼❪ ❛ ♥ ❞ ❧ ❛ ❡ ❤ ❡ ❢ ❛ ❡ ❝ ♦ ♥ ✈ ❡ ❣✐ ♥ ❣ ❤ ② ❜ ✐ ❞ ✐ ♥✲
♣ ✉ ♦ ✉ ♣ ✉ ❛❧ ❣ ♦ ✐ ❤ ♠ ❬ ✷ ✹❪ ❤ ❛ ✈ ❡ ❜ ❡ ❡ ♥ ❞ ❡ ✈ ❡❧ ♦ ♣ ❡ ❞✱ ❢ ♦❧❧ ♦ ✇ ❡ ❞ ❜ ② ❤ ❡ ✜ ✉ ❝ ❝ ❡ ❢ ✉❧
❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✐ ♥ ✶ ✾ ✾ ✾ ❬ ✺ ✺❪✳
❚ ❤ ❡ ❡ ✉ ♣ ♦❢ ❛ ❈ ❉■ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✐ ❝ ♦ ♠ ♣ ❛ ❛ ✐ ✈ ❡❧ ② ✐ ♠ ♣❧ ❡ ❛ ♥ ❞ ❣ ♦ ♦ ❞ ❡ ✉❧ ❤ ❛ ✈ ❡
❜ ❡ ❡ ♥ ❛ ❝ ❤✐ ❡ ✈ ❡ ❞ ✇✐ ❤ ❛ ✐ ✜ ❝✐ ❛❧ ❡ ❛ ♠ ♣❧ ❡ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤✐ ❡ ❝ ❤ ♥✐ ✉ ❡ ❡ ✉✐ ❡ ✐ ♦❧ ❛ ❡ ❞
❛ ♠ ♣❧ ❡ ✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❈ ❉■ ❤ ❛ ♥ ♦ ❣ ♦ ♥ ❡ ❜ ❡ ② ♦ ♥ ❞ ❤ ❡ ❛ ❣ ❡ ♦❢ ✐ ♠ ❛ ❣✐ ♥ ❣ ❛ ✐ ✜ ❝✐ ❛❧ ♦ ❜❥ ❡ ❝
✭ ❡ ❡ ❛ ❜❧ ❡ ✷✳ ✹✮✳
✷✳ ✷✳ ✷ ② ❝ ❤ ♦ ❣ ❛ ♣ ❤ ②
✭ ❛ ✮ ❙ ❝ ❤ ❡ ♠ ❛ ✐ ❝ ❡ ✉ ♣ ♦❢ ❛ ♣ ② ❝ ❤ ♦ ❣ ❛ ♣ ❤ ② ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✭ ❜ ✮ ❙ ❝ ❛ ♥ ♣ ❛ ❡ ♥
❋✐ ❣ ✉ ❡ ✷✳ ✸✿ ■ ♥ ❛ ♣ ② ❝ ❤ ♦ ❣ ❛ ♣ ❤ ② ❡ ✉ ♣ ❛ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✷✳ ✸ ❛✱ ❛ ❝ ♦ ❤ ❡ ❡ ♥ ❧ ② ✐❧❧ ✉ ♠✐✲
♥ ❛ ❡ ❞ ♣ ♦ ✐ ❝ ❛ ♥ ♥ ❡ ❞ ♦ ✈ ❡ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ❋ ♦ ❡ ❛ ❝ ❤ ♣ ♦ ✐ ✐ ♦ ♥✱ ❤ ❡ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ♣ ❛ ❡ ♥ ✐
❡ ❝ ♦ ❞ ❡ ❞ ♦ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ❬ ✸ ✾❪✳ ❚ ❤ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ✐ ❞ ♦ ♥ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧❧ ②✳
❆ ♠ ❜✐ ❣ ✉✐ ✐ ❡ ❛ ❡ ❡❧✐ ♠✐ ♥ ❛ ❡ ❞ ❞ ✉ ❡ ♦ ❛ ♥ ♦ ✈ ❡ ❧ ❛ ♣ ♦❢ ❤ ❡ ✐❧❧ ✉ ♠✐ ♥ ❛ ❡ ❞ ♣ ❛ ❝ ❤ ❡ ✱ ❛ ❤ ♦ ✇ ♥
✐ ♥ ✜ ❣ ✉ ❡ ✷✳ ✸ ❜✳
② ❝ ❤ ♦ ❣ ❛ ♣ ❤ ② ✐ ❝ ♦ ♥ ❝ ❡ ♣ ✉ ❛❧❧ ② ✐ ♠✐❧ ❛ ♦ ❈ ❉■✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ✐ ♥ ❡ ❛ ❞ ♦❢ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♥ ❣ ❤ ❡
✇ ❤ ♦❧ ❡ ❛ ♠ ♣❧ ❡ ❝ ♦ ❤ ❡ ❡ ♥ ❧ ② ✇✐ ❤ ❛ ♣❧ ❛ ♥ ❡ ✇ ❛ ✈ ❡✱ ✐ ♥ ♣ ② ❝ ❤ ♦ ❣ ❛ ♣ ❤ ② ♦ ♥ ❡ ✉ ❡ ❛ ❝ ♦ ❤ ❡ ❡ ♥ ✱
✷✳ ✷✳ ▲ ❊ ◆ ❙✲ ▲ ❊ ❙ ❙ ▼ ❊ ❚ ❍ ❖ ❉ ❙ ❋ ❖ ❘ ✷ ❉ ❆ ◆ ❉ ✸ ❉ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ● ✸ ✸
❢ ♦ ❝ ✉ ❡ ❞ ❜ ❡ ❛ ♠✳ ❚ ❤ ❡ ❜ ❡ ❛ ♠ ✐ ❝ ❛ ♥ ♥ ❡ ❞ ♦ ✈ ❡ ❤ ❡ ❛ ♠ ♣❧ ❡ ✐ ♥ ❛ ♥ ♦ ✈ ❡ ❧ ❛ ♣ ♣✐ ♥ ❣ ♣ ❛ ❡ ♥✱
❛ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✷✳ ✸✳ ❚ ❤ ❡ ♦ ✈ ❡ ❧ ❛ ♣ ♣✐ ♥ ❣ ❡ ❣✐ ♦ ♥ ❛ ❡ ✉ ❡ ❞ ♦ ❣ ❡ ♥ ❡ ❛ ❡ ❤ ❡ ♥ ❡ ❡ ❞ ❡ ❞
♦ ✈ ❡ ❛ ♠ ♣❧✐ ♥ ❣ ♦ ♦❧ ✈ ❡ ❤ ❡ ♣ ❤ ❛ ❡ ♣ ♦ ❜❧ ❡ ♠✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ♠ ❡ ❤ ♦ ❞ ❛❧❧ ♦ ✇ ♦ ✐ ♠ ❛ ❣ ❡
❡ ① ❡ ♥ ❞ ❡ ❞ ❛ ♠ ♣❧ ❡ ✳ ❚ ❤ ❡ ♦ ✈ ❡ ❧ ❛ ♣ ❛❧ ♦ ♦❧ ✈ ❡ ❤ ❡ ❛ ♠ ❜✐ ❣ ✉✐ ② ♦❢ ❤ ❡ ❝❧ ❛ ✐ ❝ ❛❧ ❈ ❉■ ❡ ✉ ♣✳
❚ ❤✐ ♠ ❡ ❤ ♦ ❞ ✇ ❛ ✜ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ♦ ♦❧ ✈ ❡ ❤ ❡ ♣ ❤ ❛ ❡ ♣ ♦ ❜❧ ❡ ♠ ❢ ♦ ❡❧ ❡ ❝ ♦ ♥ ❞✐ ✛ ❛ ❝✲
✐ ♦ ♥ ❬ ✸ ✾❪ ❛ ♥ ❞ ❣ ❡ ♥ ❡ ❛❧✐ ③ ❡ ❞ ✐ ♥ ✷ ✵ ✵ ✹ ❬ ✷ ✵❪ ♦ ♦ ❤ ❡ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ♣ ❛ ❡ ♥ ✳ ■ ✐ ♥ ♦ ✇ ❛❧ ♦
❛ ♣ ♣❧✐ ❝ ❛ ❜❧ ❡ ♦ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣✳ ■ ♥ ✷ ✵ ✵ ✾✱ ❤ ❡ ✜ ❛❧ ❣ ♦ ✐ ❤ ♠ ❢ ♦ ❤ ❡ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❡✲
❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♥ ♠✐ ✐ ♦ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡ ❛ ♥ ❞ ❤ ❡ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♥ ❣ ✜ ❡❧ ❞
✇ ❛ ♣ ♦ ♣ ♦ ❡ ❞ ❬ ✺ ✵❪✳
■ ❤ ❛ ❜ ❡ ❡ ♥ ❤ ♦ ✇ ♥ ❤ ❛ ♣ ② ❝ ❤ ♦ ❣ ❛ ♣ ❤ ② ❝ ❛ ♥ ❛ ❝ ❤✐ ❡ ✈ ❡ ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦ ♥ ♦ ♥ ❣❧ ②
❝ ❛ ❡ ✐ ♥ ❣ ❛ ✐ ✜ ❝✐ ❛❧ ❛ ♠ ♣❧ ❡ ✳ ■ ✐ ❛❧ ♦ ✉ ❡ ❞ ♦ ✐ ♠ ❛ ❣ ❡ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ❛ ♠ ♣❧ ❡ ❬ ✶ ✹❪ ❜ ✉
❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ❛ ❝ ❤✐ ❡ ✈ ❡ ❞ ♦ ♥ ❤ ♦ ❡ ❛ ♠ ♣❧ ❡ ✐ ✐❧❧ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ❧ ♦ ✇ ❡ ✭ ❡ ❡ ❛ ❜❧ ❡ ✷✳ ✹✮✳
✷✳ ✷✳ ✸ ❍ ♦❧ ♦ ❣ ❛ ♣ ❤ ②
❚ ❤ ❡ ✐ ❞ ❡ ❛ ♦❢ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ✇ ❛ ❞ ❡ ✈ ❡❧ ♦ ♣ ❡ ❞ ❜ ② ● ❛ ❜ ♦ ✐ ♥ ❤ ❡ ❡ ❛ ❧ ② ✶ ✾ ✹ ✵ ❬ ✷ ✺❪✳ ▼ ❛✐ ♥❧ ②
✇ ♦ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❡ ❛ ❡ ✉ ❡❢ ✉❧ ❢ ♦ ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣✳ ❚ ❤ ❡ ② ❛ ❡ ❝ ❛❧❧ ❡ ❞
✐ ♥✲❧✐ ♥ ❡ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❛ ♥ ❞ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❬ ✶ ✵ ✻❪✳ ❆ ♥ ✐ ♥✲❧✐ ♥ ❡ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ②
❡ ✉ ♣ ❝ ♦ ♥ ✐ ♦❢ ❛ ❢ ♦ ❝ ✉ ✐ ♥ ❣ ♦ ♣ ✐ ❝✱ ❛ ❛ ♠ ♣❧ ❡ ❛ ♥ ❞ ❛ ❞ ❡ ❡ ❝ ♦ ✳ ❚ ❤ ❡ ❢ ♦ ❝ ✉ ♦❢ ❤ ❡ ❜ ❡ ❛ ♠
❧✐ ❡ ❛ ❜✐ ❜ ❡❢ ♦ ❡ ♦ ❜ ❡ ❤✐ ♥ ❞ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ❚ ❤ ❡ ❞ ❡❢ ♦ ❝ ✉ ❡ ❞ ❜ ❡ ❛ ♠ ♣ ❛ ❡ ❤ ♦ ✉ ❣ ❤ ❤ ❡
❛ ♠ ♣❧ ❡ ❛ ♥ ❞ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ❞✐ ✛ ❛ ❝ ❡ ❞ ✇ ❛ ✈ ❡ (U s ) ✐ ♥ ❡ ❢ ❡ ❡ ✇✐ ❤ ❤ ❡ ♥ ♦ ♥✲ ❞✐ ✛ ❛ ❝ ❡ ❞
❜ ❡ ❛ ♠ (U 0 ) ♦ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ✐ ❣ ♥ ❛❧ ♦ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✐
I d et e ct o r = |U 0 + U s |2
= U 0 U 0 + U 0 U s + U 0 U s + U s U s
≈ U 0 U 0 + U 0 U s + U 0 U s .
■ ♥ ❤ ❡ ❧ ❛ ❧✐ ♥ ❡✱ ✇ ❡ ✉ ❡ ❞ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ❤ ❡ ❛ ♠ ♣❧ ❡ ✐ ② ♣✐ ❝ ❛❧❧ ② ✇ ❡ ❛ ❦❧ ② ❝ ❛ ❡ ✐ ♥ ❣
♦ ❤ ❛ ❤ ❡ ♣ ♦✐ ♥ ✲ ✇✐ ❡ ♣ ♦ ❞ ✉ ❝ ✼ ♦❢ ❤ ❡ ❝ ❛ ❡ ❡ ❞ ✇ ❛ ✈ ❡ ✇✐ ❤ ✐ ❡❧❢ ✐ ♠ ❛❧❧✳ ❚ ❤ ❡
❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ✐ ❞ ♦ ♥ ❡ ❜ ② ✜ ♠ ✉❧ ✐ ♣❧ ②✐ ♥ ❣ ❤✐ ✐ ❣ ♥ ❛❧ ✇✐ ❤ U 0 ❛ ♥ ❞ ❜ ❛ ❝ ❦✲ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♥ ❣
❤ ❡ ❡ ✉❧ ♦ ❤ ❡ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡
P − z s U 20 U 0 + U 0 U 0 U s + U 20 U s . ✭ ✷✳ ✾✮
❍ ❡ ❡✱ P − z ✐ ❤ ❡ ❜ ❛ ❝ ❦✲ ♣ ♦ ♣ ❛ ❣ ❛ ♦ ❛ ♥ ❞ z s ✐ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❛ ♠ ♣❧ ❡ ❛ ♥ ❞ ❞ ❡ ❡ ❝✲
♦ ✳ ❚ ❤ ❡ ✉ ♥ ❞ ❡ ❧✐ ♥ ❡ ❞ ❡ ♠ ❣ ❡ ♥ ❡ ❛ ❡ ❤ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ■ ✐ ❛ ✉ ♠ ❡ ❞
❤ ❛ ❤ ❡ ❋ ❛ ✉ ♥ ❤ ♦❢ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✐ ✈ ❛❧✐ ❞ ❛ ♥ ❞ ❤ ❛ ❤ ❡ ♥ ♦ ♥✲ ❞✐ ✛ ❛ ❝ ❡ ❞ ❜ ❡ ❛ ♠ ✐ ❛
✼ ❲✐ ❤ ❤ ❡ ♣ ♦✐ ♥ ✲ ✇✐ ❡ ♣ ♦ ❞ ✉ ❝ ✱ ✇ ❡ ♠ ❡ ❛ ♥ ❤ ❡ ❍ ❛ ❞ ❛ ♠ ❛ ❞ ♣ ♦ ❞ ✉ ❝ ✱ ✐✳ ❡✳ ∀ x : U U [x ] =
U [x ] U [x ]✳
✸ ✹ ❈ ❍ ❆ ❚ ❊ ❘ ✷✳ ❈ ❯ ❘ ❘ ❊ ◆ ❚ ❙ ❚ ❆ ❚ ❯ ❙ ❖ ❋ ✷ ❉ ❆ ◆ ❉ ✸ ❉ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ●
✭ ❛ ✮ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❡ ✉ ♣ ✭ ❜ ✮ ■ ♥✲❧✐ ♥ ❡ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❡ ✉ ♣
❋✐ ❣ ✉ ❡  ✷✳ ✹✿ T h e t w o cl a s si c al s et u p s f or X-r a y h ol o gr a p h y ar e s h o w n [ 9 2, 1 0 6].
( a) T h e cl a s si c al  Fo uri er tr a n sf or m h ol o gr a p h y s et u p c o n si st s of a n o p a q u e s cr e e n, wit h a tr a n s p ar e nt, 
s m all r ef er e n c e a n d a l ar g er s a m pl e ar e a. T h e i nt erf er e n c e b et w e e n t h e li g ht s c att er e d b y t h e r ef er e n c e 
h ol e a n d t h e li g ht s c att er e d b y t h e s a m pl e i s d et e ct e d i n t h e f ar ˝ el d. A si m pl e F o uri er tr a n sf or m pr o d u c e s 
a n i m a g e of t h e s a m pl e.
( b) T h e cl a s si c al i n-li n e h ol o gr a p h y s et u p u s e s a f o c u s e d r ef er e n c e. T h e pr o p a g at-i n g w a v e fr o nt 
i nt er a ct s wit h t h e s a m pl e a n d g e n er at e s a n i n-li n e h ol o gr a m o n t h e d et e ct or.
♣ ❛ ❛ ❜ ♦❧✐ ❝ ✇ ❛ ✈ ❡✳
U 0 [x, y ] = e x p i k x
2 + y 2
2 z s .
❚ ❤ ❡ ♥✱ ✭ ✷✳ ✾✮ ✐ ❡ ✉ ❛❧ ♦
P − z s e x p i k x
2 + y 2
2 z s + U s + e x p i k
x 2 + y 2
z s U s
= P − z s e x p i k x
2 + y 2
2 z s + P − z s [U s ] + P − z s e x p i k
x 2 + y 2
z s U s .
❍ ❡ ❡✱ ✇ ❡ ✉ ❡ ❞ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ❤ ❡ ❜ ❛ ❝ ❦✲ ♣ ♦ ♣ ❛ ❣ ❛ ♦ ✐ ❧✐ ♥ ❡ ❛ ✇ ❤✐ ❝ ❤ ❝ ❛ ♥ ❜ ❡ ❞ ❡ ❞ ✉ ❝ ❡ ❞
❢ ♦ ♠ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✷✳ ✽✮✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ❤ ❡ ❡ ❡ ♠ ✐ ♥ ❤ ❡ ♣ ❡ ❝ ❡ ❞✐ ♥ ❣ ❡ ✉ ❛ ✐ ♦ ♥ ❝ ❛ ♥
❜ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ❡ ♣ ❛ ❛ ❡❧ ②✳ ❚ ❤ ❡ ✜ ❡ ♠ ♣ ♦ ❞ ✉ ❝ ❡ ❛ ❝ ❛❧ ❡ ❞ ✈ ❡ ✐ ♦ ♥ ♦❢ ❤ ❡ ♥ ♦ ♥✲
❞✐ ✛ ❛ ❝ ❡ ❞ ❜ ❡ ❛ ♠ ❛ ♥ ❞ ❤ ❡ ❧ ❛ ❡ ♠ ❣ ❡ ♥ ❡ ❛ ❡ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞ ✇✐ ♥ ✐ ♠ ❛ ❣ ❡✳ ❚ ❤ ❡ ✉ ♥ ❞ ❡ ✲
❧✐ ♥ ❡ ❞ ❡ ♠ ♣ ♦ ❞ ✉ ❝ ❡ ❤ ❡ ✇ ❛ ✈ ❡ ✜ ❡❧ ❞ ❞ ✉ ❡ ♦ ❤ ❡ ❛ ♠ ♣❧ ❡ ✐ ♥ ❤ ❡ z s ♣❧ ❛ ♥ ❡✳ ❆ ♠ ❛❥ ♦
♣ ♦ ❜❧ ❡ ♠ ✐ ❤ ❡ ♣ ❡ ❡ ♥ ❝ ❡ ♦❢ ♣ ❡ ❝ ❦❧ ❡ ✳ ■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ❤ ❡ ✇✐ ♥ ✐ ♠ ❛ ❣ ❡ ❛ ♥ ❞ ❤ ❡ ❡ ❝ ♦ ♥✲
✉ ❝ ✐ ♦ ♥ ❛ ❡ ♥ ♦ ♣ ❛ ✐ ❛❧❧ ② ❡ ♣ ❛ ❛ ❡ ❞✱ ✇ ❤✐ ❝ ❤ ❡ ❞ ✉ ❝ ❡ ❤ ❡ ❛ ❝ ❤✐ ❡ ✈ ❛ ❜❧ ❡ ✐ ♠ ❛ ❣ ❡ ✉ ❛❧✐ ②✳
❚ ❤ ❡ ✇✐ ♥ ✐ ♠ ❛ ❣ ❡ ♣ ♦ ❜❧ ❡ ♠ ✐ ♦❧ ✈ ❡ ❞ ❜ ② ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ②✳
❆ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❡ ✉ ♣ ❝ ♦ ♥ ✐ ♦❢ ❛ ❛ ♠ ♣❧ ❡ ❛ ♥ ❞ ❛ ❡❢ ❡ ❡ ♥ ❝ ❡✱ ❛
❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✷✳ ✹✳ ❇ ♦ ❤ ❤ ❛ ✈ ❡ ♦ ❜ ❡ ✐❧❧ ✉ ♠✐ ♥ ❛ ❡ ❞ ❝ ♦ ❤ ❡ ❡ ♥ ❧ ② ♦ ❤ ❛ ❤ ❡ ✐ ❣ ♥ ❛❧ ♦ ♥ ❤ ❡
✷✳ ✸✳ ▲ ❊ ◆ ❙ ❇ ❆ ❙ ❊ ❉ ▼ ❊ ❚ ❍ ❖ ❉ ❙ ✸ ✺
❞ ❡ ❡ ❝ ♦ ❡ ✉❧ ❢ ♦ ♠ ❤ ❡ ✐ ♥ ❡ ❢ ❡ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ❧✐ ❣ ❤ ❞✐ ✛ ❛ ❝ ❡ ❞ ❜ ② ❡✐ ❤ ❡ ❤ ❡ ❡❢ ❡ ❡ ♥ ❝ ❡
♦ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ❆ ✐ ♥ ❤ ❡ ✐ ♥✲❧✐ ♥ ❡ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❝ ❛ ❡✱ ❤ ❡ ✐ ♥ ❡ ♥ ✐ ② ♦ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ♦
✐ ❣✐ ✈ ❡ ♥ ❜ ② I d et e ct o r = |ψ r e f e r e n c e + ψ s a m pl e |2 . ❆ ♣ ♣❧ ②✐ ♥ ❣ ❤ ❡ ❛ ♠ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥
❡ ♣ ❛ ❜ ❡❢ ♦ ❡ ②✐ ❡❧ ❞ ❤ ❡ ❛ ♠ ❡ ❤ ❡ ❡ ❡ ♠ ✳ ❚ ❤✐ ✐ ♠ ❡✱ ❤ ❡ ✇✐ ♥ ✐ ♠ ❛ ❣ ❡ ✐ ❤✐❢ ❡ ❞
♦ ❤ ❛ ❤ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡ ❛ ♥ ❞ ❤ ❡ ✇✐ ♥ ✐ ♠ ❛ ❣ ❡ ✐ ❡ ♣ ❛ ❛ ❡ ❞✳ ❆
❛ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡✱ ❤✐ ♠ ❡ ❤ ♦ ❞✱ ✉ ♥❧✐ ❦ ❡ ✐ ♥✲❧✐ ♥ ❡ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ②✱ ✐ ♥ ♦ ❧✐ ♠✐ ❡ ❞ ♦ ✇ ❡ ❛ ❦❧ ②
❝ ❛ ❡ ✐ ♥ ❣ ❛ ♠ ♣❧ ❡ ✳ ❋ ♦ ♠ ♦ ❡ ❞ ❡ ❛✐❧ ✱ ❡ ❡ ✼✳ ✸✳
❈ ✉ ❡ ♥ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❡ ✉ ❡ ❛ ❡ ♣ ❛ ❛ ❡ ❡❢ ❡ ❡ ♥ ❝ ❡ ❛ ♥ ❞
❛ ♠ ♣❧ ❡ ✜ ❡❧ ❞ ✇ ❤✐ ❝ ❤ ❤ ❛ ✈ ❡ ♦ ❜ ❡ ✐❧❧ ✉ ♠✐ ♥ ❛ ❡ ❞ ❝ ♦ ❤ ❡ ❡ ♥ ❧ ②✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤✐ ❛ ♣ ♣ ♦ ❛ ❝ ❤
❡ ✉✐ ❡ ❛ ❤✐ ❣ ❤ ❞ ❡ ❣ ❡ ❡ ♦❢ ♣ ❛ ✐ ❛❧ ❝ ♦ ❤ ❡ ❡ ♥ ❝ ❡ ❛ ♥ ❞ ✉ ❡ ♦ ♥❧ ② ❛ ♠ ❛❧❧ ♣ ❛ ♦❢ ❤ ❡ ✐ ♥ ❝✐ ❞ ❡ ♥
♣ ❤ ♦ ♦ ♥ ✳ ❳✲ ❛ ② ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❤ ❛ ♥ ♦ ✈✐ ✉ ❛❧✐ ③ ❡ ❞ ❤ ❡ ✉❧ ❛✲ ✉ ❝ ✉ ❡ ♦❢ ❝ ❡❧❧ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱
✐ ❤ ❛ ❢ ♦ ✉ ♥ ❞ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ❢ ♦ ✐ ♠ ❡ ❡ ♦❧ ✈ ❡ ❞ ✐ ♠ ❛ ❣✐ ♥ ❣ ♦❢ ♠ ❛ ❣ ♥ ❡ ✐ ❝ ✉ ❝ ✉ ❡ ✉ ♥ ❞ ❡
❡ ① ❡ ♠ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✭❬ ✻ ✺❪✮✳ ■ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ✱ ✐ ♠ ❡ ❡ ♦❧ ✈ ❡ ❞ ✐ ♠ ❛ ❣✐ ♥ ❣ ❜ ② ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ✉ ✐ ♥ ❣
❤ ♦ ♣ ✉❧ ❡ ❢ ❡ ❡ ❡❧ ❡ ❝ ♦ ♥ ❧ ❛ ❡ ❛ ❞✐ ❛ ✐ ♦ ♥ ♦ ✛ ❡ ♥ ❡ ✇ ❝✐ ❡ ♥ ✐ ✜ ❝ ✉ ❞✐ ❡ ✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ✐ ♥
❝ ❤ ❛ ♣ ❡ ✼✱ ❛ ♥ ❡ ✇ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ♦ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ✐ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ✇ ❤✐ ❝ ❤
❡ ♥ ❛ ❜❧ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ♦❢ ❡ ① ❡ ♥ ❞ ❡ ❞ ❛ ♠ ♣❧ ❡ ♣ ♦ ❡ ♥ ✐ ❛❧❧ ② ✇✐ ❤ ♦ ♥ ❡ ❤ ♦ ❳✲ ❛ ② ♣ ✉❧ ❡✳
✷✳ ✸ ▲ ❡ ♥ ❇ ❛ ❡ ❞ ▼ ❡ ❤ ♦ ❞
❆ ❤ ❡✐ ♥ ❛ ♠ ❡ ✉ ❣ ❣ ❡ ✱ ❧ ❡ ♥ ❜ ❛ ❡ ❞ ♠ ❡ ❤ ♦ ❞ ✉ ❡ ❧ ❡ ♥ ❡ ❢ ♦ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ♦❢ ❤ ❡
❛ ♠ ♣❧ ❡✳ ▲ ❡ ♥ ❡ ❛ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ❤ ❛ ❝ ❤ ❛ ♥ ❣ ❡ ❤ ❡ ♣ ❤ ❛ ❡ ♦❢ ❛ ♥ ✐ ♥ ❝✐ ❞ ❡ ♥ ✇ ❛ ✈ ❡✳
❖ ❞✐ ♥ ❛ ②✱ ❝ ♦❧❧ ❡ ❝ ✐ ♥ ❣ ❡❢ ❛ ❝ ✐ ✈ ❡ ❧ ❡ ♥ ❡ ✇✐ ❤ ❢ ♦ ❝ ❛❧ ❧ ❡ ♥ ❣ ❤ (f ) ❝ ❡ ❛ ❡ ❛ ♣ ❤ ❛ ❡ ❤✐❢ ♦❢
T [x, y ] ∝ e x p − i k0 (x
2 + y 2 )
2 f .
❙ ✉ ❝ ❤ ❧ ❡ ♥ ❡ ❝ ❛ ♥ ❜ ❡ ✉ ❡ ❞ ♦ ✐ ♠ ❛ ❣ ❡ ❛ ♣ ♦✐ ♥ ♦ ✉ ❝ ❡ ♦ ♦ ❢ ♦ ❝ ✉ ❧✐ ❣ ❤ ✐ ♥ ♦ ❛ ♠ ❛❧❧ ♣ ♦ ✳
❋ ♦ ♦❢ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣✱ ❡❢ ❛ ❝ ✐ ✈ ❡ ❧ ❡ ♥ ❡ ❛ ❡ ✐❧❧✲ ✉✐ ❡ ❞ ✐ ♥ ❝ ❡ ❛❧❧ ♠ ❛ ❡ ✐ ❛❧ ❤ ❛ ✈ ❡ ❛ ♥
✉ ♥❢ ❛ ✈ ♦ ❛ ❜❧ ❡ ❛ ✐ ♦ ❜ ❡ ✇ ❡ ❡ ♥ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ❛ ♥ ❞ ♣ ❤ ❛ ❡ ❤✐❢ ✳ ❍ ❡ ♥ ❝ ❡✱ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ✐ ❝ ❛ ❡
✉ ❡ ❞✱ ♥ ❛ ♠ ❡❧ ② ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡✲ ♣❧ ❛ ❡ ✭ ❋ ❩ ✮ ✇ ❤✐ ❝ ❤ ❝ ♦ ♥ ✐ ♦❢ ❝ ♦ ♥ ❝ ❡ ♥ ✐ ❝
✐ ♥ ❣ ❬ ✼ ✺❪✳ ❚ ❤ ❡ ② ❛ ❡ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ③ ❡ ❞ ❜ ② ❤ ❡✐ ♦ ✉ ❡ ♠ ♦ ③ ♦ ♥ ❡ ✇✐ ❞ ❤ (d r N ) ❛ ♥ ❞ ❤ ❡✐
✭ ✜ ♦ ❞ ❡ ✮ ❢ ♦ ❝ ❛❧ ❧ ❡ ♥ ❣ ❤ (f )✳ ■ ♥ ❛ ❜❧ ❡ ✷✳ ✶✱ ♦ ♠ ❡ ② ♣✐ ❝ ❛❧ ❡ ① ❛ ♠ ♣❧ ❡ ❢ ♦ ♣ ♦ ♣ ❡ ✐ ❡
♦❢ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡✲ ♣❧ ❛ ❡ ❛ ✉ ❡ ❞ ❢ ♦ ♦❢ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ❛ ❡ ❣✐ ✈ ❡ ♥✳ ❚ ❤ ❡ ♣ ♦ ✜❧ ❡ ♦❢ ❛
❜✐ ♥ ❛ ② ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡✲ ♣❧ ❛ ❡ ❝ ❛ ♥ ❜ ❡ ❡ ① ♣ ❛ ♥ ❞ ❡ ❞ ✐ ♥ ♦ ❛ ✐ ♥ ❡ ❡ ✐ ❡




m = 1 ,3 ...
1




❇ ② ✉ ✐ ♥ ❣ ❤ ❡ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ✐ ♥ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ♥ ♦ ❡ ① ♣ ♦ ♥ ❡ ♥ ✐ ❛❧ ❢ ✉ ♥ ❝ ✐ ♦ ♥
si n [x ] = 12 i ( e x p [i x] − e x p [ − i x]) ,
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the transmission profile can be rev.rritten as 
1 2 L




]) T [r] = - + - -.- exp -- -exp --- . 2 1r 2im 21- 21-
m=l,3... m m 
(2.10) 
The underlinecl part is obviously similar to the transmission function of a collecting 
lens ,�,ith focal length f /m. The parameter m clefines the order of diffraction. We 
nmv show that the underlined part focuses a plane wave at f /m. 
f 0 DOF N 
40 nm 1.5 mm 90 pm 2.7 pm 566 49 nm 
25 nm 0.95 mm 90 pm 1.0 pm 911 31 nm 
10 nm 0.38 mm 90 pm 0.17 pm 2271 12 nm 
Table 2.1: Selected properties of Fresnei zone-piates (FZP) at a waveiength 
of >. = 2.4 nm. Here, drN is tim outennost zone width, f is the focal iength 
and 0 is the diameter of tiie FZP. From tim data, one can derive the depth 
of focus (DOF � 4dr'ftv/>.), the mzmber of zones (N) and the lateral resoiution 
(8 � 1.22 drN)-
According to the Fresnel approximation (2 . 7), a plane wave that illuminates a 
disc ll))d = { ( x, y) 1 x2 + y2 < d} with the transmission function 2;!n exp [- ;};;] 
generates at a distance f /m the field 
U [ l ikoexp[ikof/m] [iko(x





,2 ,2)] [-iko ( , , )] , ,exp 21 /m x + y exp f /m x x + y y dx dy 
~ iko exp [ik0j /m] [ik0 (x
2 
+ y2)]  - 21r f/m exp 2f /m 
-1 i [-iko ( , , )] , , -.- exp -f/ x x + y y dx dy . 2i1rm ll)d m
FZP 
A Fresnel zone-plate has only a finite diameter (dFzP), therefore, the integration 
has to be restricted to the area of the zone-plate. This yields 





i [ -  L x, y � 2 f exp J/ exp -J x x + y y dx dy . m 47r 2 m ll)d /miko   ( , , )] , ,
FZP 
✷✳ ✸✳ ▲ ❊ ◆ ❙ ❇ ❆ ❙ ❊ ❉ ▼ ❊ ❚ ❍ ❖ ❉ ❙ ✸ ✼
❚ ❤✐ ✐ ♥ ❡ ❣ ❛❧ ②✐ ❡❧ ❞ ❤ ❡ ✇ ❡❧❧ ❦ ♥ ♦ ✇ ♥ ❆✐ ② ♣ ❛ ❡ ♥✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ♠✲ ❤ ♣ ❛ ♦❢ ❤ ❡
❛ ♥ ♠✐ ✐ ♦ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ♥ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✷✳ ✶ ✵✮ ❢ ♦ ❝ ✉ ❡ ❤ ❡ ♣❧ ❛ ♥ ❡ ✇ ❛ ✈ ❡ ❛ ❛ ❞✐ ❛ ♥ ❝ ❡ f / m
❜ ❡ ❤✐ ♥ ❞ ❤ ❡ ③ ♦ ♥ ❡✲ ♣❧ ❛ ❡✳ ❍ ❡ ♥ ❝ ❡✱ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡✲ ♣❧ ❛ ❡ ❝ ❛ ♥ ❜ ❡ ✉ ❡ ❞ ❢ ♦ ✐ ♠ ❛ ❣✐ ♥ ❣ ❧✐ ❦ ❡
❤✐ ♥ ❧ ❡ ♥ ❡ ❜ ✉ ♦ ♥ ❡ ❤ ❛ ♦ ✉ ♣ ♣ ❡ ❤ ❡ ❝ ♦ ♥ ✐ ❜ ✉ ✐ ♦ ♥ ♦❢ ♦ ❤ ❡ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ♦ ❞ ❡ ✳
✷✳ ✸✳ ✶ ❙ ❝ ❛ ♥ ♥✐ ♥ ❣ ❚ ❛ ♥ ♠✐ ✐ ♦ ♥ ❳✲ ❛ ② ▼✐ ❝ ♦ ❝ ♦ ♣ ❡ ✭ ❙ ❚ ❳ ▼ ✮
❋✐ ❣ ✉ ❡ ✷✳ ✺✿ ❳✲ ❛ ② ♦ ♣ ✐ ❝ ❛❧ ❡ ✉ ♣ ♦❢ ❛ ❝ ❛ ♥ ♥✐ ♥ ❣ ❛ ♥ ♠✐ ✐ ♦ ♥ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡✳
❋ ♦ ❛ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❧✐ ♠✐ ❡ ❞ ❡ ♦❧ ✉ ✐ ♦ ♥✱ ❤ ❡ ❢ ♦ ❝ ✉ ✐ ♥ ❣ ♦ ♣ ✐ ❝ ❤ ❛ ♦ ❜ ❡ ❝ ♦ ❤ ❡ ❡ ♥ ❧ ② ✐❧❧ ✉ ♠✐✲
♥ ❛ ❡ ❞✳ ❆ ♥ ♦ ❞ ❡ ♦ ✐ ♥ ❣ ❛ ♣ ❡ ✉ ❡ ✐ ❡ ✉✐ ❡ ❞ ♦ ❜❧ ♦ ❝ ❦ ❛❧❧ ✉ ♥ ✇ ❛ ♥ ❡ ❞ ♦ ❞ ❡ ✳ ❚ ❤ ❡
♣ ♦ ❞ ✉ ❝ ❡ ❞ ❢ ♦ ❝ ❛❧ ♣ ♦ ✐ ❛ ❡ ❝ ❛ ♥ ♥ ❡ ❞ ♦ ✈ ❡ ❤ ❡ ❛ ♠ ♣❧ ❡ ❛ ♥ ❞ ❤ ❡ ❛ ♥ ♠✐ ❡ ❞ ✐ ♥ ❡ ♥ ✐ ②
✐ ❞ ❡ ❡ ❝ ❡ ❞ ❬ ✼ ✼✱ ✹ ✺❪✳
❚ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡ ✉ ♣ ♦❢ ❛ ❝ ❛ ♥ ♥✐ ♥ ❣ ❛ ♥ ♠✐ ✐ ♦ ♥ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✐ ❤ ♦ ✇ ♥ ✐ ♥
✜ ❣ ✉ ❡ ✷✳ ✺✳ ❆ ❢ ♦ ❝ ✉ ✐ ♥ ❣ ♦ ♣ ✐ ❝ ❝ ❡ ❛ ❡ ❛ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❧✐ ♠✐ ❡ ❞ ♣ ♦ ✳ ❚ ❤✐ ♣ ♦ ✐ ❝ ❛ ♥ ♥ ❡ ❞
♦ ✈ ❡ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ❚ ❤ ❡ ❛ ♥ ♠✐ ❡ ❞ ❧✐ ❣ ❤ ✐ ❞ ❡ ❡ ❝ ❡ ❞ ❢ ♦ ❡ ❛ ❝ ❤ ❝ ❛ ♥ ♥✐ ♥ ❣ ♣ ♦ ✐ ✐ ♦ ♥✳
❚ ❤ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ✐ ♥ ❛ ♥ ♠✐ ✐ ♦ ♥ ②✐ ❡❧ ❞ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ❙✐ ♥ ❝ ❡ ❤ ❡ ❋ ❡ ♥ ❡❧
③ ♦ ♥ ❡✲ ♣❧ ❛ ❡ ❤ ❛ ❡ ✈ ❡ ❛❧ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ♦ ❞ ❡ ✱ ❛ ♥ ♦ ❞ ❡ ♦ ✐ ♥ ❣ ❛ ♣ ❡ ✉ ❡ ✐ ♥ ❡ ❡ ❞ ❡ ❞ ♦
❜❧ ♦ ❝ ❦ ❤ ❡ ✉ ♥ ✇ ❛ ♥ ❡ ❞ ♦ ❞ ❡ ✳ ❚ ❤ ❡ ❛ ❝ ❤✐ ❡ ✈ ❛ ❜❧ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ❞ ❡ ♣ ❡ ♥ ❞
♦ ♥ ❤ ❡ ✐ ③ ❡ ♦❢ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣ ♦ ❛ ♥ ❞ ❤ ❡ ♣ ❡ ❝✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣✳
❉✐ ✛ ❡ ❡ ♥ ❝ ♦ ♥ ❛ ♠ ♦ ❞ ❡ ❤ ❛ ✈ ❡ ❜ ❡ ❡ ♥ ❡ ❛❧✐ ③ ❡ ❞✳ ❇ ② ✉ ✐ ♥ ❣ ❛ ♥ ❛ ❛ ② ❞ ❡ ❡ ❝ ♦ ✇✐ ❤
♣ ❛ ✐ ❛❧ ❡ ♦❧ ✉ ✐ ♦ ♥✱ ❤ ❡ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❞✐ ✛ ❡ ❡ ♥ ✐ ❛❧ ♣ ❤ ❛ ❡✲ ❝ ♦ ♥ ❛ ❛ ♥ ❞ ❞ ❛ ❦ ✜ ❡❧ ❞
✐ ♠ ❛ ❣✐ ♥ ❣ ✐ ❢ ❡ ❛ ✐ ❜❧ ❡ ❬ ✹ ✵❪✳ ❚ ❤✐ ② ♣ ❡ ♦❢ ❛ ♥ ♠✐ ✐ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✐ ❛❧ ♦ ❡ ❛ ✐❧ ② ♠ ♦ ❞✐ ✜ ❡ ❞
❢ ♦ ♣ ② ❝ ❤ ♦ ❣ ❛ ♣ ❤ ② ❜ ② ❡ ✉✐ ♣ ♣✐ ♥ ❣ ✐ ✇✐ ❤ ❛ ♣✐ ① ❡❧ ❞ ❡ ❡ ❝ ♦ ✳
✸ ✽ ❈ ❍ ❆ ❚ ❊ ❘ ✷✳ ❈ ❯ ❘ ❘ ❊ ◆ ❚ ❙ ❚ ❆ ❚ ❯ ❙ ❖ ❋ ✷ ❉ ❆ ◆ ❉ ✸ ❉ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ●
❚ ❤ ❡ ✜ ❝ ❛ ♥ ♥✐ ♥ ❣ ❛ ♥ ♠✐ ✐ ♦ ♥ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✇ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ❡ ❞ ❞ ✉ ✐ ♥ ❣ ❤ ❡
✶ ✾ ✽ ✵ ❬ ✼ ✼✱ ✹ ✺❪ ✇✐ ❤ ✜ ❞ ❡ ✈ ❡❧ ♦ ♣ ♠ ❡ ♥ ✐ ♥ ❤ ❡ ✶ ✾ ✼ ✵ ❬ ✹ ✶❪✳
✷✳ ✸✳ ✷ ❚ ❛ ♥ ♠✐ ✐ ♦ ♥ ❳✲ ❛ ② ▼✐ ❝ ♦ ❝ ♦ ♣ ❡ ✭ ❚ ❳ ▼ ✮
✭ ❛ ✮ ❳✲ ❛ ② ♦ ♣ ✐ ❝ ❛❧ ❡ ✉ ♣ ♦❢ ❛ ♦❢ ❳✲ ❛ ② ❛ ♥ ♠✐ ✐ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡
✭ ❜ ✮  ❈ ♦ ♦ ❞✐ ♥ ❛ ❡ ② ❡ ♠
❋✐ ❣ ✉ ❡  ✷✳ ✻✿ ❙ ❡ ✉ ♣ ♦❢  ❛  ❛ ♥ ♠✐ ✐ ♦ ♥ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡✳ ■ ♥ ✭ ❛ ✮✱ ❤ ❡  ❧ ❛ ② ♦ ✉  ♦❢  ❤ ❡  ❍ ❩ ❇  
♦❢  ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡  ✐  ❦ ❡ ❝ ❤ ❡ ❞ ❬ ✽ ✸, i m a g e b y S. W er n er❪✳ ■  ✐  ❜ ❛ ❡ ❞ ♦ ♥  ❛ ♥  ❡❧❧✐ ♣ ✐ ❝ ❛❧❧ ② 
❤ ❛ ♣ ❡ ❞  ❣❧ ❛  ❝ ❛ ♣✐❧❧ ❛ ② ✇ ❤✐ ❝ ❤  ❛ ❝  ❛  ♠✐ ♦  ❝ ♦ ♥ ❞ ❡ ♥ ❡  ❜ ②  ♦ ❛❧ ❡ ✢❡ ❝ ✐ ♦ ♥✳ ❚ ❤ ❡  ❡ ❝ ♦ ♥ ❞  
❦ ❡ ②  ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥  ✐  ❛  ❤✐ ❣ ❤  ❡ ♦❧ ✉ ✐ ♦ ♥ ❋ ❡ ♥ ❡❧  ③ ♦ ♥ ❡✲ ♣❧ ❛ ❡ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡✳ ■ ♥ ✭ ❜ ✮✱ ❤ ❡  
❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣  ❝ ♦ ♦ ❞✐ ♥ ❛ ❡  ❛ ❡ ❤ ♦ ✇ ♥✳  ❚ ❤ ❡ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡  ❛ ❡ ✉ ❡ ❞ ✐ ♥ ✉ ❜ ❡ ✉ ❡ ♥  
❝ ❤ ❛ ♣ ❡  ❢ ♦  ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✳
❋ ❡ ♥ ❡❧  ③ ♦ ♥ ❡✲ ♣❧ ❛ ❡ ❜ ❛ ❡ ❞ ❛ ♥ ♠✐ ✐ ♦ ♥ ♦❢  ❳✲ ❛ ② ❢ ✉❧❧✲ ✜❡❧ ❞ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ❛ ❡ ❞ ✐ ♥ ❤ ❡  
✶ ✾ ✼ ✵  ❬ ✼ ✼✱ ✻ ✵❪  ❛ ♥ ❞  ✐  ♥ ♦ ✇  ❛  ✇ ❡❧❧  ❡ ❛ ❜❧✐ ❤ ❡ ❞ ❡ ❝ ❤ ♥✐ ✉ ❡  ❢ ♦  ✸ ❉  ❤✐ ❣ ❤  ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♠ ❛ ❣✐ ♥ ❣ 
♦❢  ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧  ❛ ♠ ♣❧ ❡  ❬ ✹ ✹❪✽ ✳ ❚ ❤ ❡  ❣ ❡ ♥ ❡ ❛❧ ❡ ✉ ♣  ✐  ❤ ♦ ✇ ♥  ✐ ♥ ✜❣ ✉ ❡ ✷✳ ✻✳
✽ ❚ ❤ ❡ ❞ ❡ ✈ ❡❧ ♦ ♣ ♠ ❡ ♥ ♦❢ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ❜ ❛ ❡ ❞ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ❞ ❛ ❡ ❜ ❛ ❝ ❦ ♦ ❤ ❡ ✶ ✾ ✺ ✵ ❬ ✻ ✸❪✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱
✷✳ ✸✳ ▲ ❊ ◆ ❙ ❇ ❆ ❙ ❊ ❉ ▼ ❊ ❚ ❍ ❖ ❉ ❙ ✸ ✾
▲✐ ❦ ❡ ❛ ❜ ✐ ❣ ❤ ✲ ✜ ❡❧ ❞ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✐ ♥ ❤ ❡ ✈✐ ✐ ❜❧ ❡ ♣ ❡ ❝ ✉ ♠✱ ❤ ❡ ♠ ❛✐ ♥ ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ♦❢ ❛
❚ ❳ ▼ ❛ ❡ ❛ ❧✐ ❣ ❤ ♦ ✉ ❝ ❡✱ ❛ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ✱ ❛ ❛ ♠ ♣❧ ❡✱ ❛ ♥ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❞ ❛ ❞ ❡ ❡ ❝ ♦ ✳ ❚ ❤ ❡
❝ ♦ ♥ ❞ ❡ ♥ ❡ ❢ ♦ ❝ ✉ ❡ ❤ ❡ ✐ ♥ ❝✐ ❞ ❡ ♥ ❳✲ ❛ ② ❜ ❡ ❛ ♠ ♦ ✐❧❧ ✉ ♠✐ ♥ ❛ ❡ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ❚ ❤ ❡ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡
❝ ♦❧❧ ❡ ❝ ❤ ❡ ❳✲ ❛ ② ❛❢ ❡ ❤ ❡ ② ❤ ❛ ✈ ❡ ❜ ❡ ❡ ♥ ❞✐ ✛ ❛ ❝ ❡ ❞ ❜ ② ❤ ❡ ❛ ♠ ♣❧ ❡ ❛ ♥ ❞ ❣ ❡ ♥ ❡ ❛ ❡ ❛ ♥
✐ ♠ ❛ ❣ ❡ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡ ♦ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✳ ❚ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✐ ✉ ✉ ❛❧❧ ② ❛ ❞✐ ❡ ❝ ❧ ② ✐❧❧ ✉ ♠✐ ♥ ❛ ❡ ❞
❝ ❤ ❛ ❣ ❡✲ ❝ ♦ ✉ ♣❧ ❡ ❞ ❞ ❡ ✈✐ ❝ ❡ ✭ ❈ ❈ ❉✮✳ ❋ ♦ ✸ ❉ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ✱ ❤ ❡ ❛ ♠ ♣❧ ❡ ✐ ♣❧ ❛ ❝ ❡ ❞ ♦ ♥ ❛
✐❧ ❛ ❣ ❡ ❛ ♥ ❞ ✐ ♠ ❛ ❣ ❡ ❞ ❤ ♦ ✉ ❣ ❤ ❛ ❡ ✐ ❡ ♦❢ ✐❧ ❛ ♥ ❣❧ ❡ ✳ ❊ ❛ ❝ ❤ ✐ ♠ ❛ ❣ ❡ ❡ ♣ ❡ ❡ ♥ ❛ ✷ ❉
♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ✸ ❉ ❛ ♠ ♣❧ ❡✳ ❋ ♦ ♠ ❤ ❡ ❡ ✐ ❡ ♦❢ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✱ ❤ ❡ ✸ ❉ ❛ ♥ ♠✐ ✐ ♦ ♥
♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡ ✐ ❡ ❝ ♦ ♥ ✉ ❝ ❡ ❞ ✈✐ ❛ ♦ ♠ ♦ ❣ ❛ ♣ ❤ ②✳
❖ ✉ ✉ ♥ ❞ ❡ ❛ ♥ ❞✐ ♥ ❣ ♦❢ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ♣ ♦ ❝ ❡ ✐ ♥ ❤ ❡ ❚ ❳ ▼ ✐ ❜ ❛ ❡ ❞ ♦ ♥ ❤ ❡ ❋ ❡ ♥ ❡❧
❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✭ ✷✳ ✼✮✳ ❲❡ ♥ ♦ ✇ ✉ ❡ ❤ ❡ ♥ ♦ ❛ ✐ ♦ ♥ ✐❧❧ ✉ ❛ ❡ ❞ ✐ ♥ ✜ ❣ ✉ ❡ ✷✳ ✻✳ ❆ ✜ ❡❧ ❞ ✐ ♥
❤ ❡ z 3 ♣❧ ❛ ♥ ❡ ✐ ♥ ❢ ♦ ♥ ♦❢ ❤ ❡ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡✲ ♣❧ ❛ ❡ ✐ ✐ ♠ ❛ ❣ ❡ ❞ ❜ ② ❤ ❡ ③ ♦ ♥ ❡✲ ♣❧ ❛ ❡ ♦ ❤ ❡ z 5
♣❧ ❛ ♥ ❡ ✇ ❤ ❡ ❡ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✐ ❧ ♦ ❝ ❛ ❡ ❞✳ ❲❡ ❛ ✉ ♠ ❡ ❤ ❛ z 4 = 0 ✐ ❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡
③ ♦ ♥ ❡✲ ♣❧ ❛ ❡✳ ■ ✐ ❛ ✉ ♠ ❡ ❞ ❤ ❛ ❤ ❡ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡✲ ♣❧ ❛ ❡ ✐ ✉ ❡ ❞ ✐ ♥ ❤ ❡ ✜ ♦ ❞ ❡ ♦❢
❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ✇ ❡ ♥ ❡ ❣❧ ❡ ❝ ❛❧❧ ♦ ❤ ❡ ♦ ❞ ❡ ✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✷✳ ✶ ✵✮✱✾ ❤ ❡ ✜
❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ♦ ❞ ❡ ❛ ❝ ♦ ♥ ❤ ❡ ✜ ❡❧ ❞ ❜ ② ♠ ✉❧ ✐ ♣❧ ②✐ ♥ ❣ ✐ ✇✐ ❤ T ∝ e x p − i k0 ( x 24 + y 24 )2 f ✳ ▲ ❡
✉ ❛❧ ♦ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❤ ❡ ❤ ♦ ❤ ❛ ♥ ❞ z i j : = z j − z i. ❚ ❤ ❡ ♥✱ ♦ ♥ ❡ ❝ ❛ ♥ ❛ ♣ ♣❧ ② ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✷✳ ✼✮
❢ ♦ ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✜ ❡❧ ❞ ❢ ♦ ♠ z 3 ♦ z 4 ❛ ♥ ❞ ❢ ♦ ♠ z 4 ♦ z 5 ✳
U z 5 ≈ − ✭ ✭ ✭ ✭ ✭ ✭ ✭
✭ ✭ ✭ ✭ ✭ ✭
✭ ✭ ✭ ✭❤ ❤ ❤ ❤ ❤ ❤ ❤ ❤ ❤ ❤ ❤ ❤ ❤ ❤ ❤ ❤ ❤
i k0 e x p [ i k z4 5 ]
2 π z 4 5 e x p
i k0 x 25 + y 25
2 z 4 5 R 2 U z 4 x , y , 0
e x p i k02 z 4 5 x
2 + y 2 e x p − i k0z 4 5 x x 5 + y y 5 d x d y
❛ ♥ ❞
U z 4 ≈ − ✘ ✘ ✘ ✘ ✘
✘ ✘ ✘❳ ❳ ❳ ❳ ❳ ❳ ❳ ❳
i k0 e x p [ i k0 z 3 4 ]
2 π z 3 4 e x p
i k0 x 24 + y 24
2 z 3 4 T [x 4 , y4 ] R 2 U z 3 x , y , 0
e x p i k02 z 3 4 x
2 + y 2 e x p − i k0z 3 4 x x 4 + y y 4 d x d y
❲❡ ✇✐❧❧ ❤ ❡ ❡ ✐ ❣ ♥ ♦ ❡ ❤ ❡ ❝ ♦ ❡ ❞✲ ♦ ✉ ❡ ♠ ✐ ♥ ❝ ❡ ❤ ❡ ② ❡ ✉❧ ♦ ♥❧ ② ✐ ♥ ❛ ❝ ♦ ♥ ❛ ♥
❝ ❛❧✐ ♥ ❣ ♦❢ ❤ ❡ ✜ ♥ ❛❧ ✐ ♥ ❡ ♥ ✐ ② U z 5 U z 5 ✳ ❇ ② ❡ ❛ ❛ ♥ ❣✐ ♥ ❣ ❛ ♥ ❞ ✐ ♥ ❡ ✐ ♥ ❣ T ✱ ♦ ♥ ❡ ❣ ❡
U z 5 ∝ R 2 R 2 e x p
i k0 x 24 + y 24
2
1
z 3 4 +
1
z 4 5 −
1
f U z 3 x 3 , y3 , 0 ✘ ✘ ✘ ✘ ✘
✘ ✘ ✘ ✘ ✘
✘❳ ❳ ❳ ❳ ❳ ❳ ❳ ❳ ❳ ❳ ❳
e x p i k02 z 3 4 x
23 + y 23
e x p − i k0z 3 4 x 3 x 4 + y 3 y 4 d x 3 d y 3 e x p
− i k0
z 4 5 x 4 x 5 + y 4 y 5 d x 4 d y 4 .
❜ ❡ ❡ ✐ ♠ ❛ ❣ ❡ ❛ ❡ ✐ ♥ ❣ ❡ ♥ ❡ ❛❧ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡✲ ♣❧ ❛ ❡ ❜ ❛ ❡ ❞ ❚ ❳ ▼✳
✾ ❍ ❡ ❡✱ ✇ ❡ ♥ ❡ ❣❧ ❡ ❝ ❡ ❞ ❛❧❧ ♦ ❤ ❡ ♦ ❞ ❡ ♦❢ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡✲ ♣❧ ❛ ❡✳ ❉ ✉ ❡ ♦ ❤ ❡ ✉ ✉ ❛❧❧ ②
❣ ❡ ♦ ♠ ❡ ② ♦❢ ❤ ❡ ❚ ❳ ▼ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✱ ❤✐ ❤ ❛ ♥ ♦ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ✐ ♠ ♣ ❛ ❝ ♦ ♥ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ♣ ♦ ♣ ❡ ✐ ❡ ✳
✹ ✵ ❈ ❍ ❆ ❚ ❊ ❘ ✷✳ ❈ ❯ ❘ ❘ ❊ ◆ ❚ ❙ ❚ ❆ ❚ ❯ ❙ ❖ ❋ ✷ ❉ ❆ ◆ ❉ ✸ ❉ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ●
❙✐ ♥ ❝ ❡ ❤ ❡ ✜ ❡❧ ❞ ♦❢ ✈✐ ❡ ✇ ✐ ② ♣✐ ❝ ❛❧❧ ② ♠ ❛❧❧✱ ❤ ❡ ❛ ❣ ✉ ♠ ❡ ♥ ✐ ♥ ❤ ❡ ❝ ♦ ❡ ❞✲ ♦ ✉ ♣ ❛
✐ ♠ ❛❧❧ ❛ ♥ ❞ ❤ ❡ ❡ ① ♣ ♦ ♥ ❡ ♥ ✐ ❛❧ ❝ ❛ ♥ ❜ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❞ ❜ ② ♦ ♥ ❡✳ ❚ ❤ ❡ ♥✱ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣
✐ ♥ ❡ ❣ ❛❧ ✐ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♦ ❤ ❡ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ♦❢ ❤ ❡ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ♦❢ U z 3 ✱
❛ ❧ ♦ ♥ ❣ ❛ ❤ ❡ ❤✐ ♥ ❧ ❡ ♥ ❢ ♦ ♠ ✉❧ ❛ 1z 3 4 + 1z 4 5 = 1f ✐ ❛ ✐ ✜ ❡ ❞✳ ❉ ✉ ❡ ♦ ❤ ❡ ♣ ♦ ♣ ❡ ✐ ❡♦❢ ❤ ❡ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠✱ ❤✐ ✐ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♦ ❛ ♥ ✉ ♣ ✐ ❞ ❡ ❞ ♦ ✇ ♥ ❛ ♥ ❞ ❧ ❡❢ ✐ ❣ ❤
✐ ♥ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ❞ ✈ ❡ ✐ ♦ ♥ ♦❢ U z 3 .✶ ✵ ❆ ❞ ❡ ❛✐❧ ❡ ❞ ❞✐ ❝ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ✸ ❉ ✐ ♠ ❛ ❣✐ ♥ ❣ ♣ ♦ ♣ ❡ ✐ ❡♦❢ ❤ ❡ ❚ ❳ ▼ ✐ ❣✐ ✈ ❡ ♥ ✐ ♥ ❝ ❤ ❛ ♣ ❡ ✹✳ ■ ♥ ❤ ❡ ❛ ♠ ❡ ❝ ❤ ❛ ♣ ❡ ✱ ❤ ❡ ♣ ♦ ♣ ❡ ✐ ❡ ❛ ♥ ❞ ❧✐ ♠✐
♦❢ ❛ ❛ ♥ ♠✐ ✐ ♦ ♥ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ❛ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧❧ ② ✐ ♥ ✈ ❡ ✐ ❣ ❛ ❡ ❞ ❛ ♥ ❞ ❝ ♦ ♠ ♣ ❛ ❡ ❞ ♦
❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❞ ❛ ❛✳
✷✳ ✹ ❈ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ ▲ ❡ ♥ ✲❧ ❡ ❛ ♥ ❞ ▲ ❡ ♥ ❇ ❛ ❡ ❞ ▼ ❡ ❤✲
♦ ❞
❚ ❛ ❜❧ ❡ ✷✳ ✹ ❤ ♦ ✇ ❛ ♥ ♦ ✈ ❡ ✈✐ ❡ ✇ ✉ ♠ ♠ ❛ ✐ ③✐ ♥ ❣ ♣ ✉ ❜❧✐ ❤ ❡ ❞ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❡ ✉❧ ❢ ♦ ❞✐❢✲
❢ ❡ ❡ ♥ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❡ ✳
❆ ❞✐ ❡ ❝ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ❡ ❤ ♦ ❞ ✐ ❞✐ ✣ ❝ ✉❧ ✐ ♥ ❝ ❡
❡ ♦❧ ✉ ✐ ♦ ♥ ❛ ♥ ❞ ✉ ❛❧✐ ② ♦❢ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❣❧ ② ♦ ♥ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ● ❡ ♥ ❡ ❛❧❧ ②
♣ ❡ ❛ ❦✐ ♥ ❣✱ ♣ ② ❝ ❤ ♦ ❣ ❛ ♣ ❤ ② ❞ ❡❧✐ ✈ ❡ ❣ ♦ ♦ ❞ ❡ ✉❧ ❢ ♦ ❤✐ ❣ ❤ ❝ ♦ ♥ ❛ ❛ ♥ ❞ ❤✐ ❣ ❤❧ ② ♦ ❞ ❡ ❡ ❞
♦ ❜❥ ❡ ❝ ✳ ❚ ② ♣✐ ❝ ❛❧❧ ②✱ ❧ ❡ ♥ ✲❧ ❡ ♠ ❡ ❤ ♦ ❞ ❡ ✉✐ ❡ ♦ ♥ ❣ ❝ ❛ ❡ ✐ ♥ ❣ ✐ ❣ ♥ ❛❧ ✐ ♥ ♦ ❤✐ ❣ ❤
❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❛ ♥ ❣❧ ❡ ✳
▲ ❡ ♥ ❜ ❛ ❡ ❞ ♠ ❡ ❤ ♦ ❞ ❧✐ ❦ ❡ ❚ ❳ ▼ ❛ ♥ ❞ ❙ ❚ ❳ ▼✱ ❣ ❡ ♥ ❡ ❛❧❧ ② ❛ ❡ ✉ ♣ ❡ ✐ ♦ ❢ ♦ ❧ ♦ ✇ ❝ ♦ ♥✲
❛ ✱ ♥ ♦ ♥✲ ♣ ❡ ✐ ♦ ❞✐ ❝ ❛ ♥ ❞ ✇ ❡ ❛ ❦❧ ② ❝ ❛ ❡ ✐ ♥ ❣ ❛ ♠ ♣❧ ❡ ✱ ✇ ❤✐ ❝ ❤ ❛ ❡ ② ♣✐ ❝ ❛❧ ❢ ♦ ❧✐❢ ❡ ❝✐ ❡ ♥ ❝ ❡✳
✶ ✵ ▼ ♦ ❡ ❛ ❝ ❝ ✉ ❛ ❡❧ ②✱ ♦ ♥ ❡ ❝ ❛ ♥ ✉ ❡ ✉ ❜ ✐ ✉ ✐ ♦ ♥ ❛ ♥ ❞ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ❊✳ ✷✮ ♦ ❤ ♦ ✇ ❤ ❛ ❤ ❡ ❛ ❜ ♦❧ ✉ ❡ ✈ ❛❧ ✉ ❡
♦❢ ❤ ❡ ✜ ❡❧ ❞ U z 5 ✐ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♦ ❛ ❝ ❛❧ ❡ ❞✱ ✉ ♣ ✐ ❞ ❡ ❞ ♦ ✇ ♥ ❛ ♥ ❞ ❧ ❡❢ ✐ ❣ ❤ ✐ ♥ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ❞ ✈ ❡ ✐ ♦ ♥ ♦❢❤ ❡ ❛ ❜ ♦❧ ✉ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ✜ ❡❧ ❞ U z 3 .





















































































































































































































































































































































✹ ✷ ❈ ❍ ❆ ❚ ❊ ❘ ✷✳ ❈ ❯ ❘ ❘ ❊ ◆ ❚ ❙ ❚ ❆ ❚ ❯ ❙ ❖ ❋ ✷ ❉ ❆ ◆ ❉ ✸ ❉ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ●
❈ ❤ ❛ ♣ ❡ ✸
◆ ✉ ♠ ❡ ✐ ❝ ❛❧ ▼ ❡ ❤ ♦ ❞ ❢ ♦ ❙ ♦❢ ❳✲ ❛ ②
■ ♠ ❛ ❣✐ ♥ ❣
■ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ❤ ❛ ♣ ❡ ✱ ✇ ❡ ✉ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ♦ ✐ ♥ ✈ ❡ ✐ ❣ ❛ ❡ ❤ ❡ ♣ ♦ ♣ ❡ ✐ ❡
♦❢ ❞✐ ✛ ❡ ❡ ♥ ♦❢ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ❡ ❤ ♦ ❞ ✳ ■ ♥ ❤✐ ❝ ❤ ❛ ♣ ❡ ✱ ✇ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❤ ❡ ♠ ❡ ❤ ♦ ❞
❧ ❛ ②✐ ♥ ❣ ❤ ❡ ❣ ♦ ✉ ♥ ❞ ✇ ♦ ❦ ❢ ♦ ✉ ❜ ❡ ✉ ❡ ♥ ❝ ❤ ❛ ♣ ❡ ✳ ❙ ♣ ❡ ❝✐ ✜ ❝ ❛❧❧ ②✱ ❤ ❡ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ♦❢ ❤ ❡
♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ♦❢ ❳✲ ❛ ② ✐ ♥ ❛ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ♠ ❡ ❞✐ ✉ ♠ ❛ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉
❝ ❤ ❛ ♣ ❡ ✐ ❡ ① ❡ ♥ ❞ ❡ ❞ ♦ ❛ ❢ ❡ ✇ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ✳ ❚ ❤ ❡ ❡ ❝ ❛ ❡ ❛ ❡ ❧ ❛ ❡ ✉ ❡ ❞ ✐ ♥ ❤ ❡
♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✳ ❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ❤ ❛ ♣ ❡ ✐ ❜ ❛ ❡ ❞ ♦ ♥ ❬ ✶ ✾❪ ❛ ♥ ❞ ❬ ✻ ✷❪✳
✸✳ ✶ ❙✐ ♠ ✉❧ ❛ ✐ ♥ ❣ ❤ ❡ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ♦❢ ❙ ♦❢ ❳✲ ❛ ② ✐ ♥
❋ ❡ ❡ ❙ ♣ ❛ ❝ ❡
❋ ♦ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ❡ ❤ ♦ ❞ ✱ ✇ ❡ ♠ ✉ ❝ ♦ ♠ ♣ ✉ ❡ ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ✐ ♥ ❛
❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ♠ ❡ ❞✐ ✉ ♠ ❢ ♦ ♠ ❛ ♥ ✐ ♥ ♣ ✉ ♣❧ ❛ ♥ ❡ ♦ ❛ ♥ ♦ ✉ ♣ ✉ ♣❧ ❛ ♥ ❡✳ ❆ ✐ ♥ ❡ ❝ ✐ ♦ ♥ ✶
♦❢ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ❝ ❤ ❛ ♣ ❡ ✱ ✇ ❡ ❛ ✉ ♠ ❡ ❤ ❛ ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ♦ ❝ ❝ ✉ ✐ ♥ ❤ ❡ ❛ ❜ ❡ ♥ ❝ ❡ ♦❢
❢ ❡ ❡ ❝ ✉ ❡ ♥ ❛ ♥ ❞ ❝ ❤ ❛ ❣ ❡ ❞ ❡ ♥ ✐ ✐ ❡ ✐ ♥ ❛ ♥ ♦ ♥✲ ♠ ❛ ❣ ♥ ❡ ✐ ❝✱ ❧ ♦ ✇❧ ② ✈ ❛ ②✐ ♥ ❣ ❛ ♥ ❞ ✇ ❡ ❛ ❦❧ ②
❝ ❛ ❡ ✐ ♥ ❣ ♠ ❛ ❡ ✐ ❛❧✳ ❆ ❤ ♦ ✇ ♥✱ ❤ ❡ ❘ ❛ ②❧ ❡✐ ❣ ❤✲ ❙ ♦ ♠ ♠ ❡ ❢ ❡❧ ❞ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ✐ ♥ ❡ ❣ ❛❧ ♦❢
❤ ❡ ✜ ❦✐ ♥ ❞ ❞ ❡ ❝ ✐ ❜ ❡ ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ♣❧ ❛ ♥ ❡ ♣ ❡ ♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛ ♦ ❤ ❡
♦ ♣ ✐ ❝ ❛❧ ❛ ①✐ ✐ ♥ z 1 ❛ ♥ ❞ z 0 ✳ ■ ✐ ❣✐ ✈ ❡ ♥ ❜ ②





U [x 0 , y0 , z0 ] z 1 − z 0r 0 1
e x p [ i k r0 1 ]
r 0 1 d x 0 d y 0 . ✭ ✸✳ ✶✮
❍ ❡ ❡✱ λ ✐ ❤ ❡ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤ ♦❢ ❤ ❡ ♠ ♦ ♥ ♦ ❝ ❤ ♦ ♠ ❛ ✐ ❝ ❧✐ ❣ ❤ ❛ ♥ ❞ k = 2 πλ ✐ ❤ ❡ ✇ ❛ ✈ ❡♥ ✉ ♠ ❜ ❡ ✳ ❚ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ♣ ♦✐ ♥ (x 0 , y0 , z0 ) ❛ ♥ ❞ (x 1 , y1 , z1 ) ✐ ❞ ❡ ♥ ♦ ❡ ❞
❜ ② r 0 1 ✳ ❆ ❝ ❤ ❡ ♠ ❛ ✐ ❝ ♦❢ ❤ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ② ❡ ♠ ✐ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✸✳ ✶✳ ❊ ✉ ❛ ✐ ♦ ♥
✭ ✸✳ ✶✮ ✐ ♥ ♦ ✇ ❡❧❧ ✉✐ ❡ ❞ ❢ ♦ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✐ ♥ ❝ ❡ ❤ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ✐ ♥ ❡ ❣ ❛ ✐ ♦ ♥
✹ ✸
✹ ✹ ❈ ❍ ❆ ❚ ❊ ❘ ✸✳ ◆ ❯ ▼ ❊ ❘■ ❈ ❆ ▲ ▼ ❊ ❚ ❍ ❖ ❉ ❙ ❋ ❖ ❘ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ●
❋✐ ❣ ✉ ❡ ✸✳ ✶✿ ❙ ❝ ❤ ❡ ♠ ❛ ✐ ❝ ♦❢ ❤ ❡ ♥ ♦ ❛ ✐ ♦ ♥ ✉ ❡ ❞✳ ❚ ❤ ❡ ❡ ❞ ❛ ♥ ❞ ❜❧ ✉ ❡ ♣ ♦ ❝ ♦ ❡ ♣ ♦ ♥ ❞
♦ ❤ ❡ ❡ ① ❡ ♠ ❛❧ ♣ ♦ ✐ ✐ ♦ ♥ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ✐ ♥ ✜ ❣ ✉ ❡ ✸✳ ✷✳
✐ ✐ ♠ ❡ ❝ ♦ ♥ ✉ ♠✐ ♥ ❣✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤✐ ❡ ① ♣ ❡ ✐ ♦ ♥ ❤ ❛ ♦ ❜ ❡ ❛ ♥ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ♦ ❛ ♠ ♦ ❡
❝ ♦ ♥ ✈ ❡ ♥✐ ❡ ♥ ❢ ♦ ♠✳ ❖ ♥ ❡ ✉ ❝ ❤ ❢ ♦ ♠ ❡ ✉❧ ✐ ♥ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ♣ ❡ ❝ ✉ ♠ ♠ ❡ ❤ ♦ ❞ ✭ ❆ ❙ ▼✮✳
■ ♥ ♦ ❞ ❡ ♦ ❡ ✣ ❝✐ ❡ ♥ ❧ ② ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❢ ♦ ♠ ✉❧ ❛ ✭ ✸✳ ✶✮✱ ❤ ❡ ✐ ♥ ❡ ❣ ❛❧ ✐ ❡ ① ♣ ❡ ❡ ❞ ❛





U [x 0 , y0 , z0 ] (z 1 − z 0 ) ✭ ✸✳ ✷✮
·
e x p i k (z 1 − z 0 ) 2 + ( x 1 − x 0 ) 2 + ( y 1 − y 0 ) 2
(z 1 − z 0 ) 2 + ( x 1 − x 0 ) 2 + ( y 1 − y 0 ) 2 d x 0 d y 0
= 1i λ R 2 U [x 0 , y0 , z0 ] · h [x 1 − x 0 , y1 − y 0 , z1 − z 0 ] d x 0 d y 0
✇ ❤ ❡ ❡ h ✐ ❞ ❡ ✜ ♥ ❡ ❞ ❜ ②
h [x, y, z ] : =
e x p i k z 2 + x 2 + y 2
z 2 + x 2 + y 2 .
❇ ② ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ f ∗ g [t] : = R f [τ ] · g [t − τ ] d τ ✱ ❤ ❡ ✐ ❣ ❤ ✐ ❞ ❡♦❢ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✸✳ ✷✮ ✐ ❛ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ❡ ❣ ❛❧✳ ❚ ❤✐ ✐ ♥ ❡ ❣ ❛❧ ❤ ❛ ♦ ❜ ❡ ❞✐ ❝ ❡ ✐ ③ ❡ ❞ ❢ ♦
✸✳ ✶✳ ❙■ ▼ ❯ ▲ ❆ ❚■ ◆ ● ❚ ❍ ❊ ❘ ❖ ❆ ● ❆ ❚■ ❖ ◆ ❖ ❋ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ❙ ■ ◆ ❋ ❘ ❊ ❊ ❙ ❆ ❈ ❊ ✹ ✺
❝ ♦ ♠ ♣ ✉ ❡ ❜ ❛ ❡ ❞ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✳ ❚ ❤ ❡ ❞✐ ❝ ❡ ❡ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ♦❢ ❛ ✐ ❣ ♥ ❛❧ y ♦❢ ❧ ❡ ♥ ❣ ❤
N ✐ ❞ ❡ ♥ ♦ ❡ ❞ ❜ ② Y = F F T [y ] . ❯ ✐ ♥ ❣ ❤ ❡ ❝✐ ❝ ✉❧ ❛ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ❤ ❡ ♦ ❡ ♠ ♦ ♥
F F T − 1 [X · Y ] |n = c o n st ·
N − 1
l= 0
x l · (y N ) n − l
= c o n st · (x ∗ y N ) n ,
❤ ❡ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ❝ ❛ ♥ ❜ ❡ ❝ ♦ ♠ ♣ ✉ ❡ ❞ ✇✐ ❤ ❤ ❡ ❛✐ ❞ ♦❢ ❤ ❡ ❢ ❛ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ✭ ❋ ❋ ❚✮
✇✐ ❤ O (N l o g N ) ♦ ♣ ❡ ❛ ✐ ♦ ♥ ❬ ✶ ✸❪✳ ❍ ❡ ❡✱ (y N ) ✐ ❤ ❡ ♣ ❡ ✐ ♦ ❞✐ ❝ ❡ ① ❡ ♥ ✐ ♦ ♥ ♦❢ y ✳ ❋ ♦
❧ ❛ ❣ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ✉ ❝ ❤ ❛ ❤ ❡ ♦ ♥ ❡ ② ♣✐ ❝ ❛❧❧ ② ✉ ❡ ❞ ✐ ♥ ♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ②✱ ❤✐
❛ ♣ ♣ ♦ ❛ ❝ ❤ ✐ ✉ ♣ ❡ ✐ ♦ ♦ ❛ ❞✐ ❡ ❝ ❡ ✈ ❛❧ ✉ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♥ ❡ ❣ ❛❧ ✐ ♥ ❝ ❡ ❤ ❡ ❧ ❛ ❡ ♥ ❡ ❡ ❞
O (N 2 ) ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥ ❛❧ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ✳
■ ♥ ♦ ❞ ❡ ♦ ♣ ❡ ✈ ❡ ♥ ❛ ✐❢ ❛ ❝ ❝ ❛ ✉ ❡ ❞ ❜ ② ❤ ❡ ❝✐ ❝ ✉❧ ❛ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥✱ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥
U ❤ ❛ ♦ ❤ ❛ ✈ ❡ ✜ ♥✐ ❡ ✉ ♣ ♣ ♦ ✐ ♥ ❤ ❡ z 0 ♣❧ ❛ ♥ ❡✳ ❆ ❞ ❞✐ ✐ ♦ ♥ ❛❧❧ ②✱ U ❤ ❛ ♦ ❜ ❡ ❡ ✐ ❝ ❡ ❞
❛ ♥ ❞ h ❤ ❛ ♦ ❜ ❡ ♣ ❛ ❞ ❞ ❡ ❞ ✇✐ ❤ ③ ❡ ♦ ♦ ❤ ❛ ❤ ❡ ❝✐ ❝ ✉❧ ❛ ♥ ❛ ✉ ❡ ♦❢ ❤ ❡ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥
❞ ♦ ❡ ♥ ♦ ❛ ✛ ❡ ❝ ❤ ❡ ❡ ✉❧ ✳ ❙✐ ♥ ❝ ❡ ❛ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ♦ ♣ ❡ ❛ ♦ ✐ ✉ ❡ ❞✱ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥
✐ ♥ ❤ ❡ z 0 ❛ ♥ ❞ ✐ ♥ ❤ ❡ z 1 ♣❧ ❛ ♥ ❡ ❛ ❡ ❡ ✉ ❛❧✳ ❚ ❤✐ ❝ ❛ ♥ ♣ ♦ ❡ ❞✐ ✣ ❝ ✉❧ ✐ ❡ ✐❢ ❡✐ ❤ ❡ ❤ ❡
❡ ❣✐ ♦ ♥ ♦❢ ✐ ♥ ❡ ❡ ♦ ❡ ✉✐ ❡ ❞ ❡ ♦❧ ✉ ✐ ♦ ♥ ❞✐ ✛ ❡ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ ✳
❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❢ ♦ ♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ② ❛ 2 .4 ♥ ♠✱ ❛ ② ♣✐ ❝ ❛❧ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ❤ ❛
❛ ❞✐ ❛ ♠ ❡ ❡ ♦❢ ❛ ❜ ♦ ✉ ✶ ✵ ✵ ➭ ♠ ✇ ❤✐❧ ❡ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣ ♦ ❤ ❛ ❛ ♥ ❋ ❲ ❍ ▼ ♦ ♥ ❤ ❡ ♦ ❞ ❡ ♦❢ ❛
❢ ❡ ✇ ❡ ♥ ♦❢ ♥ ❛ ♥ ♦ ♠ ❡ ❡ ✳
❆❧ ❡ ♥ ❛ ✐ ✈ ❡❧ ②✱ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✸✳ ✶✮ ❝ ❛ ♥ ❜ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❞ ❜ ② ✉ ✐ ♥ ❣ ❤ ❡ ♣ ❛ ❛ ①✐ ❛❧ ❛ ✲
✉ ♠ ♣ ✐ ♦ ♥✳ ❚ ❤✐ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❛ ✉ ♠ ❡ ❤ ❛ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ✐ ❡ ❡ ♥✲
✐ ❛❧❧ ② ❛❧ ♦ ♥ ❣ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ❛ ①✐ ❛ ♥ ❞ ❤ ❛ ❤ ❡ ✜ ❡❧ ❞ ✐ ❡ ✐ ❝ ❡ ❞ ♦ ❛ ✐ ❣ ❤ ♥ ❡✐ ❣ ❤ ❜ ♦ ❤ ♦ ♦ ❞
♦❢ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ❛ ①✐ ✳✶ ❲✐ ❤ ❤ ❡ ❡ ❡ ✉✐ ❡ ♠ ❡ ♥ ✱ ❤ ❡ ✉ ❛ ❡ ♦ ♦ ✐ ♥ ❤ ❡ ❡ ① ♣ ♦ ♥ ❡ ♥ ✐ ❛❧
❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❞ ❜ ② ✐ ❚ ❛ ②❧ ♦ ❡ ① ♣ ❛ ♥ ✐ ♦ ♥
(z 1 − z 0 ) 2 + ( x 1 − x 0 ) 2 + ( y 1 − y 0 ) 2 ≈ (z 1 − z 0 ) + (x 1 − x 0 )
2 + ( y 1 − y 0 ) 2
2 ( z 1 − z 0 ) . ✭ ✸✳ ✸✮
❲❡ ♦ ❜ ❛✐ ♥ ❤ ❡ ✇ ❡❧❧ ❦ ♥ ♦ ✇ ♥ ❋ ❡ ♥ ❡❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥
U [x 1 , y1 , z1 ] ≈ e x p [ i k (z 1 − z 0 )]i λ (z 1 − z 0 ) e x p i k
x 21 + y 21






U [x 0 , y0 , z0 ] e x p i k x
20 + y 20
2 ( z 1 − z 0 ) e x p − i k
x 1 x 0 + y 1 y 0
(z 1 − z 0 ) d x 0 d y 0 .
❚ ❤ ❡ ❋ ❡ ♥ ❡❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❤ ❛ ❤ ❡ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ❤ ❛ ❤ ❡ ✐ ♥ ❡ ❣ ❛❧ ❝ ❛ ♥ ❜ ❡ ❝ ♦ ♠ ♣ ✉ ❡ ❞ ❜ ②
✉ ✐ ♥ ❣ ❛ ✇ ♦ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠✳ ❚ ❤✐ ✐ ❡ ♣ ❡ ❝✐ ❛❧❧ ② ❤ ❡❧ ♣❢ ✉❧ ❢ ♦ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧
✶ ❚ ❤ ♦ ✉ ❣ ❤ ♦ ✉ ❤ ❡ ❤ ❡ ✐ ✱ ✇ ❡ ❛ ✉ ♠ ❡ ❤ ❛ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ❛ ①✐ ✐ ❧ ♦ ❝ ❛ ❡ ❞ ❛ (x i , yi ) = 0 ✳
✹ ✻ ❈ ❍ ❆ ❚ ❊ ❘ ✸✳ ◆ ❯ ▼ ❊ ❘■ ❈ ❆ ▲ ▼ ❊ ❚ ❍ ❖ ❉ ❙ ❋ ❖ ❘ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ●
✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✐ ♥ ❝ ❡ ❤ ❡ ✇ ♦ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❢ ❛ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ✐ ♠ ✉ ❝ ❤ ❢ ❛ ❡ ❤ ❛ ♥
❤ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ✐ ♥ ❡ ❣ ❛ ✐ ♦ ♥✳ ❆ ♠ ❛ ❧ ❛ ❜ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❋ ❡ ♥ ❡❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥
✐ ✐ ♥ ❝❧ ✉ ❞ ❡ ❞ ✐ ♥ ❤ ❡ ✉ ♣ ♣❧ ❡ ♠ ❡ ♥ ❛ ② ♣ ❛ ♦❢ ❤✐ ✇ ♦ ❦ ✐ ♥ ❛ ♣ ♣ ❡ ♥ ❞✐ ① ❆✳
❖ ♥ ❡ ❞✐ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ♦❢ ❤ ❡ ❋ ❡ ♥ ❡❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✐ ❤ ❛ ❤ ❡ ♣ ❛ ❛ ①✐ ❛❧ ❛ ✉ ♠ ♣✲
✐ ♦ ♥ ♠ ✉ ❤ ♦❧ ❞ ✐ ♥ ❜ ♦ ❤ ♣❧ ❛ ♥ ❡ ✳ ❋ ♦ ❤ ❡ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ♣ ❡ ❢ ♦ ♠ ❛ ♥ ❝ ❡ ♦❢
❧ ❡ ♥ ❜ ❛ ❡ ❞ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✇✐ ❤ ❤✐ ❣ ❤ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ♣ ❡ ✉ ❡ ✭N A > 0 .1 ✮✱ ❤ ❡ ❋ ❡ ♥ ❡❧
❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ♦ ❛ ♣ ♣❧✐ ❝ ❛ ❜❧ ❡✳ ◆ ❡ ✈ ❡ ❤ ❡❧ ❡ ✱ ❤ ❡ ❡ ❣✐ ♦ ♥ ♦❢ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣❧ ❛ ♥ ❡ ✇✐ ❤
♥ ♦ ♥✲ ♥ ❡ ❣❧✐ ❣✐ ❜❧ ❡ ✐ ♥ ❡ ♥ ✐ ② ✐ ✐ ❣ ❤ ❧ ② ❝ ❡ ♥ ❡ ❡ ❞ ❛ ♦ ✉ ♥ ❞ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ❛ ①✐ ✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ✐ ✐
♣ ♦ ✐ ❜❧ ❡ ♦ ✉ ❡ ❛ ❞✐ ✛ ❡ ❡ ♥ ❚ ❛ ②❧ ♦ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✉ ❛ ❡ ♦ ♦ ✳ ❚ ❤✐ ❡ ✉❧ ✐ ♥
❤ ❡ ✇✐ ❞ ❡✲ ❛ ♥ ❣❧ ❡ ♥ ❡ ❛ ❛ ♥ ❞ ❢ ❛ ✜ ❡❧ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✭ ◆ ❋ ❋ ❆✮ ✇ ❤✐ ❝ ❤ ✇ ❡ ✉ ❡ ❢ ♦ ❝ ❛❧ ❝ ✉❧ ❛✲
✐ ♦ ♥ ♦❢ ♦ ♣ ✐ ❝ ✇✐ ❤ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ♣ ❡ ✉ ❡ ❧ ❛ ❣ ❡ ❤ ❛ ♥ ✵✳ ✶✳ ❚ ❤ ❡ ◆ ❋ ❋ ❆ ✐ ❞ ❡ ❝ ✐ ❜ ❡ ❞
✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ❝ ✐ ♦ ♥✳
✸✳ ✶✳ ✶ ❚ ❤ ❡ ❲✐ ❞ ❡✲ ❛ ♥ ❣❧ ❡ ◆ ❡ ❛ ❛ ♥ ❞ ❋ ❛ ❋✐ ❡❧ ❞ ❆ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥
✭ ◆ ❋ ❋ ❆ ✮
❚ ❤ ❡ ✇✐ ❞ ❡✲ ❛ ♥ ❣❧ ❡ ♥ ❡ ❛ ❛ ♥ ❞ ❢ ❛ ✜ ❡❧ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✭ ◆ ❋ ❋ ❆✮ ✐ ❜ ❡ ✉ ❡ ❞ ❢ ♦ ❛ ♣ ♣❧✐ ❝ ❛✲
✐ ♦ ♥ ✇ ❤ ❡ ❡ ❡✐ ❤ ❡ ❤ ❡ ✐ ♥ ♣ ✉ ♦ ❤ ❡ ♦ ✉ ♣ ✉ ♣❧ ❛ ♥ ❡ ✐ ♠ ✉ ❝ ❤ ❧ ❛ ❣ ❡ ❤ ❛ ♥ ❤ ❡ ♦ ❤ ❡ ♣❧ ❛ ♥ ❡✳
❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❤✐ ✐ ❤ ❡ ❝ ❛ ❡ ❢ ♦ ❤✐ ❣ ❤ ◆ ❆ ♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ✱ ✐✳ ❡✳ N A > 0 .1 ✳ ❋ ♦
✉ ❝ ❤ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✱ ✐ ✐ ✉ ❡❢ ✉❧ ♦ ✉ ✐❧✐ ③ ❡ ❛ ❞✐ ✛ ❡ ❡ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❘ ❛ ②❧ ❡✐ ❣ ❤✲
❙ ♦ ♠ ♠ ❡ ❢ ❡❧ ❞ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ✐ ♥ ❡ ❣ ❛❧ ✭ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✸✳ ✶✮✮ ❢ ♦ r 0 1 ✐ ♥ ❡ ❛ ❞ ♦❢ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✸✳ ✸✮✳
❚ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ r 0 1 [x 0 , y0 ; x 1 , y1 ] ❛ ❛ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ♦✐ ♥ ♦❢
✐ ♥ ❡ ❡ ✐ ♥ ❤ ❡ ✇ ♦ ♣❧ ❛ ♥ ❡ ✐ ❞ ♦ ♠✐ ♥ ❛ ❡ ❞ ❜ ② ❡✐ ❤ ❡ ❤ ❡ (x 0 , y✵ ) ♦ ❤ ❡ (x 1 , y1 ) ✈ ❛❧ ✉ ❡ ✳
❲❡ ♥ ♦ ✇ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❛ ❜ ❡ ❡ ✉✐ ❡ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✇ ❤✐ ❝ ❤ ❛ ❦ ❡ ❤ ❡ ❣✐ ✈ ❡ ♥ ❣ ❡ ♦ ♠ ❡ ②
✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ✳
❋✐ ❧ ②✱ ❤ ❡ ❝ ❛ ❡ ♦❢ ❛ ❧ ❛ ❣ ❡ ✐ ♥ ♣ ✉ ♣❧ ❛ ♥ ❡ ✐ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞✳
❍ ❡ ❡✱ ✇ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❤ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥
r 0 1 ≈ z 2 + x 20 + y 20
√ 1 + h,
✉ ✐ ♥ ❣ z : = z 1 − z 0 . ❚ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ h ✐ ❤ ❡ ❡ ❣✐ ✈ ❡ ♥ ❜ ②✿
h = x
21 + y 21
z 2 + x 20 + y 20 −
2 ( x 1 x 0 + y 1 y 0 )
z 2 + x 20 + y 20
≈ x
21 + y 21√ z 2 z 2 + x 20 + y 20
− 2 ( x 1 x 0 + y 1 y 0 )z 2 + x 20 + y 20 .
❋ ♦ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥ ✱ ✐ ✐ ❝ ♦ ♥ ✈ ❡ ♥✐ ❡ ♥ ♦ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❤ ❡ ❛ ❜ ❜ ❡ ✈✐ ❛ ✐ ♦ ♥
r n : = z 2 + x 2n + y 2n , n ∈ { 0 , 1 } .
✸✳ ✶✳ ❙■ ▼ ❯ ▲ ❆ ❚■ ◆ ● ❚ ❍ ❊ ❘ ❖ ❆ ● ❆ ❚■ ❖ ◆ ❖ ❋ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ❙ ■ ◆ ❋ ❘ ❊ ❊ ❙ ❆ ❈ ❊ ✹ ✼
❋✐ ❣ ✉ ❡ ✸✳ ✷✿ ❚ ❤ ❡ ❡ ❣ ❛ ♣ ❤ ❤ ♦ ✇ ❤ ❡ ❡ ♦ ♦❢ ❤ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❞ ❞✐ ❛ ♥ ❝ ❡ ✭ ❡ ✉ ❛✲
✐ ♦ ♥ ✭ ✸✳ ✸✮ ❛ ♥ ❞ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✸✳ ✺✮✮ ✐ ♥ ✉ ♥✐ ♦❢ ❤ ❡ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤ ♦ ✈ ❡ ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥
❞✐ ❛ ♥ ❝ ❡✳ ❚ ❤ ❡ ❣ ❛ ♣ ❤ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✉ ❡ ❞ ❢ ♦ ❤ ❡ ◆ ❋ ❋ ❆ ✭ ♥ ❡ ❛
❞ ❛ ❤ ❡ ❞✱ ❢ ❛ ❞ ♦ ✲ ❞ ❛ ❤ ❡ ❞✮ ❛ ♥ ❞ ❤ ❡ ❋ ❡ ♥ ❡❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✭❧✐ ♥ ❡✮✳ ❚ ❤ ❡ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ♦❢
❤ ❡ ♦ ✉ ♣ ✉ ♣❧ ❛ ♥ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❤ ❡ ✐ ♥ ♣ ✉ ♣❧ ❛ ♥ ❡ ✐ ♥ ❝ ❡ ❤ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ♣ ♦ ♣ ❛ ❣ ❛ ♦ ❧✐ ♥ ❦
❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥✱ ♥ ✉ ♠ ❜ ❡ ♦❢ ❞✐ ❝ ❡ ✐ ③ ❛ ✐ ♦ ♥ ♣ ♦✐ ♥ ✱ ♣❧ ❛ ♥ ❡ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛ ♥ ❞ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥
❞✐ ❛ ♥ ❝ ❡ ✭ ❛ ❡ ① ♣❧ ❛✐ ♥ ❡ ❞ ✐ ♥ ❤ ❡ ✉ ♣ ♣❧ ❡ ♠ ❡ ♥ ✐ ♥ ❛ ♣ ♣ ❡ ♥ ❞✐ ① ❆✮✳ ❚ ❤ ❡ ♣ ♦✐ ♥ (x 0 , y0 ) ❛ ♥ ❞
(x 1 , y1 ) ❛ ❡ ❝ ❤ ♦ ❡ ♥ ✐ ♥ ✉ ❝ ❤ ❛ ✇ ❛ ② ❤ ❛ ❤ ❡ ② ❡ ♣ ❡ ❡ ♥ ❡ ① ❡ ♠ ❛❧ ❝ ❛ ❡ ❢ ♦ ❤ ❡ ❛ ♣✲
♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✳ ❚ ❤ ❡ ❡ ❡ ① ❡ ♠ ❛❧ ❝ ❛ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ♣ ♦ ✐ ✐ ♦ ♥ ♠ ❛ ❦ ❡ ❞ ✇✐ ❤ ❤ ❡ ❡ ❞
❛ ♥ ❞ ❜❧ ✉ ❡ ♣ ♦✐ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✸✳ ✶✳
■ ♥ ❤✐ ❡ ① ❛ ♠ ♣❧ ❡✱ ✇ ❡ ❛ ✉ ♠ ❡ ❞ ❤ ❛ ❤ ❡ ✐ ♥ ♣ ✉ ♣❧ ❛ ♥ ❡ ✐ ❛ ✉ ❛ ❡ ♦❢ ✶ ✵ ✵ ➭ ♠ ❛ ♥ ❞ ✐ ❞✐ ✲
❝ ❡ ✐ ③ ❡ ❞ ❜ ② 2 0 4 8 × 2 0 4 8 ♣ ♦✐ ♥ ✳ ❚ ❤ ❡ ✜ ❣ ✉ ❡ ✐❧❧ ✉ ❛ ❡ ❤ ❛ ✉ ♥ ❞ ❡ ❤ ❡ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✱
❤ ❡ ♦ ✉ ❡ ♣ ❛ ♦❢ ❤ ❡ ❋ ❖ ❱ ❛ ❡ ♥ ♦ ❧ ♦ ♥ ❣ ❡ ✇✐ ❤✐ ♥ ❤ ❡ ❝ ♦ ♣ ❡ ♦❢ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡
❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❝ ❡ ❤ ❡ ♦ ❛❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❡ ♦ ❧✐ ❡ ❛ ❜ ♦ ✈ ❡ λ / 2 .
❲✐ ❤ ❤ ❡ ❡ ♥ ♦ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❤ ❡ ❚ ❛ ②❧ ♦ ❡ ① ♣ ❛ ♥ ✐ ♦ ♥ ♦❢
√ 1 + h = 1 + h2 −
h 2
8 . . .
≈ 1 + h2 ,
✹ ✽ ❈ ❍ ❆ ❚ ❊ ❘ ✸✳ ◆ ❯ ▼ ❊ ❘■ ❈ ❆ ▲ ▼ ❊ ❚ ❍ ❖ ❉ ❙ ❋ ❖ ❘ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ●
❤ ❡ ❞✐ ❛ ♥ ❝ ❡ r 0 1 ✐ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❞ ❜ ②
r 0 1 ≈ r 0 1 + x
21 + y 21
2 √ z 2 z 2 + x 20 + y 20
− x 1 x 0 + y 1 y 0z 2 + x 20 + y 20 . ✭ ✸✳ ✺✮
❚ ❤✐ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ✐ ♠ ♣ ♦ ✈ ❡ ❤ ❡ ❡ ✐ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥
❤ ❡ ❡ ① ❡ ♠ ❡ ♣ ♦✐ ♥ ✐ ♥ ❤ ❡ ✇ ♦ ♣❧ ❛ ♥ ❡ ✐❢ ✐ ✐ ❝ ♦ ♠ ♣ ❛ ❡ ❞ ♦ ❤ ❡ ♦ ♥ ❡ ✉ ❡ ❞ ❢ ♦ ❤ ❡
❋ ❡ ♥ ❡❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✳ ❚ ❤ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❡ ♦ ❛ ❡ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✸✳ ✷✳ ■ ♥ ❡ ✐ ♥ ❣
❡ ✉ ❛ ✐ ♦ ♥ ✭ ✸✳ ✺✮ ✐ ♥ ♦ ❤ ❡ ❘ ❛ ②❧ ❡✐ ❣ ❤✲ ❙ ♦ ♠ ♠ ❡ ❢ ❡❧ ❞ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ✐ ♥ ❡ ❣ ❛❧ ✭ ✸✳ ✶✮ ②✐ ❡❧ ❞
U [x 1 , y1 , z1 ] ≈ 1i λ R 2 U [x 0 , y0 , z0 ]
z
r 20 ✭ ✸✳ ✻✮
e x p i 2 πλ z 2 + x
20 + y 20 + x
21 + y 21
2 z −
x 1 x 0 + y 1 y 0
z 2 + x 20 + y 20
d x 0 d y 0 .
■ ♥ ♦ ❞ ❡ ♦ ❡ ✣ ❝✐ ❡ ♥ ❧ ② ♦❧ ✈ ❡ ❤✐ ✐ ♥ ❡ ❣ ❛❧ ❡ ✉ ❛ ✐ ♦ ♥✱ ❤ ❡ ❢ ❛ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠
❤ ❛ ♦ ❜ ❡ ✉ ❡ ❞✳ ❍ ❡ ♥ ❝ ❡✱ ❤ ❡ ❛ ♠ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❤ ❛ ✈ ❡ ♦ ❜ ❡ ❛ ✐ ✜ ❡ ❞ ❛ ✐ ♥ ❤ ❡ ❝ ❛ ❡
♦❢ ❤ ❡ ❋ ❡ ♥ ❡❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✳ ❚ ❤✐ ✐ ♠ ♣❧✐ ❡ ❤ ❛ ❤ ❡ ❞✐ ❝ ❡ ✐ ③ ❛ ✐ ♦ ♥ ♣ ♦✐ ♥ (x 0 , y0 )
❤ ♦ ✉❧ ❞ ❜ ❡ ❝ ❤ ♦ ❡ ♥ ✐ ♥ ✉ ❝ ❤ ❛ ✇ ❛ ② ❤ ❛ ❤ ❡ ② ❛ ✐ ❢ ② ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ✉ ❛ ✐ ♦ ♥
x 1 x 0 + y 1 y 0
z 2 + x 20 + y 20
!= x 1 x s + y 1 y sz .
❍ ❡ ❡✱ x s ❛ ♥ ❞ y s ❛ ❡ ❤ ❡ ❡ ❣ ✉❧ ❛ ❡ ✉✐ ❞✐ ❛ ♥ ❣ ✐ ❞ ♣ ♦✐ ♥ ✉ ❡ ❞ ✐ ♥ ❤ ❡ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ♦ ♥
♦❢ ❤ ❡ ❋ ❡ ♥ ❡❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❜ ❛ ❡ ❞ ♣ ♦ ♣ ❛ ❣ ❛ ♦ ✳ ❆ ✐ ♠ ♣❧ ❡ ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♦ ♥ ❤ ♦ ✇ ❤ ❛
x 0 = x s
1 − x 2s + y 2sz 2
❛ ♥ ❞ y 0 = y s
1 − x 2s + y 2sz 2
❛ ✐ ❢ ② ❤✐ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥✳ ❙✐ ♥ ❝ ❡ ❤✐ ❝ ❤ ♦✐ ❝ ❡ ♦❢ ❛ ♠ ♣❧✐ ♥ ❣ ♣ ♦✐ ♥ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❛ ✈ ❛ ✐ ❛ ❜❧ ❡
❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♥ ❡ ❣ ❛ ✐ ♦ ♥ ✈ ❛ ✐ ❛ ❜❧ ❡✱ ❤ ❡ ✈ ♦❧ ✉ ♠ ❡ ❡❧ ❡ ♠ ❡ ♥ ❝ ❤ ❛ ♥ ❣ ❡ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣
♦ ❤ ❡ ❤ ❡ ♦ ❡ ♠ ♦❢ ✐ ♥ ❡ ❣ ❛❧ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥✳
d et ∂ x s x 0 [x s , ys ] ∂ y s x 0 [x s , ys ]∂ x s y 0 [x s , ys ] ∂ y s y 0 [x s , ys ] =
z 4
(z 2 − x 2s − y 2s ) 2
❯ ✐ ♥ ❣ ❤ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ Φ : ( x s , ys ) →

 x s
1 − x 2s + y 2sz 2
, y s
1 − x 2s + y 2sz 2

 = ( x 0 , y0 ) ❛ ♥ ❞ ❤ ❡
✐ ❞ ❡ ♥ ✐ ② r 0 : = z 2 + x 20 + y 20 = z 4z 2 − x 2s − y 2s ✱ U [x 1 , y1 , z1 ] ✐ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❞ ❜ ②
✸✳ ✶✳ ❙■ ▼ ❯ ▲ ❆ ❚■ ◆ ● ❚ ❍ ❊ ❘ ❖ ❆ ● ❆ ❚■ ❖ ◆ ❖ ❋ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ❙ ■ ◆ ❋ ❘ ❊ ❊ ❙ ❆ ❈ ❊ ✹ ✾
U [x 1 , y1 , z1 ] ≈ 1i λ e x p i
2 π
λ
x 21 + y 21
2 z R 2 U

 x s
1 − x 2s + y 2sz 2
, y s








z 2 − x 2s − y 2s −
(x 1 x s + y 1 y s )
z d x s d y s .




1 − x 2s + y 2sz 2
, y s
1 − x 2s + y 2sz 2
, z0

 ≈ e x p − i 2 πλ
z 4
z 2 − x 2s − y 2s
z 2 − x 2s − y 2s
z R 2 i λ U [x 1 , y1 , z1 ]
· e x p − i 2 πλ
x 21 + y 21
2 z −
( x 1 x s + y 1 y s )
z d x 1 d y 1 .
❙ ❡ ❝ ♦ ♥ ❞❧ ②✱ ❤ ❡ ❝ ❛ ❡ ♦❢ ❛ ❧ ❛ ❣ ❡ ♦ ✉ ♣ ✉ ♣❧ ❛ ♥ ❡ ✐ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞✳
❚ ❤✐ ❝ ❛ ❡ ✐ ♥ ❡ ❡ ❞ ❡ ❞ ❢ ♦ ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ❛ ❢ ♦ ❝ ❛❧ ♣❧ ❛ ♥ ❡ ♦ ❛ ❡ ❝ ♦ ♥ ❞ ❧ ❡ ♥ ✳ ❆ ✐ ♥
❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ❝ ❛ ❡✱ ✇ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ ❜ ② ✐ ❚ ❛ ②❧ ♦ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✇✐ ❤
❡ ❣ ❛ ❞ ♦ ❤ ❡ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ ❤ ❡ ❧ ❛ ❣ ❡ ♣❧ ❛ ♥ ❡✳ ◆ ♦ ✇✱ ✇ ❡ ✉ ❡ x 21 + y 21 z 2 ✇ ❤✐ ❝ ❤❡ ✉❧ ✐ ♥ ❤ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥
r 0 1 ≈ r 1 1 + x
20 + y 20
2 z 2 −
(x 1 x 0 + y 1 y 0 )
z 2 + x 21 + y 21 .
❚ ❤✐ ②✐ ❡❧ ❞ ❛ ❣ ❛✐ ♥
U [x 1 , y1 , z1 ] ≈ 1i λ R 2 U [x 0 , y0 , z0 ]
z
r 21 ✭ ✸✳ ✼✮
e x p i 2 πλ z 2 + x
21 + y 21 + x
20 + y 20
2 z −
(x 1 x 0 + y 1 y 0 )
z 2 + x 21 + y 21
d x 0 d y 0 .
❚ ❤✐ ✐ ♠ ❡✱ ❤ ❡ ✈ ❛ ✐ ❛ ❜❧ ❡ (x 1 , y1 ) ❛ ❡ ♠ ♦ ❞✐ ✜ ❡ ❞ ✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✇ ❛ ②
x 1 = x s
1 − x 2s + y 2sz 2
❛ ♥ ❞ y 1 = y s
1 − x 2s + y 2sz 2
✇ ❤ ❡ ❡ (x s , ys ) ❛ ❡ ♥ ♦ ✇ ❤ ❡ ❡ ❣ ✉❧ ❛ ❣ ✐ ❞ ♣ ♦✐ ♥ ♦❢ ❤ ❡ ❋ ❡ ♥ ❡❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡
♦ ✉ ♣ ✉ ♣❧ ❛ ♥ ❡✳ ❙✐ ♥ ❝ ❡ ❤ ❡ ✈ ❛ ✐ ❛ ❜❧ ❡ ♦❢ ✐ ♥ ❡ ❣ ❛ ✐ ♦ ♥ ❤ ❛ ✈ ❡ ♥ ♦ ❝ ❤ ❛ ♥ ❣ ❡ ❞✱ ❤ ❡ ✈ ♦❧ ✉ ♠ ❡
❡❧ ❡ ♠ ❡ ♥ ❞ ♦ ❡ ♥ ♦ ❝ ❤ ❛ ♥ ❣ ❡ ❡✐ ❤ ❡ ✳ ❯ ✐ ♥ ❣ ❤✐ ❡❧ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ x 1 , y1 ❛ ♥ ❞ x s , ys ②✐ ❡❧ ❞
✺ ✵ ❈ ❍ ❆ ❚ ❊ ❘ ✸✳ ◆ ❯ ▼ ❊ ❘■ ❈ ❆ ▲ ▼ ❊ ❚ ❍ ❖ ❉ ❙ ❋ ❖ ❘ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ●




z 2 − x 2s − y 2s
z 2 − x 2s − y 2s
z 3
R 2
U [x 0 , y0 , z0 ] e x p i 2 πλ
x 20 + y 20
2 z −
x s x 0 + y s y 0
z d x 0 d y 0 .
❚ ❤✐ ✐ ♥ ❡ ❣ ❛❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❝ ❛ ♥ ❛ ❣ ❛✐ ♥ ❜ ❡ ♦❧ ✈ ❡ ❞ ❜ ② ❛ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱
❤ ❡ ✐ ♥ ✈ ❡ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✐ ❣✐ ✈ ❡ ♥ ❜ ②✿
U [x 0 , y0 , z0 ] ≈ i λ e x p − i 2 πλ
x 20 + y 20
2 z R 2 U [x 1 [x s , ys ] , y1 [x s , ys ] , z1 ]
z 3
z 2 − x 2s − y 2s e x p i
2 π
λ
x s x 0 + y s y 0
z −
z 4
z 2 − x 2s − y 2s d x s d y s .
❆ ♣ ❡ ✈✐ ♦ ✉ ❧ ② ❛ ❡ ❞✱ ❤ ❡ ✇✐ ❞ ❡✲ ❛ ♥ ❣❧ ❡ ♥ ❡ ❛ ❛ ♥ ❞ ❢ ❛ ✜ ❡❧ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✐ ❜ ❡
✉ ❡ ❞ ❢ ♦ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✇ ❤ ❡ ❡ ❡✐ ❤ ❡ ❤ ❡ ✐ ♥ ♣ ✉ ♦ ❤ ❡ ♦ ✉ ♣ ✉ ♣❧ ❛ ♥ ❡ ✐ ♠ ✉ ❝ ❤ ❧ ❛ ❣ ❡
❤ ❛ ♥ ❤ ❡ ♦ ❤ ❡ ✳ ■ ♥ ♠ ♦ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ❤✐ ✇ ♦ ❦✱ ♦ ♥ ❡ ❣ ❛✐ ♥ ❧✐ ❧ ❡ ❜ ② ✉ ✐ ♥ ❣ ✐
✐ ♥ ❝ ❡ ❢ ♦ ♠ ❛❧❧ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ♣ ❡ ✉ ❡ ✱ ❤ ❡ ❋ ❡ ♥ ❡❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✐ ❛❧ ♠ ♦ ❛ ❣ ♦ ♦ ❞✳
❆ ② ♣✐ ❝ ❛❧ ❝ ❛ ❡ ✐ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✸✳ ✸✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ✐ ♥ ❤ ❡ ❝ ❛ ❡ ♦❢ ❧ ❛ ❣ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧
❛ ♣ ❡ ✉ ❡ (N A 0 .1) ❤ ❡ ◆ ❋ ❋ ❆ ❤ ♦ ✉❧ ❞ ❜ ❡ ✉ ❡ ❞✳ ❚ ❤✐ ✇ ❛ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡ ❤ ❡ ❝ ❛ ❡
❢ ♦ ❤ ❡ ❞ ❡ ✐ ❣ ♥ ♦❢ ❤ ❡ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ❢ ♦ ❤ ❡ ♣❧ ❛ ♠ ❛ ❜ ❛ ❡ ❞ ♦❢ ❳✲ ❛ ②
❧ ❛ ❡ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✐ ♥ ❝ ❤ ❛ ♣ ❡ ✼✳ ❚ ❤ ❡ ② ♣✐ ❝ ❛❧❧ ② ❧ ❛ ❣ ❡
❢ ❡ ❡ ♣ ❛ ❝ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❞✐ ❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ♦ ♣ ✐ ❝ ❛ ♥ ❞ ❢ ♦ ❝ ✉ ❛❧ ♦ ✐ ♥ ❞ ✉ ❝ ❡ ❛ ❡ ❝ ♦ ♥ ❞ ❡
♦❢ ♣ ♦ ❜❧ ❡ ♠ ✇ ❤✐ ❝ ❤ ✐ ♥ ♦ ✇ ❢ ✉ ❤ ❡ ❛ ♥ ❛❧ ② ③ ❡ ❞✳
✸✳ ✶✳ ✷ ❈ ♦ ♥ ✈ ❡ ❣✐ ♥ ❣ ❲ ❛ ✈ ❡ ❛ ♥ ❞ ❤ ❡ ❋ ❡ ♥ ❡❧ ❆ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥
❆ ❝ ♦ ♠ ♠ ♦ ♥ ❡ ① ❛ ♠ ♣❧ ❡ ❢ ♦ ✇ ❛ ✈ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ✐ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣ ❛ ❡ ♥ ♦❢ ❛ ❧ ❡ ♥ ✳ ■ ✐ ❛❧ ♦
❛ ❣ ♦ ♦ ❞ ❡ ① ❛ ♠ ♣❧ ❡ ♦ ♠ ♦ ✐ ✈ ❛ ❡ ❤ ❡ ♥ ❡ ① ❡ ♦❢ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✳ ❋ ♦ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣ ❛ ❡ ♥
♦❢ ❛ ❧ ❡ ♥ ✇✐ ❤ ❤✐ ❣ ❤ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ♣ ❡ ✉ ❡✱ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ❧ ② ❞ ❡ ❝ ✐ ❜ ❡ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥
❤ ❛ ❜ ♦ ♦ ♠ ❡ ✐ ♥ ✐ ♥ ✐ ❝ ♣ ♦ ❜❧ ❡ ♠ ✳
❚ ❤ ❡ ❛ ♥ ♠✐ ✐ ♦ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❛ ❤✐ ♥ ❧ ❡ ♥ ♦❢ ❢ ♦ ❝ ❛❧ ❧ ❡ ♥ ❣ ❤ (f ) ❛ ♥ ❞ ❛ ❞✐ ✉ r m a x ✐
T l e n s [x, y ] : = e x p − i k
x 2 + y 2
2 f x 2 + y 2 < r 2m a x
0 x 2 + y 2 ≥ r 2m a x
.
❆ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣ ❛ ❡ ♥ ❡ ✉❧ ✐ ♥ ❣ ❢ ♦ ♠ ❛ ♣❧ ❛ ♥ ❡ ✇ ❛ ✈ ❡ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♥ ❣ ❛ ❧ ❡ ♥
✐ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✸✳ ✹✳ ❚ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ✐ ♥ ✸✳ ✹ ❜ ❡ ✈ ❡ ❛❧ ♦ ♥ ❡ ♦❢ ❤ ❡ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ♣ ♦ ❜❧ ❡ ♠
✸✳ ✶✳ ❙■ ▼ ❯ ▲ ❆ ❚■ ◆ ● ❚ ❍ ❊ ❘ ❖ ❆ ● ❆ ❚■ ❖ ◆ ❖ ❋ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ❙ ■ ◆ ❋ ❘ ❊ ❊ ❙ ❆ ❈ ❊ ✺ ✶
❋✐ ❣ ✉ ❡ ✸✳ ✸✿ ❆ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❛ ♥ ❛❧ ② ✐ ❝ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ♦❢ ● ❛ ✉ ✐ ❛ ♥ ❜ ❡ ❛ ♠
✭❧✐ ♥ ❡✮ ❛ ♥ ❞ ❤ ❡ ❋ ❡ ♥ ❡❧ ✭ ❞ ♦ ✮ ❛ ♥ ❞ ◆ ❋ ❋ ❆ ✭ ❞ ❛ ❤ ❡ ❞✮ ❜ ❛ ❡ ❞ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥✳
❚ ❤ ❡ ● ❛ ✉ ✐ ❛ ♥ ❜ ❡ ❛ ♠ ❤ ❛ ✈ ❡ ❛ ✇ ❛✐ ♦❢ ✻ ✵✱ ✸ ✵ ✵ ❛ ♥ ❞ ✶ ✵ ✵ ✵ ♥ ♠✳ ❚ ❤ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ❢ ♦
❤ ❡ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✐ ♥ ❝❧ ✉ ❞ ❡ ❛ ✜ ❡❧ ❞ ♦❢ ✈✐ ❡ ✇ ♦❢ ✷ ✵ ✵ ✵ ① ✷ ✵ ✵ ✵ ♣✐ ① ❡❧ ❛ ✻ ♥ ♠ ❡ ♦❧ ✉ ✐ ♦ ♥✳ ❚ ❤ ❡
❛ ❞✐ ✉ ♦❢ ❤ ❡ ❛ ♣ ❡ ✉ ❡ ✐ ✶ ✵ ✵ ➭ ♠ ❛ ♥ ❞ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣❧ ❛ ♥ ❡ ❛ ♥ ❞ ❤ ❡
♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❛ ♣ ❡ ✉ ❡ ✐ ✵✳ ✺ ♠ ♠✳ ❚ ❤ ❡ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤ ✐ λ = ✷✳ ✹ ♥ ♠✳
♦❢ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✳ ■❢ ❤ ❡ ♣ ❤ ❛ ❡ ♦❢ ❤ ❡ ✇ ❛ ✈ ❡ ♦ ❝✐❧❧ ❛ ❡ ❛ ♣✐ ❞❧ ② ✐ ♥
❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦ ❤ ❡ ❡ ♣ ✐ ③ ❡ ♦❢ ❤ ❡ ❞✐ ❝ ❡ ✐ ③ ❛ ✐ ♦ ♥✱ ❤ ❡ ✉ ♥ ❞ ❡ ❛ ♠ ♣❧✐ ♥ ❣ ♦❢ ❤ ❡ ✇ ❛ ✈ ❡
❣ ❡ ♥ ❡ ❛ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ✐❢ ❛ ❝ ✱ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞ ▼ ♦✐ ❡ ♣ ❛ ❡ ♥ ✳
❋ ♦ ❤✐ ❡ ❛ ♦ ♥✱ ✐ ♥ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✐ ✐ ♦ ♠ ❡ ✐ ♠ ❡ ❛ ❞ ✈✐ ❛ ❜❧ ❡ ♦ ❡ ♣ ❛ ❛ ❡
♦ ♥ ❡ ♦❢ ❤ ❡ ✜ ❡❧ ❞ ❡✳ ❣✳ U [x, y, z 0 ] ♦ U [x, y, z 1 ] ✐ ♥ ♦ ❛ ✐ ♠ ♣❧ ❡ ❢ ❛ ♦ ❝✐❧❧ ❛ ✐ ♥ ❣ ❢ ✉ ♥ ❝ ✐ ♦ ♥
❝ ♦ ♠ ❜✐ ♥ ❡ ❞ ✇✐ ❤ ❛ ♥ ❛ ❜✐ ❛ ②✱ ❧ ♦ ✇❧ ② ✈ ❛ ②✐ ♥ ❣ ❢ ✉ ♥ ❝ ✐ ♦ ♥✳ ❆ ♥ ❡ ① ❛ ♠ ♣❧ ❡ ✐ ❛ ❝ ♦ ♥ ✈ ❡ ❣✐ ♥ ❣
✇ ❛ ✈ ❡ ❢ ♦ ♥ ❡ ♠ ❡ ❣✐ ♥ ❣ ❢ ♦ ♠ ❛ ♥ ♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ✇✐ ❤ ❢ ♦ ❝ ✉ ✐ ♥ ❣ ♣ ♦ ♣ ❡ ✐ ❡ ✳ ■ ♥ ❤✐
❝ ❛ ❡✱ ❤ ❡ ❢ ❛ ♦ ❝✐❧❧ ❛ ✐ ♥ ❣ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ❛ ❝ ♦ ♥ ✈ ❡ ❣✐ ♥ ❣ ♣ ❤ ❡ ✐ ❝ ❛❧ ✇ ❛ ✈ ❡ ❛ ♥ ❞ ❤ ❡ ♣ ♦ ♣ ❡ ✐ ❡
♦❢ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ❛ ❡ ❡ ♥ ❝ ♦ ❞ ❡ ❞ ✐ ♥ ❤ ❡ ❧ ♦ ✇❧ ② ♦ ❝✐❧❧ ❛ ✐ ♥ ❣ ❢ ✉ ♥ ❝ ✐ ♦ ♥ (U d ) ✇ ❤✐ ❝ ❤
♠ ♦ ❞ ✉❧ ❛ ❡ ❤ ❡ ♣ ❤ ❡ ✐ ❝ ❛❧ ✇ ❛ ✈ ❡✳ ❚ ❤ ❛ ✐ U [x 0 , y0 , z0 ] != U d [x 0 , y0 , z0 ] · e x p − i 2 πλ r 0 ✳■ ♥ ❤✐ ❝ ❛ ❡✱ ❤ ❡ ♠ ♦ ❞✐ ✜ ❡ ❞ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✸✳ ✻✮ ❜ ❡ ❝ ♦ ♠ ❡
U [x 1 , y1 , z1 ] ≈ 1i λ R 2 U d [x 0 , y0 , z0 ]
z
r 20 e x p i
2 π
λ
x 21 + y 21
2 z −
(x 1 x 0 + y 1 y 0 )
z 2 + x 20 + y 20
d x 0 d y 0 .
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(a) Focal pattern of a lens (b) lVIoire patterns of the phase
Figure 3.4: Simulation of tl1e focal pattern of a Jens illuminated by a plane 
wave. The discretization in the plane of the Jens was clwsen to be coarser tl1an 
the fa .. <;test oscillations of the transmission function. Except for the radius of the 
apertm·e, all parameters for the simulation are identical to tl1e parameters from 
figm·e 3. 3. The radius of tl1e apertm·e is 40 Jlill. In figure 3.4a, the focal pattern 
is shown. The Jens is illuminated by a plane wave and tl1e patten1 is computed 
ivith tl1e Fresnel approximation. In figw·e 3.4b, tl1e discretized phase is shown and 
tl1e Moire patterns of the pl1ase in the plane of tlie Jens m·e obvious. This pattern 
results from m1 undersampling in the code of tl1e Fresnel propagator. Tl1e rigl1t 
image shows tl1e marked region e11Jarged so tliat the pixels are visible. 
Similar calculations analogously to the NFFA case of a larger input plane yield 
and 
1 l [ Xs Ys ] Z 




x� + Yi (x1Xs + Y1Ys))] d d . exp iT 2z - z Xs Ys 
U [ Xs Ys ]
d 2 2' 2 2, zo 
Vl _ Xs:/s J1 _ Xs'JiYs 
z2 -x2 -y2 i
� 
s s i>.U [x1, YI, zi] 
Z JR2 
(3.8) 
[ .27r (xf + Yf (x1Xs + Y1Ys)
)] d d · exp -i- - x1 YI· ).. 2z z 
Equipped vvith these approximations, ·we can now simulate the free space propa­
gations in our microscope. Before we start to study the still missing propagation 
through the sample, ·we describe how the partial derivatives of the field depend 
on the propagation distance and hovv we can use them to recover the phase of the 
field. 
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♥ ❛ ♠ ❡ ❢ ♦ ♠ ✉❧ ❛ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ❞✐ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡
❆ ♥ ❣ ✉❧ ❛ ❙ ♣ ❡ ❝ ✉ ♠ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ❛ ♣ ♣❧✐ ❝ ❛ ❜❧ ❡ ♦ ❛ ✇✐ ❞ ❡ ❛ ♥ ❣ ❡  ♥ ♦ ❞✐ ❡ ❝ ❧ ② ✐ ♥ ✈ ❡ ✐ ❜❧ ❡
▼ ❡ ❤ ♦ ❞ ✭ ❆ ❙ ▼ ✮ ♦❢ ❞✐ ❛ ♥ ❝ ❡ ❛ ♥ ❞ ♣❧ ❛ ♥ ❡ ✐ ③ ❡ ❛ ♠ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ❜ ♦ ❤ ♣❧ ❛ ♥ ❡
❋ ❡ ♥ ❡❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥  ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❢ ❛ ♦ ♥❧ ② ✈ ❛❧✐ ❞ ❢ ♦ ❛ ♠ ❛❧❧ ❛ ♥ ❣ ❡
❞✐ ❡ ❝ ❧ ② ✐ ♥ ✈ ❡ ✐ ❜❧ ❡ ♦❢ ❞✐ ❛ ♥ ❝ ❡ ❛ ♥ ❞ ♣❧ ❛ ♥ ❡ ✐ ③ ❡
❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ♣❧ ❛ ♥ ❡ ❝ ❤ ❛ ♥ ❣ ❡
◆ ❋ ❋ ❆ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❢ ❛ ♦ ♥❧ ② ✈ ❛❧✐ ❞ ❢ ♦ ❛ ♠ ♦ ❞ ❡ ❛ ❡ ❛ ♥ ❣ ❡
❞✐ ❡ ❝ ❧ ② ✐ ♥ ✈ ❡ ✐ ❜❧ ❡ ♦❢ ❞✐ ❛ ♥ ❝ ❡ ❛ ♥ ❞ ♣❧ ❛ ♥ ❡ ✐ ③ ❡
❣ ✐ ❞ ✐ ♥ ♦ ❡ ✉✐ ❞✐ ❛ ♥
❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ♣❧ ❛ ♥ ❡ ❝ ❤ ❛ ♥ ❣ ❡
❚ ❛ ❜❧ ❡ ✸✳ ✶✿ ❈ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ♦ ♣ ❡ ❛ ♥ ❞ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ♦❢ ❤ ❡ ❝ ❛❧ ❛ ♣ ♦ ♣ ❛ ❣ ❛ ♦ ✳ ■ ♥
♦ ❞ ❡ ♦ ❝ ❤ ♦ ♦ ❡ ❤ ❡ ❜ ❡ ❝ ❛❧ ❛ ♣ ♦ ♣ ❛ ❣ ❛ ♦ ❢ ♦ ❛ ❣✐ ✈ ❡ ♥ ❛ ❦✱ ♦ ♥ ❡ ❤ ❛ ♦ ❝ ♦ ♠ ♣ ❛ ❡
❤ ❡✐ ❞✐ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ❛ ♥ ❞ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ✳ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❤ ❡ ❆ ❙ ▼ ✐ ♦❢ ❡ ♥ ❛ ❜ ❛ ❞ ❝ ❤ ♦✐ ❝ ❡
❢ ♦ ❛ ♥ ✐ ❡ ❛ ✐ ✈ ❡ ❛❧ ❣ ♦ ✐ ❤ ♠ ✐ ♥ ❝ ❡ ✐ ✐ ♥ ♦ ❞✐ ❡ ❝ ❧ ② ✐ ♥ ✈ ❡ ✐ ❜❧ ❡✳
✸✳ ✶✳ ✸ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ♦❢ ❲ ❛ ✈ ❡ ❛ ♥ ❞ ❛ ✐ ❛❧ ❉ ❡ ✐ ✈ ❛ ✐ ✈ ❡ ✐ ♥ ❉✐❢✲
❢ ❡ ❡ ♥ ❧ ❛ ♥ ❡
❙ ♦ ♠ ❡ ✐ ♠ ❡ ✱ ✐ ✐ ❝ ♦ ♥ ✈ ❡ ♥✐ ❡ ♥ ♦ ✇ ✐ ❡ ❤ ❡ ❧ ♦ ✇❧ ② ✈ ❛ ②✐ ♥ ❣ ❢ ✉ ♥ ❝ ✐ ♦ ♥ U d ❛
U d [x, y ] = e x p [iΦ [ x, y ]] .
❚ ❤✐ ✐ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡ ❤ ❡ ❝ ❛ ❡ ✐❢ ❤✐ ❣ ❤ ❡ ♦ ❞ ❡ ♦❢ ❛ ❋ ❩ ❛ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞✳ ❯ ✉ ❛❧❧ ②✱
Φ ❝ ❛ ♥ ♥ ♦ ❜ ❡ ❡ ❝ ♦ ✈ ❡ ❡ ❞ ❢ ♦ ♠ ❛ ❞✐ ❝ ❡ ✐ ❡ ❞ U d ❞ ✉ ❡ ♦ ❛ ♠ ❜✐ ❣ ✉✐ ✐ ❡ ♦❢ ❤ ❡ ❝ ♦ ✈ ❡ ✐ ♥ ❣
t ∈ R → e x p [ i t] ∈ S 1 ⊂ C ✳ ◆ ❡ ✈ ❡ ❤ ❡❧ ❡ ✱ ❞ ✉ ❡ ♦ ❤ ❡ ❡❧ ❛ ✐ ♦ ♥ ❤✐ ♣ ❜ ❡ ✇ ❡ ❡ ♥ U
❛ ♥ ❞ U d ✱ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ♣ ❧ ❡ ❛ ❞ ♦ ❛ ♥ ❡ ① ♣❧✐ ❝✐ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ Φ ✳ ❋✐ ❧ ②✱ ❤ ❡ ♣ ❛ ✐ ❛❧
❞ ❡ ✐ ✈ ❛ ✐ ✈ ❡ ♦❢ U d ❛ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞✿
∂ x U d = ∂ x e x p [ iΦ]
= e x p [ iΦ] i ∂x Φ
= i Ud ∂ x Φ
∂ y U d = · · · = i Ud ∂ y Φ .
❲❡ ❝ ❛ ♥ ♥ ♦ ✇ ❞ ❡ ❞ ✉ ❝ ❡ ❢ ♦ ❛ ♥ ② ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ Φ ❛ ♥ ❞ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ♣ ❛ ❤ Γ : [ 0 , 1] → R 2
✇ ❤✐ ❝ ❤ ❛ ✐ ♥ (x 0 , y0 ) ❛ ♥ ❞ ❡ ♥ ❞ ✐ ♥ (x, y ) ❤ ❛
d U d = i Ud d Φ
Φ [ x, y ] = − i
Γ
U d d U d
U d U d d s + Φ [ x 0 , y0 ] .
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Since dUd and Ud can be computed independently from U, this expression resolves 
the ambiguity of cp, 
Wc;,, now deduce Ud in one plane using U from a.nother plane. The following 
calculatilon explicitly shows the relationship between Ud and U 
If U satisfies the conditions of the theorem of differentiation under the integral 
sign, the partial differentiation follows from the product rule 
(z2 - X� - y;) 













iAU [x1, Y1, z1] exp -iT 2z - z dx1dy1. 
Numerical simulations showed that the direct implementation of this formula is un­
stable and yields the correct solution only for sufficiently small derivatives. Hence, 
we primarily use it as an independent criterion to velify that a separation of a 
wave into a fast and a slmvly oscillating function is justified. 
A better working approach for the iterative phase reconstruction of cp from U
is shown in section 7.2.1 where it is used for the design of binary diffractive optical 
elements. 
3.2 Simulating the Propagation of Soft X-rays in 
a Medium 
In the last section, we studied the free space propagation of scalar waves. In order 
to include a sample into our microscopy Simulations, we now study the propagation 
in an inhomogeneous medium. As mentioned in section §1, the inhomogeneous 
scalar Helmholtz equation 
(3.9) 
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❞ ❡ ❝ ✐ ❜ ❡ ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ♦❢ ❛ ❝ ❛❧ ❛ ✜ ❡❧ ❞ U ✇✐ ❤✐ ♥ ❛ ♥ ✐ ♥ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❜ ✉ ❧ ♦ ✇❧ ②
✈ ❛ ②✐ ♥ ❣ ❛ ♥ ❞ ✇ ❡ ❛ ❦❧ ② ❝ ❛ ❡ ✐ ♥ ❣ ♠ ❛ ❡ ✐ ❛❧✳ ■ ♥ ❣ ❡ ♥ ❡ ❛❧✱ ❤✐ ❡ ✉ ❛ ✐ ♦ ♥ ✐ ❝ ❤ ❛❧❧ ❡ ♥ ❣✐ ♥ ❣✱
❜ ✉ ♦ ♠ ❡ ♣ ❡ ❝✐ ❛❧ ❝ ❛ ❡ ❛ ❡ ♦❧ ✈ ❡ ❞ ♠ ♦ ❡ ❡ ❛ ✐❧ ② ❛ ♥ ❞ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ❝ ❛ ♥ ❜ ❡ ✉ ❡ ❞ ♦ ✜ ♥ ❞
♥ ✉ ♠ ❡ ✐ ❝ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♦ ❝ ♦ ♠ ♣❧ ❡ ① ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ♣ ♦ ❜❧ ❡ ♠ ✳ ❋ ♦ ❤ ❡ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✐ ♥
❤✐ ❤ ❡ ✐ ✱ ✇ ❡ ✉ ❡ ❤ ❡ ♣ ❛ ❛ ①✐ ❛❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✱ ❤ ❡ ✭ ✜ ✮ ❇ ♦ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❛ ♥ ❞
❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✱ ♦ ♠ ♦ ❞✐ ✜ ❡ ❞ ✈ ❡ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✳
■❢ ❤ ❡ ❧✐ ❣ ❤ ♣ ♦ ♣ ❛ ❣ ❛ ❡ ❡ ❡ ♥ ✐ ❛❧❧ ② ❛❧ ♦ ♥ ❣ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ❛ ①✐ ✱ ❤ ❡ ♣ ❛ ❛ ①✐ ❛❧ ❛ ♣ ♣ ♦ ①✐✲
♠ ❛ ✐ ♦ ♥ ✐ ♠ ♣❧✐ ✜ ❡ ❤ ❡ ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥ ✳ ❋ ♦ ❤ ❡ ♣ ❛ ❛ ①✐ ❛❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✱ ❤ ❡ ✇ ❛ ✈ ❡✲ ✜ ❡❧ ❞
U ✐ ❡ ✇ ✐ ❡ ♥ ❛ ❤ ❡ ♣ ♦ ❞ ✉ ❝ ♦❢ ❛ ♥ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ❢ ✉ ♥ ❝ ✐ ♦ ♥ U˜ ❛ ♥ ❞ ❛ ♣❧ ❛ ♥ ❡ ✇ ❛ ✈ ❡ ♣ ♦ ♣ ❛✲
❣ ❛ ✐ ♥ ❣ ❛❧ ♦ ♥ ❣ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ❛ ①✐ ✭ ❤ ❡ ❡ ③✮ U = U˜ [x, y, z ] e x p [i k0 z ]✳ ❙✐ ♥ ❝ ❡ ✐ ✐ ❛ ✉ ♠ ❡ ❞
❤ ❛ ❤ ❡ ❡ ♥ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ♥ ♦ ✇ ❧ ♦ ✇❧ ② ✈ ❛ ②✐ ♥ ❣ ✐ ♥ ③✱ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✐ ♥ ❡ ✉ ❛❧✐ ②
❤ ♦❧ ❞ ✿ ∂ 2 U˜∂ z 2 k 0 ∂ U˜∂ z . ❙ ✉ ❜ ✐ ✉ ✐ ♥ ❣ ❤✐ ✐ ♥ ♦ ❤ ❡ ❍ ❡❧ ♠ ❤ ♦❧ ③ ❡ ✉ ❛ ✐ ♦ ♥ ②✐ ❡❧ ❞ ✿
∆ + k 20 n 2 U˜ [x, y, z ] e x p [i k0 z ] = 0
∆ ⊥ U˜ + ✟ ✟ ✟∂ z, z U˜ + 2 i k0 ∂ z U˜ − k 20 U˜ + k 20 n 2 U˜ e x p [ i k0 z ] = 0
≈ ∆ ⊥ U˜ + 2 i k0 ∂ z U˜ + k 20 n 2 − 1 U˜ e x p [ i k0 z ] = 0
≈ ∆ ⊥ U˜ + 2 i k0 ∂ z U˜ + k 20 n 2 − 1 U˜ = 0 ✭ ✸✳ ✶ ✵✮
✇ ❤✐ ❝ ❤ ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦
∆ ⊥ U + 2 i k0 (∂ z U − i k0 U ) + k 20 n 2 − 1 U = 0
∆ ⊥ U + 2 i k0 ∂ z U + k 20 n 2 + 1 U = 0 .
❚ ❤✐ ❡ ✉ ❛ ✐ ♦ ♥ ✐ ✈✐ ❛❧ ❢ ♦ ❤ ❡ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✳ ■ ♥ ❤ ❡ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✱ ✐ ✐ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧❧ ②
❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❞✳ ❖ ♥ ❡ ❡ ① ❛ ♠ ♣❧ ❡ ✐ ❤ ❡ ✜ ❇ ♦ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✳
❚ ❤ ❡ ❋✐ ❇ ♦ ♥ ❆ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥
❚ ❤ ❡ ✜ ❇ ♦ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❛ ✉ ♠ ❡ ❤ ❛ ❤ ❡ ✐ ♥ ❝✐ ❞ ❡ ♥ ✜ ❡❧ ❞ ✐ ♥ ♦ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ②
❝ ❤ ❛ ♥ ❣ ❡ ❞ ❞ ✉ ❡ ♦ ❤ ❡ ♣ ❡ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ♦ ❜❥ ❡ ❝ ✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ✐ ♥ ❡ ❛ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ❜❥ ❡ ❝
✇✐ ❤ ❤ ❡ ✐ ♥ ❝✐ ❞ ❡ ♥ ✜ ❡❧ ❞ ✐ ✇ ❡❧❧ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ✇✐ ❤ ♦ ✉ ❛ ❦✐ ♥ ❣ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ❤ ❡ ✐ ♥ ❡ ❛ ❝ ✐ ♦ ♥
♦❢ ❤ ❡ ✜ ❡❧ ❞ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❤ ❡ ♦ ❜❥ ❡ ❝ ✇✐ ❤ ❤ ❡ ♦ ❜❥ ❡ ❝ ✐ ❡❧❢✳ ❋ ♦ ❤ ❡ ✜ ❇ ♦ ♥
❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❛ ♣ ♣❧✐ ❡ ❞ ♦ ❤ ❡ ♣ ❛ ❛ ①✐ ❛❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❍ ❡❧ ♠ ❤ ♦❧ ③ ❡ ✉ ❛ ✐ ♦ ♥✱
❤ ❡ ❝ ❛❧ ❛ ✇ ❛ ✈ ❡✲ ✜ ❡❧ ❞ U˜ ✐ ❡ ♣ ❛ ❛ ❡ ❞ ✐ ♥ ♦ ❛ ♥ ✐ ♥ ❝✐ ❞ ❡ ♥ ✜ ❡❧ ❞ ˜U 0 ✇ ❤✐ ❝ ❤ ❛ ✐ ✜ ❡ ❤ ❡
♣ ❛ ❛ ①✐ ❛❧ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❍ ❡❧ ♠ ❤ ♦❧ ③ ❡ ✉ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❛ ❝ ❛ ❡ ❡ ❞ ✜ ❡❧ ❞ ˜U s . ❆ ♣ ♣❧ ②✐ ♥ ❣ ❤✐
❛ ♣ ♣ ♦ ❛ ❝ ❤ ♦ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✸✳ ✶ ✵✮ ②✐ ❡❧ ❞ ✿
✺ ✻ ❈ ❍ ❆ ❚ ❊ ❘ ✸✳ ◆ ❯ ▼ ❊ ❘■ ❈ ❆ ▲ ▼ ❊ ❚ ❍ ❖ ❉ ❙ ❋ ❖ ❘ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ●
∆ ⊥ ˜U 0 + 2 i k0 ∂ z ˜U 0 = 0
∆ ⊥ U˜ + 2 i k0 ∂ z U˜ + k 20 n 2 − 1 U˜ = 0
∆ ⊥ ˜U 0 + ˜U s + 2 i k0 ∂ z ˜U 0 + ˜U s + k 20 n 2 − 1 U˜ 0 + ˜U s = 0 .
❯ ✐ ♥ ❣ ❤ ❡ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥✱ ✇ ❡ ♦ ❜ ❛✐ ♥
∆ ⊥ ˜U s + 2 i k0 ∂ z ˜U s + k 20 n 2 − 1 U˜ 0 + ˜U s = 0 .
❙✐ ♥ ❝ ❡ ❤ ❡ ✜ ❇ ♦ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✐ ✉ ❡ ❞✱ ❤ ❡ ❝ ♦ ♥ ✐ ❜ ✉ ✐ ♦ ♥ ♦❢ ˜U s ♦ ❤ ❡ ❧ ❛ ✉ ♠
✐ ❛ ✉ ♠ ❡ ❞ ♦ ❜ ❡ ♥ ❡ ❣❧✐ ❣✐ ❜❧ ❡✳ ❍ ❡ ♥ ❝ ❡✱ ❤ ❡ ❧ ❛ ❡ ✉ ❛ ✐ ♦ ♥ ❝ ❛ ♥ ❜ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❞ ❜ ②
∆ ⊥ ˜U s + 2 i k0 ∂ z ˜U s ≈ k 20 1 − n 2 ˜U 0 . ✭ ✸✳ ✶ ✶✮
❚ ❤ ❡ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ❦ ❡ ♥ ❡❧ ♦❢ ❤ ❡ ❋ ❡ ♥ ❡❧ ♣ ♦ ♣ ❛ ❣ ❛ ♦ ✐ ❛ ● ❡ ❡ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✭❢ ✉ ♥ ❞ ❛✲
♠ ❡ ♥ ❛❧ ♦❧ ✉ ✐ ♦ ♥✮ ♦ ❤✐ ❡ ✉ ❛ ✐ ♦ ♥✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ❣✐ ✈ ❡ ♥ ❜ ②
U s [x, y, z ] =
R 3
e x p [ i k0 (z − z )]
i λ e x p i k0
(x − x ) 2 + ( y − y ) 2
2 ( z − z ) ✭ ✸✳ ✶ ✷✮
k 20 n 2 − 1 U 0 [x , y , z ] d x d y d z .
❚ ❤ ❡ ♦ ❥ ❡ ❝ ✐ ♦ ♥ ❆ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥
❆ ❡ ❝ ♦ ♥ ❞ ✇ ❛ ② ♦ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✸✳ ✶ ✵✮ ✐ ♦ ❛ ✉ ♠ ❡ ❤ ❛ ❤ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ♦❢
❤ ❡ ✜ ❡❧ ❞ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♦ ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❞✐ ❡ ❝ ✐ ♦ ♥ ✐ ❧ ♦ ✇ ♦ ❤ ❛ ❤ ❡ ∆ ⊥ U˜ ♣ ❛ ✐
♥ ❡ ❣❧✐ ❣✐ ❜❧ ❡✳ ❚ ❤ ❡ ♥✱ ❤ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ❝ ❛ ♥ ❞✐ ❡ ❝ ❧ ② ❜ ❡ ♦❧ ✈ ❡ ❞
2 i k0 ∂ z U˜ ≈ k 20 1 − n 2 U˜
= ⇒ U˜ [x, y, z ] ≈ U˜ [x, y, z 0 ] e x p k 02 i
z
z 0
1 − n 2 [x, y, z ] d z . ✭ ✸✳ ✶ ✸✮
❚ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ❢ ♦ ♠ ✉❧ ❛ ✐ ❛❧ ♦ ❝ ❛❧❧ ❡ ❞ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✳
❚ ❤ ❡ ▼ ✉❧ ✐ ❧✐ ❝ ❡ ▼ ❡ ❤ ♦ ❞
❋ ♦ ♦ ✉ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✱ ✇ ❡ ✉ ✉ ❛❧❧ ② ✉ ❡ ❛ ✈ ❡ ✐ ♦ ♥ ♦❢ ❤ ❡ ♠ ✉❧ ✐ ❧✐ ❝ ❡ ♠ ❡ ❤ ♦ ❞ ❬ ✷ ✶✱ ✾ ✺❪✳
■ ♥ ❤✐ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✱ ❤ ❡ ✐ ♥ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ♠ ❡ ❞✐ ✉ ♠ ✐ ✉ ❜ ❞✐ ✈✐ ❞ ❡ ❞ ✐ ♥ ♦ ❧✐ ❝ ❡ ♣ ❡ ✲
♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛ ♦ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ✇ ❛ ✈ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥✳ ❚ ❤ ❡ ♠ ❛✐ ♥ ✐ ❞ ❡ ❛ ✐ ♦ ❡ ♣ ❛ ❛ ❡
❤ ❡ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❝ ❛ ✉ ❡ ❞ ❜ ② ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❧✐ ❝ ❡ ❛ ♥ ❞ ❤ ❡ ♣ ❤ ❛ ❡ ❛ ♥ ❞
❛ ♠ ♣❧✐ ✉ ❞ ❡ ❤✐❢ ❝ ❛ ✉ ❡ ❞ ❜ ② ❤ ❡ ✐ ♥ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ♠ ❡ ❞✐ ✉ ♠ ✐ ♥ ❤ ❡ ❧✐ ❝ ❡✳
✸✳ ✷✳ ❙■ ▼ ❯ ▲ ❆ ❚■ ◆ ● ❚ ❍ ❊ ❘ ❖ ❆ ● ❆ ❚■ ❖ ◆ ❖ ❋ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ❙ ■ ◆ ❆ ▼ ❊ ❉■ ❯ ▼ ✺ ✼
■❢ ❤ ❡ ❧✐ ❝ ❡ ❛ ❛ z ❛ ♥ ❞ ❡ ♥ ❞ ❛ z + ∆ z ✱ ❤ ❡ ✜ ❡❧ ❞ U [x, y, z ] ✐ ♣ ♦ ♣ ❛ ❣ ❛ ❡ ❞
♦ z + ∆ z ❜ ② ❛ ♥ ② ✇ ❛ ✈ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ♦ ❢ ♦ ❛ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ♠ ❡ ❞✐ ✉ ♠✳ ❚ ❤ ❡ ❡ ✛ ❡ ❝ ♦❢ ❤ ❡
✐ ♥ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ♠ ❡ ❞✐ ✉ ♠ ✐ ❤ ❡ ♥ ❛ ❦ ❡ ♥ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ❜ ② ♠ ✉❧ ✐ ♣❧ ②✐ ♥ ❣ ✇✐ ❤
e x p k 02 i
z + ∆ z
z
1 − n 2 [x, y, z ] d z
❛ ✐ ♥ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✳ ■ ❤ ♦ ✉❧ ❞ ❜ ❡ ❤✐ ❣ ❤❧✐ ❣ ❤ ❡ ❞ ❤ ❛ ❤✐ ❛ ♣ ♣ ♦ ①✐ ♠ ❛✲
✐ ♦ ♥ ❞✐ ✛ ❡ ❢ ♦ ♠ ❤ ❡ ✜ ❇ ♦ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❝ ❡ ✐ ✐ ♥ ❝❧ ✉ ❞ ❡ ❤ ❡ ❛ ❡ ♥ ✉ ❛ ✐ ♦ ♥ ♦❢
❤ ❡ ✐ ♥ ❝✐ ❞ ❡ ♥ ✇ ❛ ✈ ❡✳
❈❧ ❛ ✐ ❝ ❛❧ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ♦ ♥ ✉ ❡ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❜ ❛ ❡ ❞ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ❡ ❛ ❝ ❤
♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❡ ♣✳ ■ ✐ ✇ ❡❧❧ ❦ ♥ ♦ ✇ ♥ ❤ ❛ ❤ ❡ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ♦ ♥ ♣ ♦✲
❞ ✉ ❝ ❡ ❛ ✐❢ ❛ ❝ ❛❧ ♦ ♥ ❣ ❤ ❡ ❜ ♦ ❞ ❡ ♦❢ ❤ ❡ ✐ ♠ ✉❧ ❛ ❡ ❞ ✜ ❡❧ ❞ ✇ ❤✐ ❝ ❤ ♣ ♦ ♣ ❛ ❣ ❛ ❡ ❢ ✉ ❤ ❡ ✐ ♥ ♦
❤ ❡ ❝ ❡ ♥ ❡ ❢ ♦ ✉ ❝ ❝ ❡ ✐ ✈ ❡ ❧✐ ❝ ❡ ✳✷ ❙✐ ♥ ❝ ❡ ✐ ♥ ♦ ✉ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✱ ♦ ♥❧ ② ❳✲ ❛ ② ♣ ❛ ✐ ♥ ❣
❤ ♦ ✉ ❣ ❤ ❤ ❡ ♦ ♣ ✐ ❝ ❛ ❡ ✐ ♠ ♣ ♦ ❛ ♥ ✱ ✇ ❡ ❝ ❤ ♦ ❡ ♦ ✐ ❣ ♥ ♦ ❡ ❡ ✈ ❛ ♥ ❡ ❝ ❡ ♥ ✇ ❛ ✈ ❡ ❛ ♥ ❞ ✉ ❡
❛ ❝ ♦ ♠ ❜✐ ♥ ❛ ✐ ♦ ♥ ♦❢ ❋ ❡ ♥ ❡❧ ❢ ♦ ✇ ❛ ❞ ❛ ♥ ❞ ❜ ❛ ❝ ❦ ✇ ❛ ❞ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ❢ ❡ ❡ ♣ ♦ ♣ ❛✲
❣ ❛ ✐ ♦ ♥ ❡ ♣✳ ❚ ❤ ❡ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ♦❢ ❤✐ ♠ ❡ ❤ ♦ ❞ ✐ ♥ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦ ❤ ❡ ❝ ♦ ♠ ♠ ♦ ♥❧ ② ✉ ❡ ❞
❞✐ ❡ ❝ ❧ ❛ ② ❡ ♦ ❧ ❛ ② ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ✐ ❤ ❛ ✇ ❡ ❝ ❛ ♥ ♣ ❛ ❞ ❤ ❡ ❛ ✐ ♥ ❣ ✜ ❡❧ ❞ ✐ ♥ ✉ ❝ ❤ ❛
✇ ❛ ② ❤ ❛ ❤ ❡ ❛ ✐❢ ❛ ❝ ❞ ♦ ♥ ♦ ♦ ❝ ❝ ✉ ✐ ♥ ❤ ❡ ❡ ❣✐ ♦ ♥ ♦❢ ✐ ♥ ❡ ❡ ✳ ❆ ✉ ✣ ❝✐ ❡ ♥ ❧ ② ❧ ❛ ❣ ❡
♣ ❛ ❞ ❞✐ ♥ ❣ ♣ ♦ ❡ ❝ ❤ ❡ ❡ ❣✐ ♦ ♥ ♦❢ ✐ ♥ ❡ ❡ ✐ ♥ ❝ ❡ ❤ ❡ ❛ ✐❢ ❛ ❝ ♣ ♦ ♣ ❛ ❣ ❛ ❡ ✐ ♥ ✇ ❛ ❞ ❛
❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡❧ ② ❤ ❡ ❛ ♠ ❡ ❛ ♥ ❣❧ ❡ ❛ ❤ ❡ ❛ ♣ ❡ ✉ ❡ ♦❢ ❤ ❡ ❧ ❡ ♥ ✳
❙ ✉ ♠ ♠ ❛ ②
■ ♥ ❤✐ ❝ ❤ ❛ ♣ ❡ ✱ ✇ ❡ ❤ ❛ ✈ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❤ ❡ ❜ ❛ ✐ ❝ ♦❢ ❛❧❧ ❤ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ♠ ❡ ❤ ♦ ❞ ✉ ❡ ❞ ✐ ♥
❤✐ ❤ ❡ ✐ ✳ ❚ ❤ ❡ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ♠ ❡ ❤ ♦ ❞ ❛ ❡ ✉ ❡ ❞ ✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ❤ ❛ ♣ ❡ ♦ ✐ ♠ ✉❧ ❛ ❡
❛ ♥ ❞ ❛ ♥ ❛❧ ② ③ ❡ ❞✐ ✛ ❡ ❡ ♥ ♦❢ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ❡ ❤ ♦ ❞ ✳ ❲❡ ❛ ♦ ✉ ❛ ♥ ❛❧ ② ✐ ✐ ♥ ❤ ❡
♥ ❡ ① ❝ ❤ ❛ ♣ ❡ ✇✐ ❤ ♦❢ ❳✲ ❛ ② ❜ ❛ ❡ ❞ ♦ ♠ ♦ ❣ ❛ ♣ ❤ ②✳
✷ ❚ ❤ ❡ ❡ ❛ ✐❢ ❛ ❝ ❝ ❛ ♥ ❜ ❡ ✉ ♣ ♣ ❡ ❡ ❞ ❜ ② ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ♣ ❡ ❢ ❡ ❝ ❧ ② ♠ ❛ ❝ ❤ ❡ ❞ ❧ ❛ ② ❡ ✳
✺ ✽ ❈ ❍ ❆ ❚ ❊ ❘ ✸✳ ◆ ❯ ▼ ❊ ❘■ ❈ ❆ ▲ ▼ ❊ ❚ ❍ ❖ ❉ ❙ ❋ ❖ ❘ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ●
❈ ❤ ❛ ♣ ❡ ✹
❙✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ♦❢ ✸ ❉ ❙ ♦❢ ❳✲ ❛ ②
■ ♠ ❛ ❣✐ ♥ ❣ ❜ ② ❚ ♦ ♠ ♦ ❣ ❛ ♣ ❤ ②
❙ ♦❢ ❳✲ ❛ ② ✸ ❉ ♥ ❛ ♥ ♦ ❝ ❛❧ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ✐ ❛ ❝ ♦ ♠ ♣❧ ❡ ① ♣ ♦ ❝ ❡ ✳ ❆ ❞✐ ❝ ✉ ❡ ❞ ❜ ❡❢ ♦ ❡✱ ♦ ♥ ❡
♦❢ ❤ ❡ ♠ ♦ ✉ ❝ ❝ ❡ ❢ ✉❧ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❡ ✐ ❜ ❛ ❡ ❞ ♦ ♥ ♦ ♠ ♦ ❣ ❛ ♣ ❤ ②✳ ❈❧ ❛ ✐ ❝ ❛❧ ♦ ♠ ♦ ❣ ❛ ♣ ❤ ②
❛ ✉ ♠ ❡ ❤ ❛ ❧✐ ❣ ❤ ❛ ✈ ❡❧ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ♦ ❜❥ ❡ ❝ ❛❧ ♦ ♥ ❣ ❛✐ ❣ ❤ ✱ ♣ ❛ ❛❧❧ ❡❧ ❜ ❡ ❛ ♠ ✇✐ ❤ ♦ ✉
❛ ♥ ② ❞✐ ✛ ❛ ❝ ✐ ♦ ♥✳ ❆❧ ♦ ♥ ❣ ❤ ❡ ❡ ♣ ❛ ❤ ✱ ❤ ❡ ✐ ♥ ❡ ♥ ✐ ② ❞ ❡ ❝ ❡ ❛ ❡ ✐ ♥ ❛ ❝ ❝ ♦ ❞ ❛ ♥ ❝ ❡ ✇✐ ❤ ❤ ❡
❇ ❡ ❡ ✲ ▲ ❛ ♠ ❜ ❡ ❧ ❛ ✇✳
■ ♥ ❛ ❢ ✉❧❧✲ ✜ ❡❧ ❞ ♦❢ ❳✲ ❛ ② ❛ ♥ ♠✐ ✐ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ❡ ✉ ♣✱ ❳✲ ❛ ② ❧ ❡ ♥ ❡ ❢ ♦ ♠ ❛ ♥
❡ ♥❧ ❛ ❣ ❡ ❞ ✐ ♠ ❛ ❣ ❡ ♦❢ ❤ ❡ ♦ ❜❥ ❡ ❝ ✳ ❋ ♦ ♦❢ ❳✲ ❛ ② ✱ ❤ ❡ ♦ ♣ ✐ ❝ ❛ ❡ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡
✇ ❤✐ ❝ ❤ ❛ ❡ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❜ ❛ ❡ ❞ ❛ ♥ ❞ ❤ ❛ ✈ ❡ ❛ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ✐ ♠✐❧ ❛ ♦ ♠ ❛❧❧ ❡ ❤ ❛ ♥
❤ ❡ ❤✐ ❝ ❦ ♥ ❡ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ❇ ❡ ❡ ✲ ▲ ❛ ♠ ❜ ❡ ❧ ❛ ✇ ❜ ❛ ❡ ❞ ❧✐ ♥ ❡ ✐ ♥ ❡ ❣ ❛❧
❛ ♣ ♣ ♦ ❛ ❝ ❤ ♦❢ ❝❧ ❛ ✐ ❝ ❛❧ ♦ ♠ ♦ ❣ ❛ ♣ ❤ ② ✐ ♥ ♦ ♣ ❡ ❢ ❡ ❝ ❧ ② ❢ ✉❧ ✜❧❧ ❡ ❞✳
✹✳ ✶ ❆ ❈ ❡❧❧✲❧✐ ❦ ❡ ❤ ❛ ♥ ♦ ♠ ❢ ♦ ❚ ♦ ♠ ♦ ❣ ❛ ♣ ❤ ②
■ ♥ ♦ ❞ ❡ ♦ ✉ ❞ ② ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ❛ ♥ ♦ ♣ ✐ ❝ ❛❧ ② ❡ ♠✱ ✐ ✐ ❡ ❡ ♥ ✐ ❛❧ ♦
❞ ❡ ✜ ♥ ❡ ❛ ✇ ❡❧❧✲ ✉✐ ❡ ❞ ✸ ❉ ❡ ♦ ❜❥ ❡ ❝ ✳ ♦ ♣ ❡ ✐ ❡ ❧✐ ❦ ❡ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥✱ ❤ ❡ ❞ ❡ ♣ ❤ ♦❢
❢ ♦ ❝ ✉ ✱ ❤ ❡ ✜ ❡❧ ❞ ♦❢ ✈✐ ❡ ✇ ❛ ♥ ❞ ❤ ❡ ❝ ♦ ♥ ❛ ❛ ♥ ❢ ❡ ❝ ❛ ♥ ❜ ❡ ❞ ❡ ❞ ✉ ❝ ❡ ❞ ❜ ② ❝ ♦ ♠ ♣ ❛ ✐ ♥ ❣
❤ ❡ ✐ ♠ ❛ ❣ ❡ ♦❢ ❤ ❡ ♦ ❜❥ ❡ ❝ ✇✐ ❤ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ♦ ❜❥ ❡ ❝ ✳ ❖ ✉ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✇✐❧❧ ❤ ♦ ✇ ❤ ❛
♦ ♠ ❡ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ② ❡ ♠ ❛ ❡ ♦ ♥❧ ② ❛ ♣ ♣ ❛ ❡ ♥ ✐ ♥ ✐ ♠ ❛ ❣ ❡ ♦❢ ❡ ① ❡ ♥ ❞ ❡ ❞ ✸ ❉
♦ ❜❥ ❡ ❝ ✳
■ ♥ ❤✐ ❤ ❡ ✐ ✱ ❞✐ ✛ ❡ ❡ ♥ ♦❢ ❳✲ ❛ ② ❡ ✉ ♣ ❢ ♦ ✸ ❉ ✐ ♠ ❛ ❣✐ ♥ ❣ ♦❢ ❝ ② ♦ ❣ ❡ ♥✐ ❝ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧
❛ ♠ ♣❧ ❡ ❛ ❡ ✐ ♥ ✈ ❡ ✐ ❣ ❛ ❡ ❞ ❛ ♥ ❞ ❝ ♦ ♠ ♣ ❛ ❡ ❞✳ ❆ ❣ ♦ ♦ ❞ ❡ ① ❛ ♠ ♣❧ ❡ ❢ ♦ ❤ ❡ ✸ ❉ ✐ ♠ ❛ ❣✐ ♥ ❣
❝ ❛ ♣ ❛ ❜✐❧✐ ✐ ❡ ♦❢ ❛ ❛ ♥ ♠✐ ✐ ♦ ♥ ♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✐ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✹✳ ✶✳ ❋ ♦
❤ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ✐ ♥ ✈ ❡ ✐ ❣ ❛ ✐ ♦ ♥ ❛ ❝ ❡❧❧ ❧✐ ❦ ❡ ♣ ❤ ❛ ♥ ♦ ♠ ✐ ❡ ✉✐ ❡ ❞✳ ❚ ❤✐ ♣ ❤ ❛ ♥ ♦ ♠ ❤ ♦ ✉❧ ❞
❡ ✢ ❡ ❝ ❤ ❡ ♠ ♦ ✐ ♠ ♣ ♦ ❛ ♥ ✉ ❝ ✉ ❡ ♦❢ ❝ ❡❧❧ ✳ ❖ ✉ ♣ ❤ ❛ ♥ ♦ ♠ ❝ ♦ ♥ ❛✐ ♥ ❧ ♦ ♥ ❣ ❛ ♥ ♥ ✉❧ ❛
♦ ❜❥ ❡ ❝ ✇ ❤✐ ❝ ❤ ❤ ❛ ✈ ❡ ✐ ♠✐❧ ❛ ♦ ♣ ✐ ❝ ❛❧ ♣ ♦ ♣ ❡ ✐ ❡ ♦ ♠✐ ❝ ♦ ✉ ❜ ✉❧ ❡ ❛ ✇ ❡❧❧ ❛ ✜❧❧ ❡ ❞
✺ ✾
✻ ✵ ❈ ❍ ❆ ❚ ❊ ❘ ✹✳ ✸ ❉ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ● ❇ ❨ ❚ ❖ ▼ ❖ ● ❘ ❆ ❍ ❨
❋✐ ❣ ✉ ❡ ✹✳ ✶✿ ❚ ❤✐ ✈ ♦❧ ✉ ♠ ❡ ✐ ❝ ❡ ♥ ❞ ❡ ✐ ♥ ❣ ❤✐ ❣ ❤❧✐ ❣ ❤ ❤ ❡ ❞✐ ❝ ❡ ♥✐ ❜❧ ❡ ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ♦❢
❤ ❡ ❝ ② ♦ ♣❧ ❛ ♠ ❛ ✇ ❡❧❧ ❛ ❤ ❡ ♥ ✉ ❝❧ ❡ ❛ ❡ ♥ ✈ ❡❧ ♦ ♣ ❡✳ ❚ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❚ ❳ ▼ ❜ ❛ ❡ ❞ ♦ ♠ ♦ ❣ ❛ ♠
✐ ❤ ♦ ✇ ♥ ✐ ♥ ♦ ❛ ♥ ❣ ❡✳ ❆ ❝ ♦ ♠ ♣❧ ❡ ❡ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ♦❢ ❤ ❡ ♠ ❡ ❤ ♦ ❞ ❛ ✇ ❡❧❧ ❛ ❤ ❡ ❛ ♠ ♣❧ ❡
❛ ♥ ❞ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ✐ ♠ ❛ ❣ ❡ ❛ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ❬ ✽ ✸❪✳ ■ ♠ ❛ ❣ ❡ ✇ ❛ ♣ ♦ ✈✐ ❞ ❡ ❞ ❜ ② ❤ ❡ ❛ ✉ ❤ ♦
♦❢ ❬ ✽ ✸❪✱ ❛ ♥ ❞ ✉ ❡ ❞ ✇✐ ❤ ❤ ❡✐ ♣ ❡ ♠✐ ✐ ♦ ♥✳
❝ ②❧✐ ♥ ❞ ❡ ✇ ❤✐ ❝ ❤ ❡ ♣ ❡ ❡ ♥ ❝ ❤ ♦ ♠ ❛ ✐ ♥✳ ▼ ❡ ♠ ❜ ❛ ♥ ❡ ❛ ❡ ✐ ♠ ✉❧ ❛ ❡ ❞ ❜ ② ❡❧❧✐ ♣ ✐ ❝ ❛❧
✉ ❢ ❛ ❝ ❡ ✇✐ ❤ ❛ ❤✐ ❝ ❦ ♥ ❡ ♦❢ ❛ ❢ ❡ ✇ ♥ ❛ ♥ ♦ ♠ ❡ ❡ ✳ ❚ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠ ❤ ❛ ♦ ❜ ❡ ❧ ❛ ❣ ❡ ❤ ❛ ♥
❤ ❡ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ✐ ♥ ♦ ❞ ❡ ♦ ✐ ♥ ❝❧ ✉ ❞ ❡ ❤ ❡ ❡ ✛ ❡ ❝ ♦❢ ✐ ♠ ❛ ❣ ❡ ❞ ❡ ❣ ❡ ♥ ❡ ❛ ✐ ♦ ♥ ❞ ✉ ❡ ♦ ❤ ❡
❧✐ ♠✐ ❡ ❞ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ✳
❚ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ❡❢ ❛ ❝ ✐ ✈ ❡ ✐ ♥ ❞ ❡ ① ❢ ♦ ❡ ❛ ❝ ❤ ② ♣ ❡ ♦❢ ♣ ❤ ❛ ♥ ♦ ♠ ✉ ❝ ✉ ❡ ✐ ♥ ❝ ♦ ♣ ♦ ❛ ❡
❤ ❡✐ ❦ ♥ ♦ ✇ ♥ ♠ ♦❧ ❡ ❝ ✉❧ ❛ ❝ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥✳ ■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ❡❢ ❛ ❝ ✐ ✈ ❡ ✐ ♥ ❞✐ ❝ ❡ ❢ ♦
♠✐ ❝ ♦ ✉ ❜ ✉❧ ❡ ❛ ♥ ❞ ❝ ❤ ♦ ♠ ❛ ✐ ♥ ❛ ❦ ❡ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ❤ ❛ ❤ ❡ ❡ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ✉ ❝ ✉ ❡ ❛ ❡
❤ ② ❞ ❛ ❡ ❞✳ ■ ♥ ❝ ♦ ♥ ❛ ✱ ❤ ❡ ✐ ♥ ✐ ❞ ❡ ♦❢ ♠ ❡ ♠ ❜ ❛ ♥ ❡ ❛ ❡ ❤ ② ❞ ♦ ♣ ❤ ♦ ❜✐ ❝ ❛ ♥ ❞ ❤ ✉ ❝ ♦ ♥ ❛✐ ♥
❛❧ ♠ ♦ ♥ ♦ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ✇ ❛ ❡ ✳ ❚ ❤ ❡ ❛ ✈ ❡ ❛ ❣ ❡ ❡ ♠ ♣✐ ✐ ❝ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ ❤ ❡ ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥
✹✳ ✶✳ ❆ ❈ ❊ ▲ ▲✲ ▲■ ❑ ❊ ❍ ❆ ◆ ❚ ❖ ▼ ❋ ❖ ❘ ❚ ❖ ▼ ❖ ● ❘ ❆ ❍ ❨ ✻ ✶
✭ ❛ ✮ ◆ ♦ ♥✲ ❞✐ ❝ ❡ ✐ ③ ❡ ❞ ✈ ❡ ✐ ♦ ♥ ✭ ❜ ✮ ❉✐ ❝ ❡ ✐ ③ ❡ ❞ ✈ ❡ ✐ ♦ ♥
❋✐ ❣ ✉ ❡ ✹✳ ✷✿ ❉✐ ❝ ❡ ✐ ③ ❛ ✐ ♦ ♥ ♦❢ ❛ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ♠ ❡ ♠ ❜ ❛ ♥ ❡ ❢ ♦ ❤ ❡ ❚ ❳ ▼ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥✳ ❚ ❤ ❡
❜❧ ❛ ❝ ❦ ❛ ♥ ❞ ❛ ♥ ♣ ❛ ❡ ♥ ❜ ♦ ① ❡ ❡ ♣ ❡ ❡ ♥ ✈ ♦ ① ❡❧ ✇ ❤✐❧ ❡ ❤ ❡ ❣ ❡ ❡ ♥ ✉ ❢ ❛ ❝ ❡ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②
❞ ♦ ❡ ♣ ❡ ❡ ♥ ❛ ♠ ❡ ♠ ❜ ❛ ♥ ❡✳
❛ ❡ ❣✐ ✈ ❡ ♥ ✐ ♥ ❛ ❜❧ ❡ ✹✳ ✶
❚ ❤ ❡ ❝ ❡ ❛ ✐ ♦ ♥ ♦❢ ❛ ✸ ❉ ♣ ❤ ❛ ♥ ♦ ♠ ❡ ❡ ♠ ✐ ♠ ♣❧ ❡✳ ❖ ♥ ❡ ❝ ♦ ✉❧ ❞✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❛
✇✐ ❤ ❛ ♥ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ✸ ❉ ❣ ✐ ❞ ❛ ♥ ❞ ✐ ❞ ❡ ♥ ✐❢ ② ❤ ❡ ♥ ♦ ❞ ❡ ♦❢ ❤ ❡ ❣ ✐ ❞ ✇✐ ❤ ❤ ❡ ✉ ♦ ✉ ♥ ❞✲
✐ ♥ ❣ ✈ ♦❧ ✉ ♠ ❡✳ ❚ ❤ ❡ ❡ ✈ ♦ ① ❡❧ ❡ ♣ ❡ ❡ ♥ ❤ ❡ ✉ ❝ ✉ ❡ ♦❢ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠✳ ❚ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧
♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ❡ ❛ ❝ ❤ ✈ ♦ ① ❡❧ ❛ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ❜ ② ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠ ❛
❤ ❡ ❝ ❡ ♥ ❡ ♦❢ ❤ ❡ ✈ ♦ ① ❡❧✱ ✐✳ ❡✳ ❛ ❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ♥ ♦ ❞ ❡✳ ❯ ♥❢ ♦ ✉ ♥ ❛ ❡❧ ②✱ ❤✐ ❛ ♣✲
♣ ♦ ❛ ❝ ❤ ✐ ♥ ♦ ❢ ❡ ❛ ✐ ❜❧ ❡ ♦ ♥ ❛ ♥ ♦ ♠ ❛❧ ❝ ♦ ♠ ♣ ✉ ❡ ✐ ♥ ❝ ❡ ❤ ❡ ❛ ♠ ♦ ✉ ♥ ♦❢ ♠ ❡ ♠ ♦ ② ♥ ❡ ❡ ❞ ❡ ❞
❢ ♦ ❤ ❡ ♦ ❛ ❣ ❡ ♦❢ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠ ✇ ♦ ✉❧ ❞ ❜ ❡ ✉✐ ❡ ❧ ❛ ❣ ❡✳ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❛ ✈ ♦❧ ✉ ♠ ❡ ♦❢
1 ➭ ♠ 3 ❛ ❛ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ 2 .5 ♥ ♠ ❡ ✉✐ ❡ 1 ● ❇ ♦❢ ❞ ❛ ❛ ♦ ❛ ❣ ❡✳ ❆ ❞ ❞✐ ✐ ♦ ♥ ❛❧❧ ②✱ ❤ ❡
❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥ ❛❧ ✐ ♠ ❡ ♥ ❡ ❡ ❞ ❡ ❞ ♦ ♦ ❛ ❡ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠ ✐ ❛❧ ♦ ✉✐ ❡ ❧ ♦ ♥ ❣✳ ❊ ✈ ❡ ♥ ✇ ♦ ❡
✐ ❤ ❡ ❡ ✛ ❡ ❝ ❤ ❛ ❤ ❡ ❛ ♠ ♣❧✐ ♥ ❣ ♦ ♥ ❤ ❡ ❣ ✐ ❞ ❣ ❡ ♥ ❡ ❛ ❡ ❛❧✐ ❛ ✐ ♥ ❣ ❛ ✐❢ ❛ ❝ ✳ ❚ ❤✐ ❡ ✉❧
✐ ♥ ❛ ♥ ❡ ① ❡ ♠ ❡❧ ② ♠ ❛❧❧ ❛❧❧ ♦ ✇ ❛ ❜❧ ❡ ❞✐ ❝ ❡ ✐ ③ ❛ ✐ ♦ ♥ ❡ ♣ ✐ ③ ❡ ✇ ❡❧❧ ❜ ❡❧ ♦ ✇ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥
❛ ♥ ❞ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤ ✉ ❡ ❞ ❢ ♦ ✐ ♠ ❛ ❣✐ ♥ ❣ ✭ ❡ ❡ ❛❧ ♦ ✜ ❣ ✉ ❡ ✹✳ ✸✮✳
❆ ♥ ♦ ❤ ❡ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✐ ♠ ♦ ❡ ❝ ♦ ♥ ✈ ❡ ♥✐ ❡ ♥ ❢ ♦ ♣ ❤ ❛ ♥ ♦ ♠ ✇ ❤✐ ❝ ❤ ♠ ❛✐ ♥❧ ② ❝ ♦ ♥ ✐ ♦❢
♦ ♥ ❡ ♠ ❡ ❞✐ ✉ ♠ ❛ ♥ ❞ ♦ ♠ ❡ ♣ ❛ ❡ ✉ ❝ ✉ ❡ ✱ ❤ ❡ ❧ ❛ ❡ ♦ ❝ ❝ ✉ ♣ ②✐ ♥ ❣ ♦ ♥❧ ② ❛ ♠ ❛❧❧ ❢ ❛ ❝ ✐ ♦ ♥
♦❢ ❤ ❡ ✈ ♦❧ ✉ ♠ ❡✳ ❋ ♦ ❤ ❡ ✉ ❜ ❡ ✉ ❡ ♥ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✱ ✐ ✐ ♥ ❡ ❝ ❡ ❛ ② ❤ ❛ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠
✐ ❞✐ ❝ ❡ ✐ ③ ❡ ❞ ♦ ♥ ❛ ❣ ✐ ❞✱ ✇✐ ❤ ❡ ❛ ❝ ❤ ♥ ♦ ❞ ❡ ❡ ♣ ❡ ❡ ♥ ✐ ♥ ❣ ❛ ♠ ❛❧❧ ✈ ♦ ① ❡❧✳ ■ ♥ ❝ ♦ ♥ ❛
♦ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ❤ ❡ ✈ ♦ ① ❡❧ ❛ ❡ ❝ ❛❧ ❝ ✉❧ ❛ ❡ ❞ ❜ ②
❛ ✈ ❡ ❛ ❣✐ ♥ ❣ ♦ ✈ ❡ ❛ ♥ ❞ ♦ ♠❧ ② ❝ ❤ ♦ ❡ ♥ ✉ ❜ ❛ ♠ ♣❧✐ ♥ ❣ ♣ ♦✐ ♥ ✳ ❚ ❤ ❡ ❛ ♥ ❞ ♦ ♠ ❞ ❛ ❛ ❡ ✐
❝ ❡ ❛ ❡ ❞ ❜ ② ♦ ✈ ❡ ❧ ❛ ②✐ ♥ ❣ ❤ ❡ ✈ ♦❧ ✉ ♠ ❡ ♦❢ ❤ ❡ ♣ ❛ ✐ ❝❧ ❡ ✇✐ ❤ ❛ ❝❧ ♦ ✉ ❞ ♦❢ ❛ ♥ ❞ ♦ ♠❧ ② ❝ ❤ ♦ ❡ ♥
❛ ♠ ♣❧✐ ♥ ❣ ♣ ♦✐ ♥ ✱ ❛ ✐❧❧ ✉ ❛ ❡ ❞ ✐ ♥ ✜ ❣ ✉ ❡ ✹✳ ✷✳ ❚ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ❡ ❛ ❝ ❤ ❛ ♠ ♣❧✐ ♥ ❣
♣ ♦✐ ♥ ❛ ❡ ❡ ✐ ♥ ❛ ❝ ❝ ♦ ❞ ❛ ♥ ❝ ❡ ♦ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ❤ ❡ ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ❤ ❛ ❤ ❡
❛ ♠ ♣❧✐ ♥ ❣ ♣ ♦✐ ♥ ❡ ♣ ❡ ❡ ♥ ✳ ■ ♥ ❤✐ ✇ ❛ ②✱ ❤ ❡ ♦ ❜❥ ❡ ❝ ✐ ♥ ♦ ✇ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ❛ ❛ ❡ ♦❢ ♣ ♦✐ ♥
♦ ❣ ❡ ❤ ❡ ✇✐ ❤ ❛ ♥ ♦ ♣ ✐ ❝ ❛❧ ♣ ♦✐ ♥ ❞ ❡ ♥ ✐ ②✳ ■ ♥ ♦ ❞ ❡ ♦ ♦ ❜ ❛✐ ♥ ❛ ❣ ♦ ♦ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✱
❤ ❡ ❛ ♥ ❞ ♦ ♠❧ ② ❝ ❤ ♦ ❡ ♥ ♣ ♦✐ ♥ ❤ ❛ ✈ ❡ ♦ ❜ ❡ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❧ ② ❞✐ ✐ ❜ ✉ ❡ ❞✳ ✶ ■ ❤ ♦ ✉❧ ❞ ❜ ❡
✶ ❖ ♥ ❡ ❝ ❛ ♥ ❛ ❝ ❤✐ ❡ ✈ ❡ ❛ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ❜ ② ❞ ❡ ❝ ✐ ❜✐ ♥ ❣ ❤ ❡ ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ❛ ❡ ♠ ❜ ❡ ❞ ❞ ❡ ❞
✻ ✷ ❈ ❍ ❆ ❚ ❊ ❘ ✹✳ ✸ ❉ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ● ❇ ❨ ❚ ❖ ▼ ❖ ● ❘ ❆ ❍ ❨
♥ ♦ ❡ ❞ ❤ ❛ ❤✐ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❞ ♦ ❡ ♥ ♦ ❣ ❡ ♥ ❡ ❛ ❡ ❛ ♥ ❡ ① ❛ ❝ ❝ ♦ ♣ ② ♦❢ ❤ ❡ ♦ ❜❥ ❡ ❝ ❛ ♥ ❞ ❤ ❛ ❤ ❡
❞✐ ❝ ❡ ✐ ③ ❛ ✐ ♦ ♥ ✐❧❧ ❣ ❡ ♥ ❡ ❛ ❡ ❛ ♠ ❛❧❧ ❡ ♦ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❛❧✐ ❛ ✐ ♥ ❣ ❡ ✛ ❡ ❝ ❛ ❡ ❡ ❞ ✉ ❝ ❡ ❞ ❞ ✉ ❡
♦ ❤ ❡ ❛ ♥ ❞ ♦ ♠ ♥ ❛ ✉ ❡ ♦❢ ❤ ❡ ✉ ♥ ❞ ❡ ❧ ②✐ ♥ ❣ ❛ ♠ ♣❧✐ ♥ ❣ ♣ ♦✐ ♥ ✳ ❆ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥
❤ ❡ ✇ ♦ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❡ ✐ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✹✳ ✸✳ ❆ ❞ ❞✐ ✐ ♦ ♥ ❛❧❧ ②✱ ❤ ❡ ❧ ❛ ❡ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❤ ❛
❤ ❡ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ❤ ❛ ✐ ❡ ❞ ✉ ❝ ❡ ❤ ❡ ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥ ❛❧ ❡ ✛ ♦ ♦ ♦ ❛ ❡ ❛ ♥ ❞ ❤✐❢ ❤ ❡
♣ ❤ ❛ ♥ ♦ ♠✳ ✷
❈ ❡❧❧ ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ❈ ❤ ❡ ♠✐ ❝ ❛❧
❢ ♦ ♠ ✉❧ ❛
❱ ♦❧ ✉ ♠ ❡
♥ ♠ 3
❈ ❤ ❡ ♠✐ ❝ ❛❧
❢ ♦ ♠ ✉❧ ❛ ✇✐ ❤
❍ ✷ ❖
❉ ❡ ♥ ✐ ②
❣
❝ ♠ 3
δ ✲ ✈ ❛❧ ✉ ❡ ❛
✷✳ ✹ ♥ ♠
β ✲ ✈ ❛❧ ✉ ❡ ❛
✷✳ ✹ ♥ ♠
❈ ❤ ♦ ♠ ❛ ✐ ♥  ❈✽ ✶ ✺ ✶ ❍ ✶ ✷ ✼ ✾ ✼
◆ ✷ ✼ ✾ ✶ ❖ ✸ ✷ ✹ ✵
✷ ✾ ✷ ❙ ✷ ✹
✺ ✷ ✸  ❈ ✽ ✶ ✺ ✶ ❍ ✷ ✾ ✻ ✵ ✹
◆ ✷ ✼ ✾ ✶
❖ ✶ ✶ ✻ ✹ ✹ ✷ ✾ ✷
❙ ✷ ✹
✶✳ ✸ ✵ ✻ ✽✳ ✸ ✻ ❊✲ ✹ ✶✳ ✺ ✼ ❊✲ ✹
▼✐ ❝ ♦ ✉ ❜ ✉❧ ❡  ❈ ✷ ✶ ✽ ✻ ❍ ✸ ✸ ✻ ✺
◆ ✺ ✾ ✶ ❖ ✻ ✽ ✹
❙ ✷ ✺
✺ ✸ ✻  ❈ ✷ ✶ ✽ ✻ ❍ ✹ ✹ ✷ ✾
◆ ✺ ✾ ✶ ❖ ✶ ✷ ✶
❙ ✷ ✺
✶✳ ✹ ✷ ✻ ✶ ✵✳ ✵ ✸ ❊✲ ✹ ✷✳ ✸ ✼ ❊✲ ✹
▼ ❡ ♠ ❜ ❛ ♥ ❡  ❈ ✼ ✹ ✶ ✼ ✻
❍ ✶ ✶ ✸ ✷ ✵ ✵
◆ ✷ ✵ ✻ ✻
❖ ✶ ✺ ✹ ✷ ✹ ✶ ✶ ✷ ✵
❙ ✹ ✵ ✵
✺ ✸ ✻ ✲ ✶✳ ✶ ✻ ✼ ✾✳ ✵ ✾ ❊✲ ✹ ✷✳ ✶ ✷ ❊✲ ✹
❈ ② ♦ ♣❧ ❛ ♠ ✲ ✶ ✵ ✵ ✵  ❈ ✷ ✶ ✽ ✻
❍ ✻ ✺ ✻ ✺ ✶ ◆ ✺ ✾ ✶
❖ ✸ ✶ ✽ ✷ ✼ ❙ ✷ ✸
✶✳ ✵ ✸ ✻ ✺✳ ✼ ❊✲ ✹ ✵✳ ✸ ✼ ❊✲ ✹
❲ ❛ ❡ ❍ ✷ ❖ ✲ ✲ ✶ ✺✳ ✸ ❊✲ ✹ ✵✳ ✷ ✶ ❊✲ ✹
❚ ❛ ❜❧ ❡ ✹✳ ✶✿ ❊ ♠ ♣✐ ✐ ❝ ❛❧ ❢ ♦ ♠ ✉❧ ❛ ❛ ♥ ❞ ❳✲ ❛ ② ♦ ♣ ✐ ❝ ❛❧ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ♦ ♠ ❡ ❡❧ ❡ ❝ ❡ ❞ ❝ ❡❧❧
❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ✳
♠ ❛ ♥✐❢ ♦❧ ❞ ✳ ❇ ② ✉ ✐ ♥ ❣ ❛ ❝ ❤ ❛ ♦❢ ❤ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♠ ❛ ♥✐❢ ♦❧ ❞✱ ❛ ❞ ❡ ♥ ✐ ② ♠ ❛ ♣ ♣✐ ♥ ❣ ❝ ❛ ♥ ❜ ❡ ❞ ❡ ❞ ✉ ❝ ❡ ❞
❢ ♦ ♠ ❤ ❡ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ❞ ❡ ❡ ♠✐ ♥ ❛ ♥ ✳
✷ ❚ ❤ ❡ ✈ ❛❧ ✉ ❡ ❢ ♦ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ✐ ♥ ❞ ❡ ① ♦❢ ❡❢ ❛ ❝ ✐ ♦ ♥ ✇ ❡ ❡ ❡ ✐ ♠ ❛ ❡ ❞ ✇✐ ❤ ❤ ❡ ❤ ❡❧ ♣ ♦❢ ❤ ❡
❞ ❛ ❛ ❧✐ ❡ ❞ ✐ ♥ ❤ ❡ ❍ ❡ ♥ ❦ ❡ ❛ ❜❧ ❡ ✇ ❤✐ ❝ ❤ ❝ ❛ ♥ ❜ ❡ ❢ ♦ ✉ ♥ ❞ ❡✳ ❣✳ ♦ ♥ ❤ ❡ ❈ ❳ ❘ ❖ ✇ ❡ ❜ ♣ ❛ ❣ ❡✿
❤ ♣✿ ✴ ✴ ❤ ❡ ♥ ❦ ❡✳❧ ❜❧✳ ❣ ♦ ✈ ✴ ♦ ♣ ✐ ❝ ❛❧ ❴ ❝ ♦ ♥ ❛ ♥ ✴ ❣ ❡ ❞ ❜ ✷✳ ❤ ♠❧✳ ❚ ❤ ❡ ② ❡ ✉❧ ❢ ♦ ♠ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✷✳ ✷✮✳
✹✳ ✷✳ ❚ ❘ ❆ ◆ ❙ ▼■ ❙ ❙■ ❖ ◆ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ▼■ ❈ ❘ ❖ ❙ ❈ ❖ ❨ ✻ ✸
❋✐ ❣ ✉ ❡ ✹✳ ✸✿ ❚ ✇ ♦ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❛ ♣ ❤ ❛ ♥ ♦ ♠ ❝ ♦ ♥ ✐ ✐ ♥ ❣ ♦❢ ❛ ❤ ♦❧❧ ♦ ✇ ♣ ❤ ❡ ❡
❛ ♥ ❞ ❛ ✜❧❧ ❡ ❞ ❝ ②❧✐ ♥ ❞ ❡ ❢ ♦ ✇ ♦ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❛❧ ❣ ♦ ✐ ❤ ♠ ✳ ❚ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ❝ ②❧✐ ♥ ❞ ❡ ♦ ♥
❤ ❡ ❧ ❡❢ ✐ ❞ ❡ ❧ ♦ ♦ ❦ ✢ ❛ ❛ ♥ ❞ ❤ ❡ ♣ ❤ ❡ ❡ ❤ ♦ ✇ ❛❧✐ ❛ ✐ ♥ ❣ ❛ ✐❢ ❛ ❝ ✳
▲ ❡❢ ✿ ❖ ❜❥ ❡ ❝ ❞✐ ❝ ❡ ✐ ❡ ❞ ♦ ♥ ❛ ♥ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❣ ✐ ❞✳ ❆ ✈ ♦ ① ❡❧ ✐ ✜❧❧ ❡ ❞ ✐❢ ❤ ❡ ❝ ❡ ♥ ❡ ✐
❧ ♦ ❝ ❛ ❡ ❞ ✐ ♥ ✐ ❞ ❡ ❤ ❡ ♦ ❜❥ ❡ ❝ ✬ ❜ ♦ ❞ ❡ ✳
❘✐ ❣ ❤ ✿ ❚ ❤ ❡ ♦ ❜❥ ❡ ❝ ✐ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❞ ❜ ② ❛ ❝❧ ♦ ✉ ❞ ♦❢ ❛ ♥ ❞ ♦ ♠✐ ③ ❡ ❞ ♣ ♦✐ ♥ ✳ ❚ ❤ ❡ ✈ ❛❧ ✉ ❡
♦❢ ❛ ✈ ♦ ① ❡❧ ✐ ❤ ❡ ✇ ❡✐ ❣ ❤ ❡ ❞ ✉ ♠ ♦❢ ❛❧❧ ♣ ♦✐ ♥ ♦❢ ❤ ❡ ❝❧ ♦ ✉ ❞ ❤ ❛ ❧✐ ❡ ✇✐ ❤✐ ♥ ❤ ❡ ✈ ♦ ① ❡❧✬
❜ ♦ ❞ ❡ ✳
✹✳ ✷ ❚ ❛ ♥ ♠✐ ✐ ♦ ♥ ❙ ♦❢ ❳✲ ❛ ② ▼✐ ❝ ♦ ❝ ♦ ♣ ②
■ ♥ ✇ ❤ ❛ ❢ ♦❧❧ ♦ ✇ ✱ ❤ ❡ ♣ ❡ ❢ ♦ ♠ ❛ ♥ ❝ ❡ ♦❢ ❛ ♥ ♠✐ ✐ ♦ ♥ ♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ❢ ♦ ❜✐✲
♦❧ ♦ ❣✐ ❝ ❛❧ ❛ ♠ ♣❧ ❡ ✐ ✉ ❞✐ ❡ ❞✳ ❆ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ✐ ♥ ❝ ❤ ❛ ♣ ❡ ✷✱ ❛ ♥ ❡ ① ❡ ♥ ❞ ❡ ❞ ❛ ♠ ♣❧ ❡ ✐
✐❧❧ ✉ ♠✐ ♥ ❛ ❡ ❞ ✇✐ ❤ ❛ ✇✐ ❞ ❡ ❳✲ ❛ ② ♣ ♦ ✐ ♥ ❤ ❡ ❛ ♥ ♠✐ ✐ ♦ ♥ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✭ ❚ ❳ ▼✮✳
❚ ❤ ❡ ❳✲ ❛ ② ♦ ♣ ✐ ❝ ❛❧ ❡ ✉ ♣ ✐ ✐❧❧ ✉ ❛ ❡ ❞ ✐ ♥ ✜ ❣ ✉ ❡ ✷✳ ✻ ❛✳ ❚ ❤ ❡ ♣ ❛ ✐ ❛❧ ❝ ♦ ❤ ❡ ❡ ♥ ❝ ❡ ❢ ❛ ❝ ♦
σ = N A CN A O
❝ ❤ ❛ ❛ ❝ ❡ ✐ ③ ❡ ❤ ❡ ❞ ❡ ❣ ❡ ❡ ♦❢ ❝ ♦ ❤ ❡ ❡ ♥ ❝ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❤ ❡ ❛ ✐ ♦ ♦❢ ❤ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧
❛ ♣ ❡ ✉ ❡ ♦❢ ❤ ❡ ❝ ♦ ♥ ❞ ❡ ♥ ❡ (N A C ) ❛ ♥ ❞ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡ (N A O )✳ ❆ ✈ ❛❧ ✉ ❡ ❝❧ ♦ ❡ ♦ 0 ❝ ♦ ❡✲
♣ ♦ ♥ ❞ ♦ ❛ ❤✐ ❣ ❤ ❞ ❡ ❣ ❡ ❡ ♦❢ ❝ ♦ ❤ ❡ ❡ ♥ ❝ ❡✱ ✇ ❤✐❧ ❡ ❢ ♦ σ 1 ❤ ❡ ❞ ❡ ❣ ❡ ❡ ♦❢ ❝ ♦ ❤ ❡ ❡ ♥ ❝ ❡ ✐
❞ ♦ ♠✐ ♥ ❛ ❡ ❞ ❜ ② ❤ ❡ ❝ ♦ ❤ ❡ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ♦ ✉ ❝ ❡✳
✻ ✹ ❈ ❍ ❆ ❚ ❊ ❘ ✹✳ ✸ ❉ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ● ❇ ❨ ❚ ❖ ▼ ❖ ● ❘ ❆ ❍ ❨
❚ ❤ ❡ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♥ ❣ ♣ ❤ ♦ ♦ ♥ ❛ ❡ ♣ ❛ ❧ ② ❛ ❜ ♦ ❜ ❡ ❞ ❜ ② ❤ ❡ ❛ ♠ ♣❧ ❡✳ ❚ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣
✇ ❛ ✈ ❡ ✜ ❡❧ ❞ ✐ ❝ ♦❧❧ ❡ ❝ ❡ ❞ ❜ ② ❛ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ✇ ❤✐ ❝ ❤ ❢ ♦ ♠ ❛ ♥ ✐ ♠ ❛ ❣ ❡ ♦ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✳
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✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ♣ ♦✐ ♥ ♣ ❡ ❛ ❞ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❋ ❩ ❡ ♣ ❡ ❡ ♥ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ♦ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ♦
♦❢ ❛ ♥ ♦ ♥✲ ❛ ①✐ ♣ ♦✐ ♥ ♦ ✉ ❝ ❡ ❛ ❣✐ ✈ ❡ ♥ ❞✐ ❛ ♥ ❝ ❡ ✐ ♥ ❢ ♦ ♥ ♦❢ ❤ ❡ ❋ ❩ ✳
✹✳ ✷✳ ✶ ■ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ❚ ❳ ▼ ❙✐ ♠ ✉❧ ❛ ✐ ♦ ♥
■❢ ❤ ❡ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡ ✐ ♦ ❛ ❣ ♦ ♦ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ✱ ❤ ❡ ✸ ❉
✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ♣ ♦✐ ♥ ♣ ❡ ❛ ❞ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❋ ❩ ❝ ❛ ♥ ❜ ❡ ✉ ❡ ❞ ♦ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❤ ❡ ❡✲
✉❧ ✐ ♥ ❣ ✐ ♠ ❛ ❣ ❡ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ■ ♥ ❤✐ ❝ ❛ ❡✱ ❤ ❡ ❛ ♠ ♣❧ ❡ ✐ ✐ ♠ ❛ ❣ ❡ ❞ ❜ ❛ ❡ ❞ ♦ ♥ ❛ ❜ ♦ ♣ ✐ ♦ ♥
❝ ♦ ♥ ❛ ✳
❋ ♦ ❤ ❡ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥✱ ✇ ❡ ✉ ❡ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ✐ ♥ ❡ ❝ ✐ ♦ ♥ ➓ ✹✳ ✶✱ ✇ ❤✐ ❝ ❤ ❡ ♣ ❡✲
❡ ♥ ② ♣✐ ❝ ❛❧ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ✉ ❝ ✉ ❡ ✳ ■ ♥ ♦ ❞ ❡ ♦ ♦ ❜ ❛✐ ♥ ❛ ✸ ❉ ✐ ♠ ❛ ❣ ❡ ♦❢ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠✱
❛ ❡ ✐ ❡ ♦❢ ✐ ♠ ❛ ❣ ❡ ✉ ♥ ❞ ❡ ❞✐ ✛ ❡ ❡ ♥ ✐❧ ❛ ♥ ❣❧ ❡ ✐ ✐ ♠ ✉❧ ❛ ❡ ❞✳ ❚ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝ ❡ ❝ ♦ ♥✲
✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠ ❛ ❡ ❝ ♦ ♠ ♣ ✉ ❡ ❞ ❢ ♦ ♠ ❤✐ ✐❧ ❡ ✐ ❡ ✳ ❚ ❤ ❡ ❤ ❡ ♦ ② ❜ ❡ ❤✐ ♥ ❞
♦ ♠ ♦ ❣ ❛ ♣ ❤ ② ✐ ❡ ① ♣❧ ❛✐ ♥ ❡ ❞ ✐ ♥ ❡ ❝ ✐ ♦ ♥ ✹✳ ✷✳ ✷✳
❆ ♥ ❡ ❛ ❧ ② ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ♦ ♥ ✉ ❡ ❞ ❛ ♥ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ✈ ❡ ✐ ♦ ♥ ♦❢ ❤ ❡ ✜ ❇ ♦ ♥ ❛ ♣ ♣ ♦ ①✐✲
♠ ❛ ✐ ♦ ♥✳ ❚ ❤ ❡ ✜ ❇ ♦ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❤ ❡ ❛❧ ❣ ♦ ✐ ❤ ♠ ✇ ♦ ❦ ✇ ❡❧❧ ❢ ♦ ❤✐ ♥ ❛ ♠✲
♣❧ ❡ ✳ ❚ ❤ ❡ ✜ ❇ ♦ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✐ ❛❧ ♦ ✉ ❡ ❞ ♦ ❛ ♥ ❛❧ ② ③ ❡ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ♣ ♦ ❝ ❡ ♦❢
✇ ❡ ❛ ❦❧ ② ❝ ❛ ❡ ✐ ♥ ❣ ❛ ♠ ♣❧ ❡ ✳ ❙✐ ♠✐❧ ❛ ♦ ❤ ❡ ❝ ♦ ❤ ❡ ❡ ♥ ❝ ❛ ❡✱ ❤ ❡ ✐ ❣ ♥ ❛❧ ✐ ❞✐ ✈✐ ❞ ❡ ❞ ✐ ♥ ♦
❛ ♥ ✐ ♥ ❝✐ ❞ ❡ ♥ ✜ ❡❧ ❞ I 0 ❛ ♥ ❞ ❛ ❝ ❛ ❡ ❡ ❞ ✜ ❡❧ ❞ I s ✳ ❙✐ ♥ ❝ ❡ ✇ ❡ ❛ ✉ ♠ ❡ ❤ ❛ ❤ ❡ ❝ ❛ ❡ ❡ ❞
✜ ❡❧ ❞ ✐ ♠ ✉ ❝ ❤ ✇ ❡ ❛ ❦ ❡ ❤ ❛ ♥ ❤ ❡ ✐ ♥ ❝✐ ❞ ❡ ♥ ✜ ❡❧ ❞✱ ✐ ✐ ♥ ❡ ❛ ❝ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ❛ ♠ ♣❧ ❡ ✐ ♥ ❡ ❣✲
❧✐ ❣✐ ❜❧ ❡✳ ❲❡ ❛ ✉ ♠ ❡ ❤ ❛ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ♣ ♦ ❝ ❡ ✐ ❧✐ ♥ ❡ ❛ ✐ ♥ ✐ ♥ ❡ ♥ ✐ ✐ ❡ ✳ ❇ ② ❝ ♦ ♥ ✐ ❞ ❡ ✐ ♥ ❣
❤ ❡ ✐ ❣ ♥ ❛❧ ❤ ❛ ❛ ✐ ♥ ❣❧ ❡ ♣ ♦✐ ♥ ♦ ✉ ❝ ❡ ❛ (x, y, z ) ❣ ❡ ♥ ❡ ❛ ❡ ♦ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✱ ♦ ♥ ❡ ❣ ❡
❛ ❢ ✉ ♥ ❝ ✐ ♦ ♥ F : R 2 × R 3 → R ✳ ❚ ❤✐ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛❧❧ ♦ ✇ ✉ ♦ ❝ ♦ ♠ ♣ ✉ ❡ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣
✐ ♠ ❛ ❣ ❡ ♦❢ ❛ ❝ ♦ ♠ ♣❧✐ ❝ ❛ ❡ ❞ ✐ ♥ ❡ ♥ ✐ ② ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ I s : R 3 → R ✳ ▲ ❡ S ❜ ❡ ❤ ❡ ✉ ♣ ♣ ♦
♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ❚ ❤ ❡ ✐ ❣ ♥ ❛❧ ♦ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✭ ❛ ( xˆ, yˆ )✮ ✐ ❤ ❡ ♥ ❣✐ ✈ ❡ ♥ ❜ ②
I [ ˆx, yˆ ] ≈ I 0 − I s
= I 0 [ ˆx, yˆ ] −
S
F [ ˆx, yˆ, x, y, z ] I s [x, y, z ] d x d y d z.
■❢ ✐ ✐ ❛ ✉ ♠ ❡ ❞ ❤ ❛ ❢ ♦ ❛ ✜ ① ❡ ❞ ③ ♣❧ ❛ ♥ ❡✱ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ♦❢ ❛ ♣ ♦✐ ♥ ♦ ✉ ❝ ❡ ♥ ❡ ❛ ❤ ❡
♦ ♣ ✐ ❝ ❛❧ ❛ ①✐ ✐ ✐ ♠✐❧ ❛ ♦ ❤ ❡ ♦ ♥ ❡ ♦ ♥ ❤ ❡ ❛ ①✐ ✱ ❤ ❡ ✐ ♥ ❡ ❣ ❛ ✐ ♦ ♥ ❝ ❛ ♥ ❜ ❡ ✐ ♠ ♣❧✐ ✜ ❡ ❞✳
❯ ♥ ❞ ❡ ❤ ❡ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✱ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ♦❢ ❛ ♥ ♦ ✛✲ ❛ ①✐ ♣ ♦✐ ♥ ♦ ✉ ❝ ❡ ✐ ❤ ❡ ❛ ♠ ❡ ❛ ❤ ❡
✐ ♠ ❛ ❣ ❡ ♦❢ ❛ ♥ ♦ ♥✲ ❛ ①✐ ♦ ✉ ❝ ❡ ✇ ❤✐ ❝ ❤ ✐ ❛ ♥ ❧ ❛ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ❛ ①✐ ✇✐ ❤ ❛ ✭ ③✲ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ✮
❢ ❛ ❝ ♦ ♦❢ ♠ ❛ ❣ ♥✐ ✜ ❝ ❛ ✐ ♦ ♥ M ✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ F ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥❧ ② ♦ ♥ ❤ ❡ ❞✐ ✛ ❡ ✲
❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ( xˆ, yˆ ) ❛ ♥ ❞ M · (x, y )✳ ❋ ♦ ♠ ♥ ♦ ✇ ♦ ♥✱ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ❝ ❛❧❧ ❡ ❞
✹✳ ✷✳ ❚ ❘ ❆ ◆ ❙ ▼■ ❙ ❙■ ❖ ◆ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ▼■ ❈ ❘ ❖ ❙ ❈ ❖ ❨ ✻ ✺
❤ ❡ (I P S F ) . ❚ ❤ ❡ ✐ ❣ ♥ ❛❧ ♦ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✐ ♥ ♦ ✇ ❣✐ ✈ ❡ ♥ ❜ ②
I [ ˆx, yˆ ] = I 0 [ ˆx, yˆ ] − I P S F [ ˆx − M [z ] x, yˆ − M [z ] y, z ] I s [x, y, z ] d x d y d z.
■ ♥ ❛ ♥ ❛ ❜ ✉ ❡ ♦❢ ♥ ♦ ❛ ✐ ♦ ♥✱ ✇ ❡ ♥ ♦ ✇ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❛ ❝ ❛❧ ❡ ❞ ✈ ❡ ✐ ♦ ♥ ♦❢ I P S F ✇✐ ❤ ♦ ✉
✐ ♥ ♦ ❞ ✉ ❝✐ ♥ ❣ ❛ ♥ ❡ ✇ ♥ ❛ ♠ ❡✳ ❚ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ♦❢ ❛ z ✲ ❧✐ ❝ ❡ ✭S z ✮ ♦❢ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠ ✐ ❤ ❡ ♥ ❣✐ ✈ ❡ ♥
❜ ②
I ≈ I 0 −
S z
I P S F 1M xˆ − x,
1
M yˆ − y, z I s [x, y, z ] d x d y d z.
✇ ❤✐ ❝ ❤ ❝ ❛ ♥ ❜ ❡ ❝ ♦ ♠ ♣ ✉ ❡ ❞ ❜ ② ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥✳ ❲❡ ❛ ❡ ❞ ♦ ✉ ✐ ♥ ✈ ❡ ✐ ❣ ❛ ✐ ♦ ♥ ❜ ② ✐ ♠ ♣❧ ❡✲
♠ ❡ ♥ ✐ ♥ ❣ ❤✐ ❛❧ ❣ ♦ ✐ ❤ ♠✳ ■ ✇ ❛ ❧ ❛ ❡ ❡❥ ❡ ❝ ❡ ❞ ❜ ❡ ❝ ❛ ✉ ❡ ✐ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ✐ ♥ ♦ ♠ ❡ ❝ ❛ ❡
❜ ❛ ❞ ❡ ✉❧ ✱ ✉ ❝ ❤ ❛ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ✐ ♥ ❡ ♥ ✐ ✐ ❡ ✳ ❙✐ ♥ ❝ ❡ ❤✐ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❞ ♦ ❡ ♥ ♦ ❛ ❦ ❡
✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ❤ ❡ ❞ ❡ ♣❧ ❡ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♥ ❝✐ ❞ ❡ ♥ ❛ ❞✐ ❛ ✐ ♦ ♥✱ ❛ ❝ ❛ ❡ ✐ ♥ ❣ ✐ ❣ ♥ ❛❧ ✇ ❤✐ ❝ ❤ ✐
♦ ♥ ❣ ❡ ❤ ❛ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ✐ ❣ ♥ ❛❧ ❝ ❛ ♥ ❜ ❡ ♣ ♦ ❞ ✉ ❝ ❡ ❞✳ ✸ ■ ♥ ♦ ❞ ❡ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ❢ ♦ ❤ ❡
❛ ❡ ♥ ✉ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♥ ❝✐ ❞ ❡ ♥ ✇ ❛ ✈ ❡✱ ✇ ❡ ✉ ❡ ❛ ♥ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✇ ❤✐ ❝ ❤ ✐ ✈ ❡ ② ✐ ♠✐❧ ❛ ♦ ❜ ❡ ❛ ♠
♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❤ ❡ ♠ ✉❧ ✐ ❧✐ ❝ ❡ ♠ ❡ ❤ ♦ ❞ ❢ ♦ ✇ ❛ ✈ ❡ ❣ ✉✐ ❞ ❡ ❛ ♥ ❞ ❛ ♥ ♠✐ ✐ ♦ ♥ ❡❧ ❡ ❝ ♦ ♥
♠✐ ❝ ♦ ❝ ♦ ♣ ② ❬ ✾ ✺✱ ✷ ✶❪✳ ❲❡ ❛ ❜ ② ❞✐ ✈✐ ❞✐ ♥ ❣ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠ ✐ ♥ ♦ ❧✐ ❝ ❡ ♣ ❡ ♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛
♦ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥✳ ▲ ❡ ✉ ❛ ✉ ♠ ❡ ❤ ❛ ❤ ❡ ❤✐ ❝ ❦ ♥ ❡ ( ∆z ) ♦❢ ✉ ❝ ❤
❛ ❧✐ ❝ ❡ ✐ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ♠ ❛❧❧ ❡ ❤ ❛ ♥ ❤ ❡ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ✳ ❚ ❤ ❡ ♥✱ ✇ ❡ ❝ ❛ ♥ ❛ ♣ ♣❧ ② ❤ ❡
♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✭ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✸✳ ✶ ✸✮✮ ♦ ❤ ❛ ❡ ❛ ❝ ❤ ❧✐ ❝ ❡ ✐ ❝ ❤ ❛ ❛ ❝ ❡ ✐ ③ ❡ ❞ ❜ ②
❤ ❡ ✷ ❉ ❛ ♥ ♠✐ ✐ ♦ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥
T z [x, y ] = e x p
z + ∆ z
z
− 2 k β [x, y, z ] d z
= e x p − 2 k β [x, y ] ∆z .
❉ ✉ ❡ ♦ ❤ ❡ ❞✐ ❝ ❡ ✐ ③ ❛ ✐ ♦ ♥✱ ❤ ❡ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ β ✐ ❛ ✈ ❡ ❛ ❣ ❡ ❞ ♦ ✈ ❡ ❤ ❡ ✈ ♦ ① ❡❧✳
❚ ❤ ❡ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❧✐ ❝ ❡ ❡ ❞ ✉ ❝ ❡ ❤ ❡ ✐ ❣ ♥ ❛❧ ♦ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✐ ♥ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦
❤ ❡ ✉ ♥ ♣ ❡ ✉ ❜ ❡ ❞ ❜ ❡ ❛ ♠✳ ❚ ❤ ❡ ✉ ♦ ✐ ❡ ♥ ♦❢ ♦ ❜ ❝ ✉ ❡ ❞ ♦ ✉ ♥ ♣ ❡ ✉ ❜ ❡ ❞ ✐ ❣ ♥ ❛❧ ✐ ❝ ❛❧❧ ❡ ❞
❤ ❡ ❡❧ ❛ ✐ ✈ ❡ ✐ ❣ ♥ ❛❧✳ ❙✐ ♥ ❝ ❡ ❤ ❡ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ✐ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ✱ ❤ ❡ ♥ ❡ ① ❧✐ ❝ ❡ ♠ ♦ ❞✐ ✜ ❡
❤ ❡ ✐ ♠ ❛ ❣ ❡ ♦ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ❛ ❣ ❛✐ ♥ ✐ ♥ ❤ ❡ ❛ ♠ ❡ ✇ ❛ ②✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤✐ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ❤ ❡
❡ ✉❧ ✐ ♥ ❣ ❡❧ ❛ ✐ ✈ ❡ ✐ ❣ ♥ ❛❧ ♦ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✐ ❤ ❡ ♣ ♦ ❞ ✉ ❝ ♦❢ ❤ ❡ ❡❧ ❛ ✐ ✈ ❡ ✐ ❣ ♥ ❛❧ ♦❢
❡ ❛ ❝ ❤ ❧✐ ❝ ❡
I [ ˆx, yˆ ] ≈ I 0 [ ˆx, yˆ ]
z i
R 2 I P S F 1M xˆ − x, 1M yˆ − y, z i I [x, y, z i ] T z i [x, y ] d x d y
R 2 I P S F 1M xˆ − x, 1M yˆ − y, z i I [x, y, z i ] d x d y
.✭ ✹✳ ✶✮
✸ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❛ 0 .3 ➭ ♠ ❤✐ ❝ ❦ ❧ ❛ ② ❡ ♦❢ ✐ ❝ ❡ ❤ ❛ ❛ λ = 2 .4 ♥ ♠ ❛ ❛ ♥ ♠✐ ✐ ♦ ♥ ♦❢ ≈ 0 .9 6 7 6
❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✸✳ ✶ ✸✮✳ ❇ ✉ ✇✐ ❤ ❤ ❡ ✜ ❇ ♦ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✱ ❤ ❡ ✈ ❛❧ ✉ ❡ ✇ ♦ ✉❧ ❞ ❜ ❡ ≈
0 .9 6 7 3 ❢ ♦ ❤ ❡ ❝ ❛ ❡ ♦❢ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ❝ ♦ ♥ ❛ ✳ ❋ ♦ ❛ ❝ ♦ ❤ ❡ ❡ ♥ ② ❡ ♠✱ ❤ ❡ ✜ ❇ ♦ ♥
❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❤ ❛ ❛❧ ❡ ❛ ❞ ② ❜ ♦ ❦ ❡ ♥ ❞ ♦ ✇ ♥ ✐ ♥ ❝ ❡ |U 0 + U s |2|U 0 |2 ≈ 1 .1 4 ✐ ♥ ❛ ❝ ❝ ♦ ❞ ❛ ♥ ❝ ❡ ✇✐ ❤ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✸✳ ✶ ✶✮✳
✻ ✻ ❈ ❍ ❆ ❚ ❊ ❘ ✹✳ ✸ ❉ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ● ❇ ❨ ❚ ❖ ▼ ❖ ● ❘ ❆ ❍ ❨
❍ ❡ ❡✱ z i ✐ ❤ ❡ ③ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ♦❢ ❤ ❡ ❢ ❛ ❝ ❡ ♦❢ ❡ ❛ ❝ ❤ ❧✐ ❝ ❡ ❛ ✉ ❡ ❞ ✐ ♥ ❤ ❡ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ T z ✳
I 0 ✐ ❤ ❡ ✐ ♥ ❡ ♥ ✐ ② ♦ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✇✐ ❤ ♦ ✉ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ❆ ♠ ❛ ❧ ❛ ❜ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ♦ ♥
♦❢ ❤✐ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✐ ❡ ① ♣❧ ❛✐ ♥ ❡ ❞ ✐ ♥ ❡ ❝ ✐ ♦ ♥ ❇✳ ✷✳ ✷✳
✹✳ ✷✳ ✷ ✸ ❉ ■ ♠ ❛ ❣✐ ♥ ❣ ✇✐ ❤ ❚ ♦ ♠ ♦ ❣ ❛ ♣ ❤ ②
❆ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ✐ ♥ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ❡ ❝ ✐ ♦ ♥✱ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ♦❢ ♦❢ ❳✲ ❛ ② ❛ ♥ ♠✐ ✐ ♦ ♥ ♠✐✲
❝ ♦ ❝ ♦ ♣ ❡ ✉ ✉ ❛❧❧ ② ♦ ♥❧ ② ❣ ❛ ❤ ❡ ❛ ✇ ♦ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ✐ ♠ ❛ ❣ ❡✳ ❚ ❤✐ ✐ ♠ ❛ ❣ ❡ ❡ ♣ ❡ ❡ ♥
❛ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ❛ ①✐ ✳ ◆ ❡ ✈ ❡ ❤ ❡❧ ❡ ✱ ✐ ✐ ❢ ❡ ❛ ✐ ❜❧ ❡
♦ ❡ ❝ ♦ ✈ ❡ ❤ ❡ ❤ ❡ ❡ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ✉ ❝ ✉ ❡ ♦❢ ❛ ♥ ✐ ♥ ✈ ❡ ✐ ❣ ❛ ❡ ❞ ❛ ♠ ♣❧ ❡✳ ❖ ♥ ❡ ♦❢ ❤ ❡
♠ ♦ ✉ ❝ ❝ ❡ ❢ ✉❧ ♠ ❡ ❤ ♦ ❞ ✐ ♦❢ ❳✲ ❛ ② ♦ ♠ ♦ ❣ ❛ ♣ ❤ ②✳ ■ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✱ ❛ ❤ ♦ ✐ ♥✲
♦ ❞ ✉ ❝ ✐ ♦ ♥ ✐ ❣✐ ✈ ❡ ♥ ✇ ❤✐ ❝ ❤ ❢ ♦❧❧ ♦ ✇ ❤ ❡ ❡ ① ♣❧ ❛ ♥ ❛ ✐ ♦ ♥ ✐ ♥ ❬ ✶ ✾❪✳ ■ ✐ ❛ ✉ ♠ ❡ ❞ ❤ ❛ ❤ ❡
❤ ❡ ❡ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ✉ ❝ ✉ ❡ ✐ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❜ ② ❛ ❢ ✉ ♥ ❝ ✐ ♦ ♥ g : R 3 → C ✳ ❚ ❤ ❡ ❘ ❛ ❞ ♦ ♥
❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❡ ♥ ❛ ❜❧ ❡ ❡ ❝ ♦ ✈ ❡ ② ♦❢ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ g ❢ ♦ ♠ ✐ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✳✹



















c os [ θ ] 0 si n [θ ]
0 1 0










❚ ❤ ❡ ✐ ♥ ✈ ❡ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤✐ ♦ ❛ ✐ ♦ ♥ ✐ ❣✐ ✈ ❡ ♥ ❜ ②

















c os [ θ ] 0 − si n [θ ]
0 1 0










▲ ❡ g : (x, y, z ) ∈ R 3 → C ❜ ❡ ❛ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ♥ ❞ p θ : (x , y ) → C ❜ ❡ ❛ ❢ ❛ ♠✐❧ ② ♦❢
♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❞ ❡ ✜ ♥ ❡ ❞ ❜ ②
p θ [x , y ] : =
R
g ◦ T − 1θ [x , y , z ] d z
=
R
g [x c os [ θ ] − z si n [θ ] , y , x si n [θ ] + z c os [ θ ]] d z .
❚ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛ ❡ ❛❧ ♦ ♥ ❣ ❤ ❡ z ❛ ①✐ ♦❢ ❤ ❡ ♦ ❛ ❡ ❞ ❡❢ ❡ ❡ ♥ ❝ ❡ ❢ ❛ ♠ ❡✳ ■ ✐ ♥ ♦ ✇
❝ ♦ ♥ ✈ ❡ ♥✐ ❡ ♥ ♦ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❛ ❝ ❤ y ❧✐ ❝ ❡ ❡ ♣ ❛ ❛ ❡❧ ②✳ ❲❡ ❤ ❡ ❡❢ ♦ ❡ ♥ ♦ ✇ ❞ ♦ ♣ ❤ ❡ y ❞✐✲
♠ ❡ ♥ ✐ ♦ ♥✳
✹ ■ ♥ ♦❢ ❳✲ ❛ ② ♦ ♠ ♦ ❣ ❛ ♣ ❤ ②✱ ♦ ♥ ❡ ❛ ✉ ♠ ❡ ❤ ❛ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ g ✐ ❡ ✉ ❛❧ ♦ ❤ ❡ ❛ ❡ ♥ ✉ ❛ ✐ ♦ ♥ ❝ ♦ ❡ ✣✲
❝✐ ❡ ♥ (µ )✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ❇ ❡ ❡ ✲ ▲ ❛ ♠ ❜ ❡ ❧ ❛ ✇✱ ❤ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ♦❢ ♠ ❡ ❛ ✉ ❡ ❞ ✐ ♥ ❡ ♥ ✐ ② ❛❧ ♦ ♥ ❣ ❛ ❛✐ ❣ ❤
❧✐ ♥ ❡ ❢ ♦ ♠ p 0 ♦ p 1 ✐ ❡ ✉ ❛❧ ♦ ❤ ❡ ❡ ① ♣ ♦ ♥ ❡ ♥ ✐ ❛❧ ♦❢ ❤ ❡ ♥ ❡ ❣ ❛ ✐ ✈ ❡ ♦❢ ❤ ❡ ✐ ♥ ❡ ❣ ❛❧ ♦❢ ❤ ❡ ❛ ❡ ♥ ✉ ❛ ✐ ♦ ♥
❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❛❧ ♦ ♥ ❣ ❤ ❡ ❧✐ ♥ ❡✱ ✐✳ ❡ I [p 1 ] = I 0 [p 0 ] e x p |p 1 − p 0 |0 − µ s p 1 − p 0|p 1 − p 0 | + p 0 d s . ❚ ❤ ❡ ❡❢ ♦ ❡✱ ♦ ♥ ❡
❤ ❛ l n I [p 1 ]I [p 0 ] =
|p 1 − p 0 |
0 − µ s p 1 − p 0|p 1 − p 0 | + p 0 d s.
✹✳ ✷✳ ❚ ❘ ❆ ◆ ❙ ▼■ ❙ ❙■ ❖ ◆ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ▼■ ❈ ❘ ❖ ❙ ❈ ❖ ❨ ✻ ✼
❚ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❧✐ ❝ ❡ ❤ ❡ ♦ ❡ ♠ ❡❧ ❛ ❡ ❤ ❡ ♦ ♥ ❡ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ P θ
♦❢ p θ ❛ ♥ ❞ ❤ ❡ ✇ ♦ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ G ♦❢ g ❛❧ ♦ ♥ ❣ ❛ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣
θ ✲ ❧✐ ❝ ❡✳
P θ [f ] : =
R
p θ [x ] e x p [− i 2 π f · x ] d x ✭ ✹✳ ✷✮
=
R 2
g [x , z ] e x p [− i 2 π f · x ] d z d x
=
R 2
g [x c os [ θ ] − z si n [θ ] , x si n [θ ] + z c os [ θ ]] e x p [− i 2 π f · x ] d x d z
=
R 2
g [x, z ] e x p [− i 2 π f · (x c os [ θ ] + z si n [θ ])] d x d z
=: G [f c os [ θ ] , f si n [θ ]] .
❲✐ ❤ ❤✐ ❡❧ ❛ ✐ ♦ ♥ ❤✐ ♣ ❜ ❡ ✇ ❡ ❡ ♥ P θ ❛ ♥ ❞ G ✱ g ❝ ❛ ♥ ❜ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ❡ ❞ ❢ ♦ ♠ P θ ❛❧ ♦ ♥ ❡✳
g [x, z ] =
R 2




G [f c os [ θ ] , f si n [θ ]] e x p [i2 π f (x c os [ θ ] + y si n [θ ])] |f | d f d θ
❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✹✳ ✷✮✱ ❤ ❡ ✐ ♥ ♥ ❡ ✐ ♥ ❡ ❣ ❛❧ ✐ ❣✐ ✈ ❡ ♥ ❜ ②✿
R
G [f c os [ θ ] , f si n [θ ]] e x p [i2 π f (x c os [ θ ] + y si n [θ ])] |f | d f
=
R
f P θ [f ] ✐ ❣ ♥ [f ] e x p [i2 π f x ] d f.
❇ ② ❤ ❡ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ❤ ❡ ♦ ❡ ♠✱ ❤ ❡ ❧ ❛ ✐ ♥ ❡ ❣ ❛❧ ✐ ❡ ✉ ❛❧ ♦
R
f P θ [f ] · ✐ ❣ ♥ [f ] e x p [i2 π f x ] d f
=
R
f P θ [f ] e x p [i2 π f x ] d f ∗
R
✐ ❣ ♥ [f ] e x p [i2 π f x ] d f
= 1i2 π
∂
∂ x p θ [x ] ∗
− 1
i π x
= 12 π 2 R
∂ p θ [ ˆx ]
∂ xˆ
1
x − xˆ d xˆ.
❚ ❤✐ ✜ ♥ ❛❧❧ ② ❧ ❡ ❛ ❞ ♦ ❤ ❡ ❡ ❝ ♦ ✈ ❡ ② ♦❢ g [x, z ] ❢ ♦ ♠ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ p θ ❜ ② ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✹✳ ✸✮
✻ ✽ ❈ ❍ ❆ ❚ ❊ ❘ ✹✳ ✸ ❉ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ● ❇ ❨ ❚ ❖ ▼ ❖ ● ❘ ❆ ❍ ❨
✭ ❛ ✮ ❤ ❛ ♥ ♦ ♠ ✭ ❜ ✮ ✲ ✾ ✵➦ ♦ ✾ ✵ ➦ ✐ ♥ ✺➦ ❡ ♣ ✭ ❝ ✮ ✲ ✾ ✵➦ ♦ ✾ ✵ ➦ ✐ ♥ ✶➦ ❡ ♣
❋✐ ❣ ✉ ❡ ✹✳ ✹✿ ❚ ❤ ❡ ❡ ✛ ❡ ❝ ♦❢ ❤ ❡ ❝ ❤ ♦✐ ❝ ❡ ♦❢ ✐❧ ❡ ♣ ♦ ♥ ❤ ❡ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥
✐ ✈✐ ✉ ❛❧✐ ③ ❡ ❞✳ ❚ ❤ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❛ ❡ ❜ ❛ ❡ ❞ ♦ ♥ ❛ ② ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✳
✭ ❛ ✮ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠
✭ ❜ ✮ ❘ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❜ ❛ ❡ ❞ ♦ ♥ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❢ ♦ ♠ ✲ ✾ ✵ ➦ ♦ ✾ ✵ ➦ ❛ ✺ ➦ ❡ ♣
✭ ❝ ✮ ❘ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❜ ❛ ❡ ❞ ♦ ♥ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❢ ♦ ♠ ✲ ✾ ✵ ➦ ♦ ✾ ✵ ➦ ❛ ✶ ➦ ❡ ♣




2 π 2 R
∂ p θ [ ˆx ]
∂ xˆ
1





2 π 2 R
∂ p θ [ ˆx ]
∂ xˆ
1
x c os [ θ ] + y si n [θ ] − xˆ d xˆ d θ.
❲❡ ♥ ♦ ✇ ❡✐ ♥ ♦ ❞ ✉ ❝ ❡ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ❧ ② ❞ ♦ ♣ ♣ ❡ ❞ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ y ❛ ♥ ❞ ✜ ♥ ❛❧❧ ② ❣ ❡




2 π 2 R
∂ p θ [ ˆx, y ]
∂ xˆ
1
x − xˆ d xˆ d θ.
■ ♥ ✐ ♥ ✐ ❝ ❛❧❧ ②✱ ❤✐ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❤ ❛ ♦ ♠ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧❧ ② ❛ ♥ ❞ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧❧ ② ❝ ❤ ❛❧❧ ❡ ♥ ❣✐ ♥ ❣
❢ ❡ ❛ ✉ ❡ ✳ ❚ ② ♣✐ ❝ ❛❧❧ ②✱ ❤ ❡ ❛ ♠ ♣❧ ❡ ✐ ♦ ❛ ❡ ❞ ❛ ♥ ❞ ❛ ❝ ❡ ❛✐ ♥ ♥ ✉ ♠ ❜ ❡ ♦❢ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛ ❡
❛ ❦ ❡ ♥✳ ■ ♥ ♣ ❛ ❝ ✐ ❝ ❡✱ ✐ ✐ ♦❢ ❡ ♥ ♥ ♦ ♣ ♦ ✐ ❜❧ ❡ ♦ ♦ ❛ ❡ ❤ ❡ ❛ ♠ ♣❧ ❡ ❜ ② ± 9 0 ➦✳ ❋ ♦ ❛
♣ ❡ ❢ ❡ ❝ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ g ✱ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧❧ ② ❛❧❧ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♥ ❤ ❡ θ ✲ ✈ ❛❧ ✉ ❡ ❢ ♦ ♠ 0 ♦
π ❛ ❡ ♥ ❡ ❡ ❞ ❡ ❞✳ ❚ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ♦ ♥❧ ② ❛ ✜ ♥✐ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ❤ ❡ ♠ ❛ ❡ ❛ ❦ ❡ ♥ ❡ ❞ ✉ ❝ ❡ ❤ ❡
❛ ♠ ♣❧✐ ♥ ❣ ✐ ♥ ❋ ♦ ✉ ✐ ❡ ♣ ❛ ❝ ❡✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ♦ ♥❧ ② ❛ ❜ ❛ ♥ ❞ ❧✐ ♠✐ ❡ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♦❢ g ✐
❡ ❝ ♦ ✈ ❡ ❡ ❞✳ ❚✐❧ ❡ ♣ ❤ ❛ ❛ ❡ ♦ ♦ ❧ ❛ ❣ ❡ ❡ ✉❧ ✐ ♥ ❛ ✐❢ ❛ ❝ ✱ ❛ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✹✳ ✹✳
❋ ✉ ❤ ❡ ♠ ♦ ❡✱ ✐❢ ❤ ❡ θ ✲ ✈ ❛❧ ✉ ❡ ❛ ❡ ❧✐ ♠✐ ❡ ❞ ♦ ❧ ❡ ❤ ❛ ♥ ❤ ❡ ❢ ✉❧❧ ✶ ✽ ✵ ➦✱ ❤ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥
✐ ♥ ❝❧ ✉ ❞ ❡ ♠✐ ✐ ♥ ❣ ❝ ♦ ♥ ❡ ❛ ✐❢ ❛ ❝ ✳ ❚ ❤ ❡ ✏ ♠✐ ✐ ♥ ❣ ❝ ♦ ♥ ❡✑ ❡❢ ❡ ♦ ❤ ❡ ♠✐ ✐ ♥ ❣ ❝ ♦ ♥ ❡ ♦❢
♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛ ♥ ❞✱ ❤ ❡ ❡❢ ♦ ❡✱ ♦ ❤ ❡ ♠✐ ✐ ♥ ❣ ❝ ♦ ♥ ❡ ✐ ♥ ❤ ❡ ❝ ♦ ✈ ❡ ❛ ❣ ❡ ♦❢ ❋ ♦ ✉ ✐ ❡ ♣ ❛ ❝ ❡✳
❚ ❤ ❡ ❡ ✛ ❡ ❝ ♦ ♥ ❤ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ✐ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✹✳ ✺✳
✹✳ ✷✳ ❚ ❘ ❆ ◆ ❙ ▼■ ❙ ❙■ ❖ ◆ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ▼■ ❈ ❘ ❖ ❙ ❈ ❖ ❨ ✻ ✾
✭ ❛ ✮ ❤ ❛ ♥ ♦ ♠ ✭ ❜ ✮ ✲ ✻ ✺➦ ♦ ✻ ✺ ➦ ✭ ❝ ✮ ✲ ✾ ✵➦ ♦ ✾ ✵ ➦
✭ ❞ ✮ ❤ ❛ ♥ ♦ ♠ ✭ ❡ ✮ ✲ ✻ ✺➦ ♦ ✻ ✺ ➦ ✭❢ ✮ ✲ ✾ ✵➦ ♦ ✾ ✵ ➦
✭ ❣ ✮ ❤ ❛ ♥ ♦ ♠ ✭ ❤ ✮ ✲ ✻ ✺➦ ♦ ✻ ✺ ➦ ✭✐ ✮ ✲ ✾ ✵➦ ♦ ✾ ✵ ➦
❋✐ ❣ ✉ ❡ ✹✳ ✺✿ ▼✐ ✐ ♥ ❣ ❝ ♦ ♥ ❡ ❛ ✐❢ ❛ ❝ ❞ ✉ ❡ ♦ ❤ ❡ ❧✐ ♠✐ ❡ ❞ ❛ ♥ ❣ ❡ ♦❢ ✐❧ ♦❢ ❤ ❡ ♣ ♦❥ ❡ ❝✲
✐ ♦ ♥ ✳ ❚ ❤ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❛ ❡ ❜ ❛ ❡ ❞ ♦ ♥ ❝❧ ❛ ✐ ❝ ❛❧ ♦ ♠ ♦ ❣ ❛ ♣ ❤ ② ❛ ✉ ♠ ♣ ✐ ♦ ♥ ✳ ❚ ❤ ❡
❡ ✉❧ ✐ ♥ ❣ ✸ ❉ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ✐ ❤ ❡ ♥ ♣ ♦❥ ❡ ❝ ❡ ❞ ❛❧ ♦ ♥ ❣ ♦ ♥ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥✳ ■ ♥
❡ ❛ ❝ ❤ ♦ ✇✱ ❛ ❞✐ ✛ ❡ ❡ ♥ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❞✐ ❡ ❝ ✐ ♦ ♥ ✐ ❤ ♦ ✇ ♥✳ ✭ ❛✲ ❝ ✮ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❤ ❡
♦ ♣ ✐ ❝ ❛❧ ❛ ①✐ ❀ ✭ ❞✲❢ ✮ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ❛❧ ❛ ①✐ ❀ ✭ ❣✲✐ ✮ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♣ ❡ ♣ ❡ ♥✲
❞✐ ❝ ✉❧ ❛ ♦ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ❛ ♥ ❞ ♦ ❛ ✐ ♦ ♥ ❛❧ ❛ ①✐ ✳ ■ ♥ ❤ ❡ ✜ ❝ ♦❧ ✉ ♠ ♥✱ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡
♣ ❤ ❛ ♥ ♦ ♠ ❛ ❡ ❤ ♦ ✇ ♥✱ ✇ ❤✐❧ ❡ ✐ ♥ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❝ ♦❧ ✉ ♠ ♥ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝
❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❢ ♦ ❛ ❞ ❛ ❛ ❡ ♦❢ ✲ ✻ ✺ ➦ ♦ ✻ ✺ ➦ ✇✐ ❤ ❛ ✶ ➦ ❡ ♣ ✐ ③ ❡ ❛ ❡ ❤ ♦ ✇ ♥✳ ■ ♥ ❤ ❡
❧ ❛ ❝ ♦❧ ✉ ♠ ♥✱ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❢ ♦ ❛ ❞ ❛ ❛ ❡ ♦❢ ✲ ✾ ✵ ➦
♦ ✾ ✵ ➦ ✇✐ ❤ ❛ ✶ ➦ ❡ ♣ ✐ ③ ❡ ❛ ❡ ❤ ♦ ✇ ♥✳
✼ ✵ ❈ ❍ ❆ ❚ ❊ ❘ ✹✳ ✸ ❉ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ● ❇ ❨ ❚ ❖ ▼ ❖ ● ❘ ❆ ❍ ❨
✭ ❛ ✮ ❤ ❛ ♥ ♦ ♠ ✭ ❜ ✮ ❆ ✜ ❣ ✉ ❡ ✹✳ ✺ ❜ ✭ ❝ ✮ ❆ ✜ ❣ ✉ ❡ ✹✳ ✺ ❝
✭ ❞ ✮ ❤ ❛ ♥ ♦ ♠ ✭ ❡ ✮ ❆ ✜ ❣ ✉ ❡ ✹✳ ✺ ❡ ✭❢ ✮ ❆ ✜ ❣ ✉ ❡ ✹✳ ✺❢
❋✐ ❣ ✉ ❡ ✹✳ ✻✿ ❚ ❤ ❡ ✈✐ ♦❧ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❧✐ ❝ ❡ ❤ ❡ ♦ ❡ ♠ ❞ ✉ ❡ ♦ ❤ ❡ ❧✐ ♠✐ ❡ ❞
❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ❝ ❛ ✉ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❛ ✐❢ ❛ ❝ ✐ ♥ ❤ ❡ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥✳ ❚ ❤ ❡
✸ ❉ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ✐ ❛ ❣ ❛✐ ♥ ♣ ♦❥ ❡ ❝ ❡ ❞ ❛ ✐ ♥ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ✜ ❣ ✉ ❡ ❜ ✉ ♥ ♦ ✇
❤ ❡ ❡ ✛ ❡ ❝ ♦❢ ❤ ❡ ❧✐ ♠✐ ❡ ❞ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ♦ ♥ ❤ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ✐ ✐ ♥ ❝❧ ✉ ❞ ❡ ❞✳
■ ♥ ❤ ❡ ✉ ♣ ♣ ❡ ♦ ✇ ✭ ❛✲ ❝✮✱ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ❛ ①✐ ✐ ❤ ♦ ✇ ♥✳ ■ ♥ ❤ ❡
❧ ♦ ✇ ❡ ♦ ✇✱ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ❛❧ ♦ ♥ ❣ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ❛❧ ❛ ①✐ ✳ ❚ ❤ ❡ ✜
❝ ♦❧ ✉ ♠ ♥ ❤ ♦ ✇ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠✱ ✇ ❤✐❧ ❡ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❛ ♥ ❞ ❤✐ ❞ ❝ ♦❧ ✉ ♠ ♥ ❤ ♦ ✇ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝
❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❢ ♦ ♠ ❞ ❛ ❛ ❡ ✇✐ ❤ ❛ ♥ ❣❧ ❡ ❢ ♦ ♠ ✲ ✻ ✺ ➦ ♦ ✻ ✺ ➦ ✭ ❜✱ ❡✮ ❛ ♥ ❞ ✲ ✾ ✵ ➦ ♦ ✾ ✵ ➦
✭ ❝✱❢ ✮ ✐ ♥ ✶➦ ❡ ♣ ✳ ❚ ❤ ❡ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✇ ❡ ❡ ♣ ❡ ❢ ♦ ♠ ❡ ❞ ❢ ♦ ❛ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ✇✐ ❤
♦ ✉ ❡ ♠ ♦ ③ ♦ ♥ ❡ ✇✐ ❞ ❤ ♦❢ d r N = 1 0 ♥ ♠ .
❆ ❞ ❞✐ ✐ ♦ ♥ ❛❧❧ ②✱ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ✈✐✲
♦❧ ❛ ❡ ❤ ❡ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ✉ ❡ ❞ ✐ ♥ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❧✐ ❝ ❡ ❤ ❡ ♦ ❡ ♠ ✭ ✹✳ ✷✮✳ ❚ ❤ ❡ ♦❢ ❳✲ ❛ ②
❜ ❡ ❛ ♠ ♣ ❡ ❛ ❞ ♦ ✉ ❞ ✉ ❡ ♦ ❤ ❡ ✇ ❛ ✈ ❡ ♥ ❛ ✉ ❡ ♦❢ ❤ ❡ ❧✐ ❣ ❤ ✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥
❛ ✉ ♠ ♣ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❧✐ ❝ ❡ ❤ ❡ ♦ ❡ ♠ ✐ ♥ ♦ ♣ ❡ ❢ ❡ ❝ ❧ ② ❢ ✉❧ ✜❧❧ ❡ ❞✳ ■ ♥ ❡ ❛ ❞✱ ❤ ❡
✐ ♠ ❛ ❣ ❡ ♦ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ❛ ❡ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ❜ ② ❤ ❡ ✐ ♥ ❡ ❣ ❛❧ ❣✐ ✈ ❡ ♥ ✐ ♥ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✹✳ ✶✮✳ ❚ ❤✐
✐ ♥ ❡ ❣ ❛❧ ✐ ❡ ❡ ♥ ✐ ❛❧❧ ② ❛ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ♣ ♦✐ ♥ ✲ ♣ ❡ ❛ ❞ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ③ ♦ ♥ ❡
♣❧ ❛ ❡✳ ❚ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ❡ ✛ ❡ ❝ ♦ ♥ ❤ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ✐ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✹✳ ✻✳ ❛ ♦❢
✹✳ ✷✳ ❚ ❘ ❆ ◆ ❙ ▼■ ❙ ❙■ ❖ ◆ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ▼■ ❈ ❘ ❖ ❙ ❈ ❖ ❨ ✼ ✶
❤ ❡ ❛ ♠ ♣❧ ❡ ✇ ❤✐ ❝ ❤ ❛ ❡ ♦ ✉ ✐ ❞ ❡ ❤ ❡ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ❛ ♣ ♣ ❡ ❛ ❜❧ ✉ ❡ ❞✳ ❖ ♥❧ ② ✇✐ ❤✐ ♥ ❤ ❡
❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ✱ ❤ ❡ ❧✐ ♥ ❡ ✐ ♥ ❡ ❣ ❛❧ ✐ ❛ ❣ ♦ ♦ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✳
✹✳ ✷✳ ✸ ❈ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ ❊ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❚ ❳ ▼ ■ ♠ ❛ ❣ ❡ ❛ ♥ ❞ ■ ♥ ❝ ♦✲
❤ ❡ ❡ ♥ ❙✐ ♠ ✉❧ ❛ ✐ ♦ ♥
■ ♥ ❤✐ ❡ ❝ ✐ ♦ ♥✱ ✇ ❡ ❝ ♦ ♠ ♣ ❛ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❞ ❛ ❛ ✇✐ ❤ ❛ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ❝ ❛ ❡ ♦❢
❛ ♥ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥✳ ■ ♥ ❛ ♥ ❛ ❜ ✉ ❡ ♦❢ ♥ ♦ ❛ ✐ ♦ ♥ ✇ ❡ ✇✐❧❧ ❝ ❛❧❧ ❤ ❡ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥
✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ✳ ❚ ❤ ❡ ❛ ♠ ♣❧ ❡ ❝ ♦ ♥ ✐ ♦❢ ❆ ✉ ♣ ❤ ❡ ❡ ✇✐ ❤ ❛ ♣ ♦❧ ② ♠ ❡ ❝ ♦ ❡ ✇✐ ❤ ❛ ❞✐ ❛ ♠ ❡ ❡
♦❢ ✷ ✼ ✵ ♥ ♠ ♦ ♥ ❛ ❝ ❛ ❜ ♦ ♥✲❢ ♦✐❧ ✇✐ ❤ 2 .4 ➭ ♠ ❤ ♦❧ ❡ ✳ ❚ ❤ ❡ ❛ ♠ ♣❧ ❡ ✇ ❛ ✐ ♠ ❛ ❣ ❡ ❞ ✉ ♥ ❞ ❡ ✐❧
❛ ♥ ❣❧ ❡ ❢ ♦ ♠ ✲ ✼ ✵ ➦ ♦ ✼ ✵ ➦ ✐ ♥ ✶➦ ❡ ♣ ✳ ❚ ❤ ❡ ✜ ♥ ❛❧ ✸ ❉ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ✇ ❛ ♣ ❡ ❢ ♦ ♠ ❡ ❞
✇✐ ❤ ❤ ❡ ✇ ❡✐ ❣ ❤ ❡ ❞ ❜ ❛ ❝ ❦✲ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❛❧ ❣ ♦ ✐ ❤ ♠ ❛ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❡ ❞ ✐ ♥ ❚ ♦ ♠ ♦ ❏ ❬ ✺ ✹❪✳
❆ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❛ ♥ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ✐ ♠ ❛ ❣ ❡ ❛ ♥ ❞ ❤ ❡ ❡ ✉❧ ♦❢ ❛ ♥ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥
✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✐ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✹✳ ✼✳ ❚ ❤ ❡ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ❤ ♦ ✇ ❤ ❛ ❤ ❡ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉
✐ ✐ ♠✐❧ ❛ ✱ ❜ ✉ ♦ ♠ ❡ ❢ ❡ ❛ ✉ ❡ ♦❢ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❞ ❛ ❛ ❛ ❡ ♥ ♦ ❡ ① ♣❧ ❛✐ ♥ ❡ ❞ ❜ ② ❤✐
♠ ♦ ❞ ❡❧✳ ❚ ❤ ❡ ❡ ❢ ❡ ❛ ✉ ❡ ✐ ♥ ❝❧ ✉ ❞ ❡ ❤ ❛❧ ♦ ❛ ♦ ✉ ♥ ❞ ❤ ❡ ❤ ♦❧ ❡ ✱ ❛ ✇ ❡❧❧ ❛ ❛ ♥ ✐ ♥ ❝ ❡ ❛ ❡ ❞
❝ ♦ ♥ ❛ ❛ ❤ ❡✐ ❡ ❞ ❣ ❡ ✳ ❚ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❞ ❛ ❛ ❡ ① ❤✐ ❜✐ ❛ ♥ ❛ ② ♠ ♠ ❡ ✐ ❝ ❜❧ ✉ ✐ ♥ ❣
✭ ❛ ✮ ❊ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❚ ❳ ▼ ✐ ♠ ❛ ❣ ❡ ✭ ❜ ✮ ■ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ❚ ❳ ▼ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥
❋✐ ❣ ✉ ❡ ✹✳ ✼✿ ❈ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ ❡ ❛❧ ❚ ❳ ▼ ❛ ♥ ❞ ✐ ♠ ✉❧ ❛ ❡ ❞ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ✐ ♠ ❛ ❣ ❡ ✳ ❚ ❤ ❡ ✐❧
✐ ✼ ✵ ➦ ❛ ♥ ❞ ❤ ❡ ❋ ❩ ❤ ❛ ❛ d r N = 4 0 ♥ ♠ .
✭ ❛ ✮ ❆ ♥ ✐ ♠ ❛ ❣ ❡ ♦❢ ✷ ✼ ✵ ♥ ♠ ❤ ♦❧❧ ♦ ✇ ❆ ✉ ♣ ❤ ❡ ❡ ♦ ♥ ❛ ❝ ❛ ❜ ♦ ♥ ❢ ♦✐❧ ✇✐ ❤ 2 .4 ➭ ♠ ❤ ♦❧ ❡ ✐
❤ ♦ ✇ ♥✳ ❚ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ✇ ❛ ❛ ❦ ❡ ♥ ✇✐ ❤ ❤ ❡ ❚ ❳ ▼ ❛ ❤ ❡ ❯ ✹ ✶✲ ❋ ❙ ● ▼ ❜ ❡ ❛ ♠❧✐ ♥ ❡ ❛ ❤ ❡
❍ ❡❧ ♠ ❤ ♦❧ ③ ❩ ❡ ♥ ✉ ♠ ❇ ❡ ❧✐ ♥✳
✭ ❜ ✮ ❆ ♥ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ♦❢ ❛ ✐ ♠✐❧ ❛ ♦ ❜❥ ❡ ❝ ❛ ✐ ♥ ✜ ❣ ✉ ❡ ✹✳ ✼ ❛ ✐ ❤ ♦ ✇ ♥✳
✼ ✷ ❈ ❍ ❆ ❚ ❊ ❘ ✹✳ ✸ ❉ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ● ❇ ❨ ❚ ❖ ▼ ❖ ● ❘ ❆ ❍ ❨
♦❢ ❤ ❡ ♥ ❛ ♥ ♦ ♣ ❛ ✐ ❝❧ ❡ ✐ ♥ ❡ ❣ ❛ ❞ ♦ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ ♦ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣❧ ❛ ♥ ❡✳ ❚ ❤✐ ❡ ✛ ❡ ❝ ✐ ♥ ♦
♦ ❜ ❡ ✈ ❡ ❞ ✐ ♥ ❤ ❡ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥✳
❆ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ✸ ❉ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❢ ♦ ♠ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧
❞ ❛ ❛ ❛ ♥ ❞ ❤ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❢ ♦ ♠ ❛ ❡ ✐ ❡ ♦❢ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥
✐ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ✜ ❣ ✉ ❡ ✹✳ ✽✳ ❲❡ ❤ ♦ ✇ ❡❧ ❡ ❝ ❡ ❞ ❧✐ ❝ ❡ ❢ ♦ ♠ ❤ ❡ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ✳ ❖ ♥ ❡
❧✐ ❝ ❡ ✐ ♣ ❡ ♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛ ♦ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ❛ ①✐ ✇ ❤✐❧ ❡ ❤ ❡ ♦ ❤ ❡ ❧✐ ❝ ❡ ✐ ♣ ❡ ♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛ ♦
❤ ❡ ✐❧ ❛ ①✐ ✳ ❚ ❤ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❤ ♦ ✇ ❛ ❤✐ ❣ ❤ ❡ ❞ ❡ ❣ ❡ ❡ ♦❢ ✐ ♠✐❧ ❛ ✐ ②✳
✭ ❛ ✮ ❘ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✭ ❜ ✮ ❘ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥
❋✐ ❣ ✉ ❡ ✹✳ ✽✿ ❈ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ ❡ ❛❧ ❚ ❳ ▼ ❛ ♥ ❞ ✐ ♠ ✉❧ ❛ ❡ ❞ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ♦ ♠ ♦ ❣ ❛ ♠ ✳ ❚ ❤ ❡
① ②✲ ❧✐ ❝ ❡ ✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♦ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ❛ ①✐ ✳ ❚ ❤ ❡ ① ③✲ ❧✐ ❝ ❡ ✐ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♦ ❤ ❡ ♦ ❛ ✐ ♦ ♥
❛ ①✐ ❛ ♥ ❞ ❤ ♦ ✇ ❤ ❡ ❡ ✛ ❡ ❝ ♦❢ ❤ ❡ ♠✐ ✐ ♥ ❣ ❝ ♦ ♥ ❡ ❛ ✐❢ ❛ ❝ ✳
✭ ❛ ✮ ❚ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❞ ❛ ❛ ❢ ♦ ♠ ✜ ❣ ✉ ❡ ✹✳ ✼ ❛✳
✭ ❜ ✮ ❚ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♠ ✉❧ ❛ ❡ ❞ ❞ ❛ ❛ ❢ ♦ ♠ ✜ ❣ ✉ ❡ ✹✳ ✼ ❜✳
✹✳ ✷✳ ✹ ❛ ✐ ❛❧❧ ② ❈ ♦ ❤ ❡ ❡ ♥ ❚ ❳ ▼ ❙✐ ♠ ✉❧ ❛ ✐ ♦ ♥
❚ ❤ ❡ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ♦❢ ❛ ♥ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ❞ ♦ ❡ ♥ ♦ ♣ ❡ ❢ ❡ ❝ ❧ ② ❞ ❡ ❝ ✐ ❜ ❡ ❤ ❡ ✐ ♠ ❛ ❣✲
✐ ♥ ❣ ♣ ♦ ❝ ❡ ✐ ♥ ♦ ✉ ❚ ❳ ▼✳ ❚ ❤✐ ✐ ❞ ✉ ❡ ♦ ❛ ♠✐ ♠ ❛ ❝ ❤ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ♣ ❡ ✉ ❡
♦❢ ❤ ❡ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ❛ ♥ ❞ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ✇ ❤✐ ❝ ❤ ❡ ✉❧ ✐ ♥ ❛ ♣ ❛ ✐ ❛❧❧ ②
❝ ♦ ❤ ❡ ❡ ♥ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❛ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ♦❢ ❛ ♣ ❛ ✐ ❛❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥
❚ ❳ ▼ ✇ ❛ ❞ ❡ ✈ ❡❧ ♦ ♣ ❡ ❞ ❛ ♥ ❞ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❡ ❞✳ ■ ♥ ♦ ❤ ❡ ✇ ♦ ❦ ✱ ✜ ♥✐ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ♠ ❡ ❤ ♦ ❞
✹✳ ✷✳ ❚ ❘ ❆ ◆ ❙ ▼■ ❙ ❙■ ❖ ◆ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ▼■ ❈ ❘ ❖ ❙ ❈ ❖ ❨ ✼ ✸
✭ ❋ ❉ ▼✮ ✇ ❡ ❡ ✉ ❡ ❞ ♦ ♦❧ ✈ ❡ ❤ ❡ ✸ ❉ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❛ ♠ ♣❧ ❡ ❬ ✽ ✺❪✳ ❙✐ ♥ ❝ ❡
❋ ❉ ▼ ❛ ❡ ❦ ♥ ♦ ✇ ♥ ♦ ♣ ♦ ❞ ✉ ❝ ❡ ❛ ✐❢ ❛ ❝ ❛ ♥ ❞ ❛ ❡ ❡❧ ❛ ✐ ✈ ❡❧ ② ❧ ♦ ✇✱ ❛ ❞✐ ✛ ❡ ❡ ♥ ❛ ♣ ♣ ♦ ❛ ❝ ❤
✐ ✉ ❡ ❞✳ ■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ❤ ❡ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ❛ ❡ ✐ ♥ ❝❧ ✉ ❞ ❡ ❞✳
❚ ❤ ❡ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ❡ ♣ ❛ ❡✿
✶✳ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ❛ ♣ ❤ ❛ ♥ ♦ ♠
✷✳ ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ♦❢ ✐ ♥ ❜ ♦ ✉ ♥ ❞ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♥ ❣ ✜ ❡❧ ❞
✸✳ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠ ❢ ♦ ❡ ❛ ❝ ❤ ✜ ❡❧ ❞ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣
♦ ❛ ♠ ♦ ❞✐ ✜ ❡ ❞ ♠ ✉❧ ✐ ❧✐ ❝ ❡ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❛ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ✐ ♥ ❡ ❝ ✐ ♦ ♥ ✸✳ ✷
✭ ❛✮ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❤ ♦ ✉ ❣ ❤ ❛ ✐ ♥ ❣❧ ❡ ❧ ❛ ② ❡
✭ ❜✮ ❢ ❡ ❡ ♣ ❛ ❝ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ♦ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ♦ ♣ ✐ ❝
✭ ❝✮ ❢ ❡ ❡ ♣ ❛ ❝ ❡ ❜ ❛ ❝ ❦✲ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ♦ ❤ ❡ ♥ ❡ ① ❧ ❛ ② ❡
✹✳ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ♦ ❤ ❡ ❞ ❡ ❡ ❝ ♦
✺✳ ✐ ♥ ❡ ❣ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ✉❧ ♦ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ♦
❚ ❤ ❡ ❞ ❡ ❛✐❧ ♦❢ ❤ ❡ ♣ ♦ ♣ ♦ ❡ ❞ ✇ ♦ ❦ ✢ ♦ ✇ ❛ ❡ ♥ ♦ ✇ ❡ ① ♣❧ ❛✐ ♥ ❡ ❞✳ ❚ ❤ ❡ ❛❧ ❣ ♦ ✐ ❤ ♠ ❢ ♦ ❤ ❡ ❝ ♦ ♥✲
✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠ ✐ ✈ ❡ ② ✐ ♠✐❧ ❛ ♦ ❤ ❡ ♦ ♥ ❡ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ❡ ❛ ❧✐ ❡ ✐ ♥ ❡ ❝ ✐ ♦ ♥ ➓ ✹✳ ✶✳
❚ ❤ ❡ ♦ ♥❧ ② ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ✐ ❤ ❛ ♣❧ ❛ ♥ ❡ ♣ ❡ ♣ ❡ ♥ ❞✐ ❝ ✉❧ ❛ ♦ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ❛ ①✐ ❞✐ ✛ ❡ ✐ ♥ ❤ ❡
❡ ♣ ✐ ③ ❡ ♦❢ ❤ ❡✐ ❞✐ ❝ ❡ ✐ ③ ❛ ✐ ♦ ♥✳ ❋ ♦ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❡ ♣ ♦❢ ❤ ❡ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥✱ ❤ ❡ ♣ ❛ ✐ ❛❧❧ ②
❝ ♦ ❤ ❡ ❡ ♥ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ✐ ❡ ♣ ❛ ❛ ❡ ❞ ✐ ♥ ♦ ❢ ✉❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥ ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ✳ ❉ ✉ ❡ ♦ ❤ ❡ ❡ ①✲
♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❡ ✉ ♣✱ ❤ ❡ ♣ ❛ ✐ ❛❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ❝ ❛ ♥ ❜ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❞ ❜ ② ❛
✜ ♥✐ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ✭❢ ✉❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥ ✮ ♦ ✉ ❝ ❡ ♣ ♦✐ ♥ ✇ ❤✐ ❝ ❤ ❛ ❡ ♠ ✉ ✉ ❛❧❧ ② ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ✳ ❋ ♦
❡ ❛ ❝ ❤ ❝ ♦ ❤ ❡ ❡ ♥ ♦ ✉ ❝ ❡✱ ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❚ ❳ ▼ ✐ ✇ ❡❧❧ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ❜ ② ❤ ❡
❝ ♦ ❤ ❡ ❡ ♥ ♣ ♦ ♣ ❛ ❣ ❛ ♦ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ✐ ♥ ❝ ❤ ❛ ♣ ❡ ✸✳ ❚ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ✐ ♥ ❡ ♥ ✐ ② ❞✐ ✐ ❜ ✉ ✐ ♦ ♥
❛ ❡ ✐ ♥ ❡ ❣ ❛ ❡ ❞ ♦ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ♦ ✈ ❡ ❛❧❧ ♦ ✉ ❝ ❡ ✳
❋ ♦ ❡ ♣ ✸✱ ✇ ❡ ✉ ❡ ❡ ① ♣❧✐ ❝✐ ❧ ② ✐ ♥ ✈ ❡ ✐ ❜❧ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ♦ ✳ ❚ ❤✐ ❧ ❡ ❛ ❞ ♦ ❞✐ ✛ ❡ ❡ ♥
❛ ♥ ✈ ❡ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ❢ ♦ ③✲ ❧✐ ❝ ❡ ❛❧ ♦ ♥ ❣ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ❛ ①✐ ✳ ❋ ♦ ❞ ❡ ❛✐❧ ❛ ❜ ♦ ✉ ❤ ❡
✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ♦ ♥✱ ❡ ❡ ❛❧ ♦ ❡ ❝ ✐ ♦ ♥ ❇✳ ✷✳ ✸✳ ❊ ❛ ❝ ❤ ♣ ♦✐ ♥ ♦ ✉ ❝ ❡ ✐❧❧ ✉ ♠✐ ♥ ❛ ❡ ♠ ❛✐ ♥❧ ② ❛
♠ ❛❧❧ ♣ ❛ ♦❢ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠✳ ❚ ❤✐ ♣ ♦ ♣ ❡ ② ✐ ✉ ❡ ❞ ✐ ♠ ♣❧✐ ❝✐ ❧ ② ♦ ♥ ❡ ✈ ❡ ❛❧ ♦ ❝ ❝ ❛ ✐ ♦ ♥ ✳
■ ❛❧❧ ♦ ✇ ❤ ❡ ❡ ♣ ❛ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ✜ ❡❧ ❞ ✐ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ♦ ♣ ✐ ❝ ✐ ♥ ♦ ❤ ❡
♣ ♦ ❞ ✉ ❝ ♦❢ ❛ ❢ ❛ ♦ ❝✐❧❧ ❛ ✐ ♥ ❣ ♣ ❤ ❡ ✐ ❝ ❛❧ ✇ ❛ ✈ ❡ ❛ ♥ ❞ ❛ ♠ ✉ ❝ ❤ ❧ ♦ ✇ ❡ ♦ ❝✐❧❧ ❛ ✐ ♥ ❣ ❢ ✉ ♥ ❝ ✐ ♦ ♥✳
❚ ❤✐ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✐ ❡ ❡ ♥ ✐ ❛❧ ✐ ♥ ♦ ❞ ❡ ♦ ✉ ❡ ❛ ❡ ❛ ♦ ♥ ❛ ❜❧ ② ❧ ❛ ❣ ❡ ❞✐ ❝ ❡ ✐ ③ ❛ ✐ ♦ ♥ ✐ ♥
❤ ❡ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ♦ ♣ ✐ ❝ ✳✺
❲❡ ♥ ♦ ✇ ❡ ① ♣❧ ❛✐ ♥ ❤ ❡ ❞ ❡ ❛✐❧ ♦❢ ❛ ✐ ♥ ❣❧ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❡ ♣ ❛ ♥ ❞ ❛ ✇✐ ❤ ✐ ♥ ♦✲
❞ ✉ ❝✐ ♥ ❣ ❛ ❢ ❡ ✇ ♥ ♦ ❛ ✐ ♦ ♥ ✿
✺ ❘ ❡ ♠ ❛ ❦✿ ❋ ♦ ❧ ❛ ❣ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ♣ ❡ ✉ ❡ ✱ ❛ ♥ ♦ ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ♦ ❤ ❛ ♦ ❜ ❡ ✉ ❡ ❞ ✇ ❤✐ ❝ ❤ ✐ ♥ ♦ ❧ ♦ ♥ ❣ ❡
❡ ✉✐ ❞✐ ❛ ♥ ✐ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ♦ ♣ ✐ ❝✳ ❚ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ✐ ♥ ❛ ♥ ✈ ❡ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ❛ ♥ ❞ ❞✐ ❛ ♥ ❝ ❡
♦ ❤ ❡ ❧ ❡ ♥ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❡ ♦ ✳
✼ ✹ ❈ ❍ ❆ ❚ ❊ ❘ ✹✳ ✸ ❉ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ● ❇ ❨ ❚ ❖ ▼ ❖ ● ❘ ❆ ❍ ❨
U 0 ✐ ❤ ❡ ❝ ❛❧ ❛ ✜ ❡❧ ❞ ♦❢ ❤ ❡ ❝ ✉ ❡ ♥ ❧ ❛ ② ❡ ✳
1 − δ + iβ ✐ ❤ ❡ ♠ ❡ ❛ ♥ ❝ ♦ ♠ ♣❧ ❡ ① ✐ ♥ ❞ ❡ ① ♦❢ ❡❢ ❛ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ✈ ♦ ① ❡❧✳
∆ z ✐ ❤ ❡ ❤✐ ❝ ❦ ♥ ❡ ❛❧ ♦ ♥ ❣ ❤ ❡ z ✲ ❞✐ ❡ ❝ ✐ ♦ ♥✳
k ✐ ❤ ❡ ✇ ❛ ✈ ❡ ♥ ✉ ♠ ❜ ❡ ✳
z ✐ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ ♦ ❤ ❡ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ❧ ❡ ♥ ✳
P z ∗ [U ] ✐ ❤ ❡ ❢ ❡ ❡ ♣ ❛ ❝ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ♦ ❢ ♦ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ z ✯✳
P − 1z ∗ [U ] ✐ ❤ ❡ ✐ ♥ ✈ ❡ ❡ ♦❢ ❤ ❡ ❢ ❡ ❡ ♣ ❛ ❝ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ♦ ✳
❚ ❤ ❡ ♥✱ ❤ ❡ ❝ ❛❧ ❛ ✜ ❡❧ ❞ (U n e xt ) ❛ ❤ ❡ ♥ ❡ ① z ✲❧ ❛ ② ❡ ✐ ❡ ✐ ♠ ❛ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ❝ ❛❧ ❛ ✜ ❡❧ ❞
(U l a st) ❛ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ❧ ❛ ② ❡ ❜ ②
U n e xt ≈ P − 1z − ∆ z [P z [ U l a st]] · e x p i k − δ + iβ ∆ z .
■ ♥ ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❜ ❛ ❝ ❦✲ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❡ ♣✱ ♦ ♥ ❡ ❤ ❛ ♦ ❛ ❦ ❡ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ❤ ❡
❡ ♣ ❛ ❛ ✐ ♦ ♥ ✐ ♥ ♦ ♣ ❤ ❡ ✐ ❝ ❛❧ ✇ ❛ ✈ ❡ ❛ ♥ ❞ ❧ ♦ ✇❧ ② ♦ ❝✐❧❧ ❛ ✐ ♥ ❣ ❢ ✉ ♥ ❝ ✐ ♦ ♥✳ ❚ ❤✐ ❡ ✉❧ ✐ ♥ ❛ ♥
❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❧ ♦ ✇❧ ② ✈ ❛ ②✐ ♥ ❣ ♣ ❛ ✇✐ ❤ ❛ ♥ ♦ ❤ ❡ ❧ ♦ ✇❧ ② ♦ ❝✐❧❧ ❛ ✐ ♥ ❣
❢ ✉ ♥ ❝ ✐ ♦ ♥✳
U l a st [r ] = U sl o w,l a st [r ] e x p i k r
2
2 z
!= U n e xt [r ]
U n e xt = U sl o w, n e xt e x p i k r
2
2( z − ∆ z )
= ⇒ U sl o w, n e xt = U sl o w,l a st e x p i k − ∆ z r
2
2( z − ∆ z )z
❆ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❡ ♣ ❧ ❡ ❛ ❞ ♦ ❛ ♠ ❛❧❧ ❝ ❤ ❛ ♥ ❣ ❡ ✐ ♥ ❡ ♦❧ ✉ ✐ ♦ ♥✳ ❚ ❤✐ ❝ ❤ ❛ ♥ ❣ ❡ ❞ ❡ ♣ ❡ ♥ ❞
♦ ♥ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ❡ ♦❧ ✉ ✐ ♦ ♥✱ ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❞✐ ❛ ♥ ❝ ❡✱ ❤ ❡ ✐ ③ ❡ (N ) ♦❢ ❤ ❡ ❞✐ ❝ ❡ ✐ ❡ ❞
✜ ❡❧ ❞ ❛ ♥ ❞ ❤ ❡ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤ (λ ) ♦❢ ❤ ❡ ❧✐ ❣ ❤ ✳ ■❢ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ✜ ♣❧ ❛ ♥ ❡ ✐ ∆ x z 1 ✱❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ♦ ♣ ✐ ❝ ✐ ❣✐ ✈ ❡ ♥ ❜ ②✿
∆ x z o p t = λ (z o pt − z 1 )∆ x z 1 N .
❙✐ ♥ ❝ ❡ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ♦ ♣ ✐ ❝ ❤ ❛ ♦ ❜ ❡ ❦ ❡ ♣ ❝ ♦ ♥ ❛ ♥ ✱ ❤ ❡ ♥ ❡ ✇
❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♥ ❡ ① ❧ ❛ ② ❡ ✐
∆ x z 1 + ∆ z = (z o pt − z 1 − ∆ z )(z o pt − z 1 ) ∆ x z 1 .
✹✳ ✷✳ ❚ ❘ ❆ ◆ ❙ ▼■ ❙ ❙■ ❖ ◆ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ▼■ ❈ ❘ ❖ ❙ ❈ ❖ ❨ ✼ ✺
❍ ❡ ♥ ❝ ❡✱ ❤ ❡ ♣ ❤ ② ✐ ❝ ❛❧ ✐ ③ ❡ ♦❢ ❤ ❡ ♣❧ ❛ ♥ ❡ ❞ ❡ ❝ ❡ ❛ ❡ ❛ ❤ ❡ ② ❝ ♦ ♠ ❡ ❝❧ ♦ ❡ ♦ ❤ ❡ ♦ ♣ ✐ ❝✳
❚ ❤✐ ✐ ♥ ❞✐ ❝ ❛ ❡ ❛❧ ❡ ❛ ❞ ② ♦ ♥ ❡ ♦❢ ❤ ❡ ♠ ❛✐ ♥ ❡ ✐ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛❧ ❣ ♦ ✐ ❤ ♠✳ ■❢ ❤ ❡ ✐❧❧ ✉✲
♠✐ ♥ ❛ ✐ ♦ ♥ ❤ ❛ ❛ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ✐ ♥ ❡ ♥ ✐ ② ❝❧ ♦ ❡ ♦ ❤ ❡ ❜ ♦ ❞ ❡ ♦❢ ❤ ❡ ✜ ❡❧ ❞ ♦❢ ✈✐ ❡ ✇✱ ❤ ❡
❛❧ ❣ ♦ ✐ ❤ ♠✬ ❡ ✉❧ ❛ ❡ ♥ ♦ ✇ ❡❧❧ ✉✐ ❡ ❞ ❢ ♦ ❤ ❡ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥✳ ❯ ♥ ❞ ❡ ❤ ❡ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✱
♦ ♥ ❡ ❣ ❡ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❛ ✐❢ ❛ ❝ ❛❧ ♦ ♥ ❣ ❤ ❡ ❜ ♦ ❞ ❡ ✳ ❚ ❤✐ ✐ ❛ ✇ ❡❧❧ ❦ ♥ ♦ ✇ ♥ ♣ ♦ ❜❧ ❡ ♠ ♦❢
✐ ♠✐❧ ❛ ❛❧ ❣ ♦ ✐ ❤ ♠ ❧✐ ❦ ❡ ❤ ❡ ♣❧✐ ❡ ♣ ♠ ❡ ❤ ♦ ❞✳ ▼ ❡ ❤ ♦ ❞ ❡ ①✐ ♦ ❡ ❞ ✉ ❝ ❡ ❤ ❡ ❡ ✉❧ ✲
✐ ♥ ❣ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ✐❢ ❛ ❝ ❢ ♦ ❤ ♦ ❡ ❛❧ ❣ ♦ ✐ ❤ ♠ ✳ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ♣ ❡ ❢ ❡ ❝ ❧ ② ♠ ❛ ❝ ❤ ❡ ❞ ❧ ❛ ② ❡
❝ ❛ ♥ ❜ ❡ ✉ ❡ ❞ ♦ ❡ ❞ ✉ ❝ ❡ ❤ ❡ ❡ ✛ ❡ ❝ ♦❢ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ❛ ❤ ❡ ❜ ♦ ❞ ❡ ✳ ■ ♥ ❤✐ ♠ ❡ ❤ ♦ ❞✱ ❤ ❡
✜ ❡❧ ❞ ♦❢ ✈✐ ❡ ✇ ✐ ♣ ❛ ❞ ❞ ❡ ❞ ✇✐ ❤ ❛ ♥ ❛ ❜ ♦ ❜✐ ♥ ❣ ♦ ✉ ❡ ❧ ❛ ② ❡ ✳
❖ ♥ ❝ ❡ ❤ ❡ ❧ ❛ ❧ ❛ ② ❡ ✐ ❡ ❛ ❝ ❤ ❡ ❞✱ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ✜ ❡❧ ❞ ✐ ❛ ❣ ❛✐ ♥ ♣ ♦ ♣ ❛ ❣ ❛ ❡ ❞ ♦ ❤ ❡ ❡ ❝✲
♦ ♥ ❞ ♦ ♣ ✐ ❝✳ ❚ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ✜ ❡❧ ❞ ✐ ♠ ♦ ❞✐ ✜ ❡ ❞ ❜ ② ❤ ❡ ❛ ♥ ♠✐ ✐ ♦ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ♣ ✐ ❝✳✻
❙ ✉ ❜ ❡ ✉ ❡ ♥ ❧ ②✱ ❤ ❡ ✜ ❡❧ ❞ ✐ ♣ ♦ ♣ ❛ ❣ ❛ ❡ ❞ ♦ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✳ ❆ ♣ ❡ ✈✐ ♦ ✉ ❧ ② ♠ ❡ ♥ ✐ ♦ ♥ ❡ ❞✱
♣ ❛ ✐ ❛❧ ❝ ♦ ❤ ❡ ❡ ♥ ❝ ❡ ✐ ✐ ♥ ❝❧ ✉ ❞ ❡ ❞ ❜ ② ✐ ♥ ❡ ❣ ❛ ✐ ♥ ❣ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ✐ ♥ ❡ ♥ ✐ ② ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ♦❢
❞✐ ✛ ❡ ❡ ♥ ♦ ✉ ❝ ❡ ♣ ♦✐ ♥ ✐ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✳
✭ ❛ ✮ ❊ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❚ ❳ ▼ ✐ ♠ ❛ ❣ ❡ ✭ ❜ ✮ ❛ ✐ ❛❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥ ❚ ❳ ▼ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥
❋✐ ❣ ✉ ❡ ✹✳ ✾✿ ❈ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❚ ❳ ▼ ❛ ♥ ❞ ✐ ♠ ✉❧ ❛ ❡ ❞ ♣ ❛ ✐ ❛❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥
❞ ❛ ❛✳
✭ ❛ ✮ ❍ ♦❧❧ ♦ ✇ ❆ ✉ ♣ ❤ ❡ ❡ ✇✐ ❤ ❛ ❞✐ ❛ ♠ ❡ ❡ ♦❢ ✷ ✼ ✵ ♥ ♠ ♦ ♥ ❛ ❝ ❛ ❜ ♦ ♥ ❢ ♦✐❧ ✇✐ ❤ 2 .4 ➭ ♠
❤ ♦❧ ❡ ✇ ❡ ❡ ✐ ♠ ❛ ❣ ❡ ❞ ✐ ♥ ❤ ❡ ❚ ❳ ▼✳
✭ ❜ ✮ ❆ ♣ ❛ ✐ ❛❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ♦❢ ❛ ✐ ♠✐❧ ❛ ♦ ❜❥ ❡ ❝ ❛ ✐ ♥ ✜ ❣ ✉ ❡ ✹✳ ✾ ❛✳ ❚ ❤ ❡ ✐❧
✐ ✼ ✵ ➦ ❛ ♥ ❞ ❤ ❡ ❋ ❩ ❤ ❛ ❛ d r N = 4 0 ♥ ♠ .
✻ ❍ ❡ ❡✱ ✇ ❡ ❛ ✉ ♠ ❡ ❤ ❛ ❤ ❡ ♦ ♣ ✐ ❝ ❛ ❝ ❛ ❛ ❤✐ ♥ ❧ ❡ ♥ ✇✐ ❤ ❢ ♦ ❝ ❛❧ ❧ ❡ ♥ ❣ ❤ f ✱ ❛ ♥ ❞ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡
❛ ♥ ♠✐ ✐ ♦ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ✿ T [r ] = χ r < r m a x [r ] · e x p − i k r 22 f ✳
✼ ✻ ❈ ❍ ❆ ❚ ❊ ❘ ✹✳ ✸ ❉ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ● ❇ ❨ ❚ ❖ ▼ ❖ ● ❘ ❆ ❍ ❨
✭ ❛ ✮ ❘ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✭ ❜ ✮ ❘ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♣ ❛ ✐ ❛❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥
❋✐ ❣ ✉ ❡ ✹✳ ✶ ✵✿ ❈ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❚ ❳ ▼ ❛ ♥ ❞ ✐ ♠ ✉❧ ❛ ❡ ❞ ♣ ❛ ✐ ❛❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥
❜ ❛ ❡ ❞ ♦ ♠ ♦ ❣ ❛ ♠ ✳
✭ ❛ ✮ ❚ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❞ ❛ ❛ ❢ ♦ ♠ ✜ ❣ ✉ ❡ ✹✳ ✾ ❛✳
✭ ❜ ✮ ❚ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♠ ✉❧ ❛ ❡ ❞ ❞ ❛ ❛ ❢ ♦ ♠ ✜ ❣ ✉ ❡ ✹✳ ✾ ❜✳
❉✐ ❝ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ◆ ✉ ♠ ❡ ✐ ❝ ❛❧ ❘ ❡ ✉❧
■ ♥ ✜ ❣ ✉ ❡ ✹✳ ✾✱ ❛ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❛ ♥ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ✐ ♠ ❛ ❣ ❡ ❛ ♥ ❞ ❤ ❡ ❡ ✉❧ ♦❢ ❛
♣ ❛ ✐ ❛❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✐ ❤ ♦ ✇ ♥✳ ❚ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ❤ ♦ ✇ ❤ ❛ ❤ ❡ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉
✐ ✐ ♠✐❧ ❛ ❛ ♥ ❞ ♠ ♦ ❢ ❡ ❛ ✉ ❡ ♦❢ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❞ ❛ ❛✱ ✉ ❝ ❤ ❛ ❝ ♦ ♥ ❛ ✐ ♥ ✈ ❡ ✐ ♦ ♥✱
❛ ❡ ❜ ❡ ❡ ❡ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❤✐ ♠ ♦ ❞ ❡❧ ❤ ❛ ♥ ❜ ② ❤ ❡ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ♦ ♥ ❡✳
■ ♥ ✜ ❣ ✉ ❡ ✹✳ ✶ ✵✱ ❛ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ✐ ❤ ♦ ✇ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❛ ♦ ♠ ♦ ❣ ❛ ♠ ❢ ♦ ♠ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧
✐ ♠ ❛ ❣ ❡ ❛ ♥ ❞ ❤ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ♦ ♠ ♦ ❣ ❛ ♠ ❢ ♦ ♠ ❛ ❡ ✐ ❡ ♦❢ ♣ ❛ ✐ ❛❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥ ✐ ♠ ✉✲
❧ ❛ ✐ ♦ ♥ ✳ ❚ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ✐ ♥ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❛ ♥ ❞ ✐ ♠ ✉❧ ❛ ❡ ❞ ❡ ✐ ❡ ❛ ❡ ♥ ♦ ✇ ♠ ♦ ❡ ❛❧✐ ❦ ❡✱
❛ ♥ ❞ ❛❧ ♦ ❤ ❡ ♦ ♠ ♦ ❣ ❛ ♠ ❛ ❡ ♠ ♦ ❡ ❛❧✐ ❦ ❡✳ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❤ ❡ ❡ ✛ ❡ ❝ ❛❧ ♦ ♥ ❣ ❤ ❡ ❡ ❞ ❣ ❡
♦❢ ❤ ❡ ❤ ♦❧ ❡ ✐ ♥ ❤ ❡ ❢ ♦✐❧ ❛ ❡ ❡ ♣ ♦ ❞ ✉ ❝ ❡ ❞✳ ◆ ❡ ✈ ❡ ❤ ❡❧ ❡ ✱ ❤ ❡ ✐ ♠ ♣ ❛ ❝ ♦❢ ❤ ❡ ♣ ❛ ✐ ❛❧
❝ ♦ ❤ ❡ ❡ ♥ ❝ ❡ ♦ ♥ ❤ ❡ ♦ ♠ ♦ ❣ ❛ ♠ ❡ ❡ ♠ ♦ ❜ ❡ ❛ ❤ ❡ ♠✐ ♥ ♦ ✳
❖ ♥ ❡ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ♦ ❞ ❡ ❝ ❡ ❛ ❡ ❤ ❡ ✐ ♠ ♣ ❛ ❝ ♦❢ ❤ ❡ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ♦ ♥ ❤ ❡ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝
✸ ❉ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ✐ ❜ ❛ ❡ ❞ ♦ ♥ ❞ ❡ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ❬ ✻ ✶❪✳ ❚ ❤✐ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✐ ❜ ❛ ❡ ❞ ♦ ♥ ❡ ✉ ❛✲
✐ ♦ ♥ ✭ ✹✳ ✶✮✳ ❚ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧❧ ② ❛ ❞ ❡ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ❝ ❛ ♥ ❜ ❡ ✉ ❡ ❞ ♦ ❡ ❝ ♦ ✈ ❡ ❤ ❡ ✸ ❉ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥
❢ ♦ ♠ ❛ ❡ ✐ ❡ ♦❢ ❞ ❡❢ ♦ ❝ ✉ ❡ ❞ ✐ ♠ ❛ ❣ ❡ ✳ ❚ ❤✐ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ❝ ♦ ✉❧ ❞ ❜ ❡ ✉ ❡ ❞ ♦ ❡ ① ❡ ♥ ❞ ❤ ❡
✹✳ ✷✳ ❚ ❘ ❆ ◆ ❙ ▼■ ❙ ❙■ ❖ ◆ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ▼■ ❈ ❘ ❖ ❙ ❈ ❖ ❨ ✼ ✼
✭ ❛ ✮ ❉ ❛ ❛ ✭ ❜ ✮ ❙✐ ♠ ✉❧ ❛ ✐ ♦ ♥
✭ ❝ ✮ ❈ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ♥✲ ❛ ①✐ ✐ ♥ ❡ ♥ ✐ ②✳
❋✐ ❣ ✉ ❡ ✹✳ ✶ ✶✿ ❈ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ ✜ ♥✐ ❡
❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ❡ ✛ ❡ ❝ ❢ ♦ ✸ ✶ ✵ ❡ ❱ ❛ ♥ ❞ ❛ ♥
❋ ❩ ✇✐ ❤ d r N = 2 5 ♥ ♠ . ❆ ✻ ✵ ♥ ♠ ❆ ✉
♥ ❛ ♥ ♦ ♣ ❤ ❡ ❡ ✐ ✐ ♠ ❛ ❣ ❡ ❞✳ ❉ ✉ ❡ ♦ ♣ ❛ ✐ ❛❧❧ ②
❝ ♦ ❤ ❡ ❡ ♥ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥✳ ❛ ♥ ❛ ② ♠ ♠ ❡ ② ✐
♦ ❜ ❡ ✈ ❡ ❞ ❛❧ ♦ ♥ ❣ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ❛ ①✐ ✭ ✈ ❡ ✐✲
❝ ❛❧✮✳
✭ ❛ ✮ ❉ ❛ ❛ ✭ ❜ ✮ ❙✐ ♠ ✉❧ ❛ ✐ ♦ ♥
✭ ❝ ✮ ❈ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ♥✲ ❛ ①✐ ✐ ♥ ❡ ♥ ✐ ②✳
❋✐ ❣ ✉ ❡ ✹✳ ✶ ✷✿ ❈ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ ✜ ♥✐ ❡
❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ❡ ✛ ❡ ❝ ❢ ♦ ✺ ✶ ✵ ❡ ❱ ❛ ♥ ❞
❛ ♥ ❋ ❩ ✇✐ ❤ d r N = 2 5 ♥ ♠ . ❆ ❞ ❡ ❛✐❧ ❡ ❞
❛ ♥ ❛❧ ② ✐ ♦❢ ❤ ❡ ❡ ✉❧ ✐ ❣✐ ✈ ❡ ♥ ✐ ♥ ❬ ✺ ✸❪✳
❡ ❣✐ ♦ ♥ ❢ ♦ ✇ ❤✐ ❝ ❤ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♦❢ ♦ ♠ ♦ ❣ ❛ ♣ ❤ ② ✐ ❢ ✉❧ ✜❧❧ ❡ ❞✳ ❋ ♦
❤✐ ❞ ❡ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ❤ ❡ ♣ ♦✐ ♥ ♣ ❡ ❛ ❞ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✭ ❙ ❋✮ ♦❢ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ② ✲
❡ ♠ ♠ ✉ ❜ ❡ ✇ ❡❧❧ ❦ ♥ ♦ ✇ ♥✳ ❲❡ ♠ ❡ ❛ ✉ ❡ ❞ ❤ ❡ ❙ ❋ ❛❧ ♦ ♥ ❣ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ❛ ①✐ ❜ ② ♠ ♦ ✈✐ ♥ ❣ ❛
✻ ✵ ♥ ♠ ❣ ♦❧ ❞ ♥ ❛ ♥ ♦ ♣ ❛ ✐ ❝❧ ❡✳ ❚ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❞ ❛ ❛ ✐ ♥ ✜ ❣ ✉ ❡ ✹✳ ✶ ✶ ❛ ♥ ❞ ✜ ❣ ✉ ❡ ✹✳ ✶ ✷ ❤ ♦ ✇
❤ ❛ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ❛ ①✐ ❛❧ ✐ ♥ ❡ ♥ ✐ ② ♣ ♦ ✜❧ ❡ ✐ ❛ ② ♠ ♠ ❡ ✐ ❝ ❛❧✳ ❖ ✉ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ❤ ♦ ✇ ❡ ❞
✼ ✽ ❈ ❍ ❆ ❚ ❊ ❘ ✹✳ ✸ ❉ ❙ ❖ ❋ ❚ ❳✲ ❘ ❆ ❨ ■ ▼ ❆ ●■ ◆ ● ❇ ❨ ❚ ❖ ▼ ❖ ● ❘ ❆ ❍ ❨
❤ ❛ ❛ ♣ ✉ ❡❧ ② ❛ ❜ ♦ ❜✐ ♥ ❣ ♣ ❛ ✐ ❝❧ ❡ ❣ ❡ ♥ ❡ ❛ ❡ ❛ ② ♠ ♠ ❡ ✐ ❝ ♣ ❛ ❡ ♥✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡
✐ ♠ ❛ ❣ ❡ ♦❢ ✉ ❝ ❤ ❛ ♠ ❛❧❧ ♣ ❛ ✐ ❝❧ ❡ ✐ ♥ ❤ ❡ ❚ ❳ ▼ ✐ ❛❧ ❡ ❛ ❞ ② ♦ ♥ ❣❧ ② ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♦ ♥ ✐
❝ ♦ ♠ ♣❧ ❡ ① ❡❢ ❛ ❝ ✐ ✈ ❡ ✐ ♥ ❞ ❡ ①✳ ❋ ♦ ❤ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥✱ ✇ ❡ ✉ ❡ ❞ ❛ ✐ ♠✐❧ ❛ ✱ ♣ ❛ ✲
✐ ❛❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥ ❛❧ ❣ ♦ ✐ ❤ ♠ ❛ ❢ ♦ ❤ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ♣ ❛ ✐ ❛❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥ ❚ ❳ ▼ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✳
▼ ♦ ❡ ❞ ❡ ❛✐❧ ❛ ❡ ♣ ✉ ❜❧✐ ❤ ❡ ❞ ✐ ♥ ❬ ✺ ✸❪✳
❙ ✉ ♠ ♠ ❛ ②
❲❡ ❤ ♦ ✇ ❡ ❞ ❤ ❛ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ✈✐ ♦✲
❧ ❛ ❡ ❤ ❡ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ✉ ❡ ❞ ✐ ♥ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❧✐ ❝ ❡ ❤ ❡ ♦ ❡ ♠ ✭ ✹✳ ✷✮✳ ❋ ♦ ❛ ♠ ♣❧ ❡ ✇✐ ❤
❤ ❡ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ♦❢ ❛ ② ♣✐ ❝ ❛❧ ❝ ❡❧❧✱ ❤ ❡ ♦❢ ❳✲ ❛ ② ❜ ❡ ❛ ♠ ♣ ❡ ❛ ❞ ♦ ✉ ❞ ✉ ❡ ♦ ❤ ❡ ✇ ❛ ✈ ❡
♥ ❛ ✉ ❡ ♦❢ ❤ ❡ ❧✐ ❣ ❤ ❛ ♥ ❞ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ❧✐ ❝ ❡
❤ ❡ ♦ ❡ ♠ ✐ ♥ ♦ ♣ ❡ ❢ ❡ ❝ ❧ ② ❢ ✉❧ ✜❧❧ ❡ ❞✳ ■ ♥ ❡ ❛ ❞✱ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ♦ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✐ ❡ ✈ ❡ ♥ ❢ ♦
❤ ❡ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ❝ ❛ ❡ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ❜ ② ❤ ❡ ❡ ✉❧ ♦❢ ❤ ❡ ✐ ♥ ❡ ❣ ❛❧ ❣✐ ✈ ❡ ♥ ✐ ♥ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✹✳ ✶✮✱
✇ ❤✐ ❝ ❤ ✐ ❡ ❡ ♥ ✐ ❛❧❧ ② ❛ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ♣ ♦✐ ♥ ✲ ♣ ❡ ❛ ❞ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ③ ♦ ♥ ❡ ♣❧ ❛ ❡✳
❋ ♦ ♣ ❛ ✐ ❛❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥ ❚ ❳ ▼ ❡ ✉ ♣ ✱ ✐ ♠✐❧ ❛ ❡ ✛ ❡ ❝ ♦ ❝ ❝ ✉ ✱ ❛ ♦ ❜ ❡ ✈ ❡ ❞ ✐ ♥ ✜ ❣ ✉ ❡ ✹✳ ✾✳
❚ ❤ ❡ ❡❢ ♦ ❡✱ ♣ ❛ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡ ❤ ❛ ❛ ❡ ♦ ✉ ✐ ❞ ❡ ❤ ❡ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ❛ ❡ ❜❧ ✉ ❡ ❞ ❢ ♦
♦ ♠ ❡ ✐❧ ✐ ♥ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ❡ ✐ ❡ ✱ ❛ ♥ ❞ ❤ ❡ ✉ ❛❧✐ ② ♦❢ ❤ ❡ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ✐
❤ ❡ ❡ ❜ ② ❡ ❞ ✉ ❝ ❡ ❞✳ ❆ ❞ ❞✐ ✐ ♦ ♥ ❛❧❧ ②✱ ❛ ✐❢ ❛ ❝ ❛ ❡ ♦ ❜ ❡ ✈ ❡ ❞ ❢ ♦ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝ ❡ ❝ ♦ ♥ ✉ ❝✲
✐ ♦ ♥ ❜ ❛ ❡ ❞ ♦ ♥ ❧✐ ♠✐ ❡ ❞ ✐❧ ❡ ✐ ❡ ✱ ❡✳ ❣✳ ❡ ✐ ❡ ✇✐ ❤ ✐❧ ✇ ❡❧❧ ❜ ❡❧ ♦ ✇ ± 9 0 ➦ ♦ ✇✐ ❤
❡ ♣ ✐ ③ ❡ ❤ ❛ ❛ ❡ ♦ ♦ ❧ ❛ ❣ ❡✳
❚ ♦ ❝✐ ❝ ✉ ♠ ✈ ❡ ♥ ❤ ❡ ❡ ♣ ♦ ❜❧ ❡ ♠ ✱ ♦ ♥ ❡ ❡✐ ❤ ❡ ❝ ❛ ♥ ❡ ✐ ❝ ❤ ❡ ❛ ♠ ♣❧ ❡ ❤✐ ❝ ❦ ♥ ❡ ♦
✉ ❡ ❤✐ ❣ ❤ ❡ ♣ ❤ ♦ ♦ ♥ ❡ ♥ ❡ ❣✐ ❡ ✳ ❚ ❤ ❡ ❧ ❛ ❡ ❧ ❡ ❛ ❞ ♦ ❛ ♥ ✐ ♥ ❝ ❡ ❛ ❡ ♦❢ ❤ ❡ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ❜ ✉
❞ ❡ ❝ ❡ ❛ ❡ ❤ ❡ ❝ ♦ ♥ ❛ ✇ ❤✐ ❝ ❤ ✐ ♥ ❝ ❡ ❛ ❡ ❤ ❡ ❞ ♦ ❡ ♦ ♥ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ❚ ❤ ❡ ❞ ♦ ❡ ♣ ♦ ❜❧ ❡ ♠
❝ ❛ ♥ ❜ ❡ ❝ ♦ ♠ ♣ ❡ ♥ ❛ ❡ ❞ ❜ ② ✉ ✐ ♥ ❣ ♣ ❤ ❛ ❡ ❝ ♦ ♥ ❛ ❜ ❛ ❡ ❞ ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ❡ ❤ ♦ ❞ ❬ ✼ ✻❪✳ ❋ ♦ ♦ ♠ ❡
❛ ♠ ♣❧ ❡ ✱ ❧✐ ❦ ❡ ❤✐ ❝ ❦ ✐ ✉ ❡✱ ♥ ❡✐ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ❢ ❡ ❛ ✐ ❜❧ ❡✳ ❆❧ ❤ ♦ ✉ ❣ ❤✱ ❡ ✈ ❡ ❛❧ ❣ ♦ ✉ ♣
✇ ♦ ❧ ❞ ✇✐ ❞ ❡ ❛ ❡ ✇ ♦ ❦✐ ♥ ❣ ♦ ♥ ✐ ♠ ♣ ♦ ✈✐ ♥ ❣ ♦❢ ❳✲ ❛ ② ♦ ♠ ♦ ❣ ❛ ♣ ❤ ②✱ ♥ ♦ ❜ ❡ ❛ ❦ ❤ ♦ ✉ ❣ ❤
❤ ❛ ✈ ❡ ② ❡ ❜ ❡ ❡ ♥ ❛ ❝ ❤✐ ❡ ✈ ❡ ❞ ❬ ✹ ✻✱ ✻ ✶✱ ✽ ✺❪✳ ❍ ❡ ♥ ❝ ❡✱ ❛❧ ❡ ♥ ❛ ✐ ✈ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❛❧ ❣ ♦ ✐ ❤ ♠
♦ ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ❡ ❤ ♦ ❞ ❛ ❡ ❡ ✉✐ ❡ ❞✳ ■ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ❤ ❛ ♣ ❡ ✱ ❤ ❡ ♣ ❡ ❢ ♦ ♠ ❛ ♥ ❝ ❡ ♦❢
♥ ♦ ✈ ❡❧✱ ♦❢ ❳✲ ❛ ② ❜ ❛ ❡ ❞ ✸ ❉ ✐ ♠ ❛ ❣✐ ♥ ❣ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❡ ❛ ❡ ✐ ♥ ✈ ❡ ✐ ❣ ❛ ❡ ❞✳
❈ ❤ ❛ ♣ ❡ ✺
❈ ♦ ♥❢ ♦ ❝ ❛❧ ❙ ❝ ❛ ♥ ♥✐ ♥ ❣ ❚ ❛ ♥ ♠✐ ✐ ♦ ♥
▼✐ ❝ ♦ ❝ ♦ ♣ ② ❢ ♦ ❉✐ ❡ ❝ ✸ ❉ ■ ♠ ❛ ❣✐ ♥ ❣
■ ♥ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ❝ ❤ ❛ ♣ ❡ ✱ ✐ ✇ ❛ ❤ ♦ ✇ ♥ ❤ ❛ ❤ ❡ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❤ ❛ ❡ ✈ ❡ ❡
❧✐ ♠✐ ❛ ✐ ♦ ♥ ❢ ♦ ✸ ❉ ✐ ♠ ❛ ❣✐ ♥ ❣ ♦ ♥ ❤ ❡ ♥ ❛ ♥ ♦ ❝ ❛❧ ❡ ❞ ✉ ❡ ♦ ❤ ❡ ❧✐ ♠✐ ❡ ❞ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ♦❢
❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥✱ ♦❢ ❳✲ ❛ ② ♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ❡ ❧✐ ♠✐ ❡ ❞ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ❝ ❛ ♥ ❛❧ ♦
❜ ❡ ✉ ❡ ❞ ♦ ❞✐ ❡ ❝ ❧ ② ✐ ♠ ❛ ❣ ❡ ✸ ❉ ♦ ❜❥ ❡ ❝ ✳ ❚ ❤✐ ✐ ✉ ❡ ❞ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡ ✐ ♥ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❧✐ ❣ ❤
♠✐ ❝ ♦ ❝ ♦ ♣ ②✱ ✇ ❤✐ ❝ ❤ ✐ ❛ ♥ ❡ ❛ ❜❧✐ ❤ ❡ ❞ ♠ ❡ ❤ ♦ ❞ ❢ ♦ ✸ ❉ ✐ ♠ ❛ ❣✐ ♥ ❣ ✐ ♥ ❧✐ ❣ ❤ ♠✐ ❝ ♦ ❝ ♦ ♣ ②✳ ■ ♥
❤✐ ❝ ❤ ❛ ♣ ❡ ✱ ✇ ❡ ✐ ♥ ✈ ❡ ✐ ❣ ❛ ❡ ✇ ❤ ❡ ❤ ❡ ❤✐ ♠ ❡ ❤ ♦ ❞ ❝ ❛ ♥ ❜ ❡ ❛ ♥ ❢ ❡ ❡ ❞ ♦ ♦❢ ❳✲ ❛ ②
✐ ♠ ❛ ❣✐ ♥ ❣✳ ❚ ❤ ❡ ❝ ♦ ♥ ❝ ❡ ♣ ♦❢ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❧✐ ❣ ❤ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ✇ ❛ ❞ ❡ ✈ ❡❧ ♦ ♣ ❡ ❞ ✐ ♥ ❤ ❡ ✶ ✾ ✺ ✵ ❛ ♥ ❞
♣ ❛ ❡ ♥ ❡ ❞ ❜ ② ▼ ❛ ✈✐ ♥ ▼✐ ♥ ❦ ② ✐ ♥ ✶ ✾ ✺ ✼ ❬ ✺ ✻❪✳
❙ ❡ ✈ ❡ ❛❧ ♦ ♣ ✐ ❝ ❛❧ ❡ ✉ ♣ ❢ ♦ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❧✐ ❣ ❤ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ❡ ①✐ ❛ ♥ ❞ ♦ ♥ ❡ ♦❢ ❤ ❡ ♠ ✐
❞✐ ❛ ❣ ❛ ♠ ♠ ❡ ❞ ✐ ♥ ✜ ❣ ✉ ❡ ✺✳ ✶✳ ❚ ❤ ❡ ✉ ❝ ❝ ❡ ♦❢ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❧✐ ❣ ❤ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ✐ ❜ ❛ ❡ ❞ ♦ ♥
❤ ❡ ❢ ❛ ❝ ❤ ❛ ✐ ❛❧❧ ♦ ✇ ❞✐ ❡ ❝ ❛ ❝ ✉✐ ✐ ✐ ♦ ♥ ♦❢ ✐ ♠ ❛ ❣ ❡ ❧✐ ❝ ❡ ✇✐ ❤✐ ♥ ❤✐ ❝ ❦ ❛ ♠ ♣❧ ❡ ✳ ❚ ❤✐
❢ ❡ ❛ ✉ ❡ ✐ ❛❧ ♦ ❦ ♥ ♦ ✇ ♥ ❛ ♦ ♣ ✐ ❝ ❛❧ ❡ ❝ ✐ ♦ ♥✐ ♥ ❣✳ ❇ ② ❛ ❝ ❦✐ ♥ ❣ ❛ ❞❥ ❛ ❝ ❡ ♥ ❧✐ ❝ ❡ ✱ ♦ ♥ ❡ ♦ ❜ ❛✐ ♥
❛ ✸ ❉ ❛ ❝ ❦ ✇ ❤✐ ❝ ❤ ❡ ♣ ❡ ❡ ♥ ❤ ❡ ✸ ❉ ✉ ❝ ✉ ❡ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡✳
■ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✱ ❤ ❡ ❜ ❛ ✐ ❝ ❝ ♦ ♥ ❝ ❡ ♣ ♦❢ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❧✐ ❣ ❤ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ❛ ♥ ❞ ❤ ❡ ❡❧ ❛ ❡ ❞
❝ ♦ ♥ ❝ ❡ ♣ ♦❢ ♦ ♣ ✐ ❝ ❛❧ ❡ ❝ ✐ ♦ ♥✐ ♥ ❣ ❛ ❡ ❡ ① ♣❧ ❛✐ ♥ ❡ ❞✳ ❆❢ ❡ ✇ ❛ ❞ ✱ ✇ ❡ ❞✐ ❝ ✉ ❤ ♦ ✇ ❤ ❡ ❡
❝ ♦ ♥ ❝ ❡ ♣ ❝ ❛ ♥ ❜ ❡ ❛ ♥ ❢ ❡ ❡ ❞ ♦ ♦❢ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣✳
✺✳ ✶ ❚ ❤ ❡ ■ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ❈ ♦ ♥❢ ♦ ❝ ❛❧ ▼✐ ❝ ♦ ❝ ♦ ♣ ❡
❚ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡ ✉ ♣ ♦❢ ❛ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❧✐ ❣ ❤ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✐ ❞✐ ❛ ❣ ❛ ♠ ♠ ❡ ❞ ✐ ♥ ✜ ❣ ✉ ❡ ✺✳ ✶✳ ❚ ❤ ❡
❡ ✉ ♣ ❝ ♦ ♥ ✐ ♦❢ ❛ ❧✐ ❣ ❤ ♦ ✉ ❝ ❡✱ ❛ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ✱ ❛ ❛ ♠ ♣❧ ❡✱ ❛ ♥ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❞ ❛ ♣ ♦✐ ♥ ❧✐ ❦ ❡
❞ ❡ ❡ ❝ ♦ ✳ ■ ♥ ❛ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❡ ✉ ♣✱ ❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ❛ ♥ ❞ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ❛ ❡ ❝ ❤ ♦ ❡ ♥
✉ ❝ ❤ ❤ ❛ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ♦❢ ❤ ❡ ❧✐ ❣ ❤ ♦ ✉ ❝ ❡ ❛ ♥ ❞ ❤ ❡ ♣ ❡✲✐ ♠ ❛ ❣ ❡ ♦❢ ❤ ❡ ♣ ♦✐ ♥ ❞ ❡ ❡ ❝ ♦
✼ ✾
✽ ✵ ❈ ❍ ❆ ❚ ❊ ❘ ✺✳ ❈ ❖ ◆ ❋ ❖ ❈ ❆ ▲ ❙ ❚ ❳ ▼ ❋ ❖ ❘ ❉■ ❘ ❊ ❈ ❚ ✸ ❉ ■ ▼ ❆ ●■ ◆ ●
❋✐ ❣ ✉ ❡ ✺✳ ✶✿ ❖ ♣ ✐ ❝ ❛❧ ❡ ✉ ♣ ♦❢ ❛ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❧✐ ❣ ❤ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡✳ ▲ ❡ ♥ ✶ ❛ ❝ ❛ ❝ ♦ ♥ ❞ ❡ ♥ ❡
✇ ❤✐❧ ❡ ❧ ❡ ♥ ✷ ❛ ❝ ❛ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡✳ ■ ♥ ❤ ❡ ❝ ❛ ❡ ♦❢ ❛ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❧✐ ❣ ❤ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✇✐ ❤ ❛
✢ ✉ ♦ ❡ ❝ ❡ ♥ ❛ ♠ ♣❧ ❡✱ ❛ ✜❧ ❡ ❝ ❛ ♥ ❜ ❡ ✉ ❡ ❞ ♦ ❡ ♣ ❛ ❛ ❡ ❤ ❡ ✢ ✉ ♦ ❡ ❝ ❡ ♥ ❝ ❡ ✐ ❣ ♥ ❛❧✳
❚ ❤ ❡ ❡ ❞ ✭ ♦ ✉ ♦❢ ❢ ♦ ❝ ✉ ✮✱ ❤ ❡ ❜ ♦ ✇ ♥ ✭ ♦ ✛✲ ❛ ①✐ ✮ ❛ ♥ ❞ ❜❧ ❛ ❝ ❦ ✭ ♦ ♥✲ ❛ ①✐ ✱ ✐ ♥ ❢ ♦ ❝ ✉ ✮ ❛ ②
♣ ❛ ❤ ❤ ♦ ✇ ❤ ❛ ♦ ✉ ♦❢ ❢ ♦ ❝ ✉ ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ❛ ❡ ✉ ♣ ♣ ❡ ❡ ❞ ❜ ② ❤ ❡ ❛ ♣ ❡ ✉ ❡ ❞ ❡ ❡ ❝ ♦
❝ ♦ ♠ ❜✐ ♥ ❛ ✐ ♦ ♥✳
❝ ♦✐ ♥ ❝✐ ❞ ❡ ✭ ❡ ❡ ✜ ❣ ✉ ❡ ✺✳ ✶ ✶ ✮✳ ❚ ❤ ❡ ❛ ② ♦ ♣ ✐ ❝ ❛❧ ♣ ❛ ❤ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✺✳ ✶ ✉ ❣ ❣ ❡ ❤ ❛
✉ ❝ ❤ ❛ ❡ ✉ ♣ ✉ ♣ ♣ ❡ ❡ ❜ ❛ ❝ ❦ ❣ ♦ ✉ ♥ ❞ ❧✐ ❣ ❤ ❛ ♥ ❞ ♦ ✉ ♦❢ ❢ ♦ ❝ ✉ ❝ ♦ ♥ ✐ ❜ ✉ ✐ ♦ ♥ ✳
❚ ❤ ❡ ♠ ❛❥ ♦ ✐ ② ♦❢ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❧✐ ❣ ❤ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✉ ❡ ❤ ❡ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ♦ ❞ ❡✱
✇ ❤✐ ❝ ❤ ✐ ✉ ✉ ❛❧❧ ② ❜ ❛ ❡ ❞ ♦ ♥ ✢ ✉ ♦ ❡ ❝ ❡ ♥ ❝ ❡✳ ■ ♥ ❤✐ ♠ ♦ ❞ ❡✱ ❛ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❧✐ ♠✐ ❡ ❞ ♣ ♦
❣ ❡ ♥ ❡ ❛ ❡ ❛ ❡ ❝ ♦ ♥ ❞ ❛ ② ✐ ❣ ♥ ❛❧ ✭ ❛ ❛ ❞✐ ✛ ❡ ❡ ♥ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤✮ ✇ ❤✐ ❝ ❤ ✐ ❝ ♦❧❧ ❡ ❝ ❡ ❞ ❜ ② ❤ ❡
♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❞ ❞ ❡ ❡ ❝ ❡ ❞ ✇✐ ❤ ❛ ♣ ♦✐ ♥ ✲❧✐ ❦ ❡ ❞ ❡ ❡ ❝ ♦ ✳ ■ ✐ ❛ ✉ ♠ ❡ ❞ ❤ ❛ ❤ ❡ ❡ ♥ ❣ ❤
♦❢ ❤ ❡ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ❡ ❝ ♦ ♥ ❞ ❛ ② ✐ ❣ ♥ ❛❧ ✐ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♦ ❤ ❡ ❧ ♦ ❝ ❛❧ ✐ ♥ ❡ ♥ ✐ ② ♦❢ ❤ ❡ ❢ ♦ ❝ ❛❧
♣ ♦ ✳ ❋ ✉ ❤ ❡ ♠ ♦ ❡✱ ♦ ♥ ❡ ❛ ✉ ♠ ❡ ❤ ❛ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❛ ② ✐ ❣ ♥ ❛❧ ✐ ❢ ✉❧❧ ② ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ✳ ❚ ❤ ❡
❢ ❛ ❝ ❤ ❛ ❤ ❡ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ✐ ♠ ❛ ❣ ❡ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❛ ② ✐ ❣ ♥ ❛❧ ♦ ♥ ♦ ❛ ♣ ♦✐ ♥ ✲❧✐ ❦ ❡ ❞ ❡ ❡ ❝ ♦ ❧ ❡ ❛ ❞
♦ ❤ ❡ ✐ ♥ ❝ ❡ ❛ ❡ ✐ ♥ ❧ ❛ ❡ ❛❧ ❛ ♥ ❞ ❞ ❡ ♣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦ ❛ ❛ ♥ ♠✐ ✐ ♦ ♥
♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✇✐ ❤ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ♣ ❡ ✉ ❡✳
■ ♥ ❤ ❡ ♥ ❡ ① ❡ ❝ ✐ ♦ ♥✱ ✇ ❡ ✇✐❧❧ ❡ ① ♣❧ ❛✐ ♥ ❤✐ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ❝ ❡ ❛ ❡✳ ❆ ♣ ❡❧✐ ♠✐ ♥ ❛ ②
❡ ① ♣❧ ❛ ♥ ❛ ✐ ♦ ♥ ✐ ❜ ❛ ❡ ❞ ♦ ♥ ❣ ❡ ♦ ♠ ❡ ✐ ❝ ♦ ♣ ✐ ❝ ✳ ❆ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✺✳ ✶✱ ❜ ❛ ❝ ❦ ❣ ♦ ✉ ♥ ❞ ❧✐ ❣ ❤
❛ ♥ ❞ ♦ ✉ ♦❢ ❢ ♦ ❝ ✉ ❝ ♦ ♥ ✐ ❜ ✉ ✐ ♦ ♥ ❛ ❡ ✉ ♣ ♣ ❡ ❡ ❞ ❢ ♦ ✇ ❡❧❧ ❝ ❤ ♦ ❡ ♥ ❞✐ ❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡
❢ ♦ ❝ ✉ ✐ ♥ ❣ ♦ ♣ ✐ ❝✱ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❝ ♦❧❧ ❡ ❝ ✐ ♥ ❣ ♦ ♣ ✐ ❝ ❛ ♥ ❞ ❤ ❡ ❛ ♣ ❡ ✉ ❡ ❛ ♥ ❞ ❞ ❡ ❡ ❝ ♦ ❝ ♦ ♠ ❜✐✲
♥ ❛ ✐ ♦ ♥✳ ❚ ❤✐ ❛❧❧ ♦ ✇ ✸ ❉ ✐ ♠ ❛ ❣✐ ♥ ❣ ♦❢ ❤✐ ❝ ❦ ❛ ♠ ♣❧ ❡ ❜ ② ♦ ♣ ✐ ❝ ❛❧ ❡ ❝ ✐ ♦ ♥✐ ♥ ❣✳
✶ ■ ♥ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❧✐ ❣ ❤ ♠✐ ❝ ♦ ❝ ♦ ♣ ②✱ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ❜ ❛ ❡ ❞ ❡ ✉ ♣ ❛❧ ♦ ❡ ①✐ ✇ ❤✐ ❝ ❤ ✇ ❡ ✇✐❧❧ ♥ ♦ ❝ ♦ ♥ ✐ ❞ ❡
❤ ❡ ❡ ✐ ♥ ❝ ❡ ♦❢ ❳✲ ❛ ② ❡ ① ❤✐ ❜✐ ♦ ♥❧ ② ✇ ❡ ❛ ❦ ❡ ✢ ❡ ❝ ✐ ♦ ♥✳
✺✳ ✶✳ ❚ ❍ ❊ ■ ◆ ❈ ❖ ❍ ❊ ❘ ❊ ◆ ❚ ❈ ❖ ◆ ❋ ❖ ❈ ❆ ▲ ▼■ ❈ ❘ ❖ ❙ ❈ ❖ ❊ ✽ ✶
✺✳ ✶✳ ✶ ❚ ❤ ❡ ▼ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛❧ ❉ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ♦❢ ❤ ❡ ■ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ❈ ♦ ♥✲
❢ ♦ ❝ ❛❧ ▼✐ ❝ ♦ ❝ ♦ ♣ ❡
■ ♥ ♦ ❞ ❡ ♦ ❞ ❡ ❞ ✉ ❝ ❡ ❛ ✇ ❛ ✈ ❡ ♦ ♣ ✐ ❝ ❛❧ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ♣ ♦ ❝ ❡ ✱ ❤ ❡ ✐ ♥ ❡ ♥ ✐ ②
♦❢ ❤ ❡ ❡ ① ❝✐ ✐ ♥ ❣ ❧✐ ❣ ❤ ✐ ♥ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣ ♦ ♦❢ ❤ ❡ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ❤ ❛ ♦ ❜ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞✳ ❋ ♦
✐ ♠ ♣❧✐ ❝✐ ②✱ ❛ ♣ ♦✐ ♥ ✲❧✐ ❦ ❡ ♦ ✉ ❝ ❡ ❛ s 0 ✐ ❛ ✉ ♠ ❡ ❞✳ ✷ ❯ ♥ ❞ ❡ ❤✐ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥✱ ❤ ❡ ✜
❧ ❡ ♥ ❣ ❡ ♥ ❡ ❛ ❡ ❛ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❧✐ ♠✐ ❡ ❞ ♣ ♦ ✐ ♥ ❤ ❡ ❛ ❡ ❛ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡
❡ ✉❧ ✐ ♥ ❣ ✐ ♥ ❡ ♥ ✐ ② (I 3 ) ❛ ❛ ♣ ♦✐ ♥ r ✐ ♥ ❤ ❡ ❡ ❣✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡ ✐ ❣✐ ✈ ❡ ♥ ❜ ②
I 3 [r ] = δ [s − s 0 ] P S F 1 [s, r ] d s
2
= |P S F 1 [s 0 , r]|2
= I P S F 1 [s 0 , r] . ✭ ✺✳ ✶✮
❍ ❡ ❡✱ P S F 1 [s, r ] ✐ ❤ ❡ ❛ ♠ ♣❧✐ ✉ ❞ ❡ ♣ ♦✐ ♥ ♣ ❡ ❛ ❞ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ✜ ♦ ♣ ✐ ❝ ❛ ♥ ❞
I P S F 1 [s, r ] ✐ ❤ ❡ ✐ ♥ ❡ ♥ ✐ ② ♣ ♦✐ ♥ ♣ ❡ ❛ ❞ ❢ ✉ ♥ ❝ ✐ ♦ ♥✳ ❚ ❤ ❡ ✐ ♥ ❞ ❡ ① ✐ ♥ I 3 ✐ ✉ ❡ ❞ ♦
✐❧❧ ✉ ❛ ❡ ❤ ❛ ❤✐ ✐ ❤ ❡ ✐ ♥ ❡ ♥ ✐ ② ✐ ♥ ❤ ❡ z 3 ❡ ❣✐ ♦ ♥ ✇✐ ❤ ♦ ✉ ❛ ♠ ♣❧ ❡ ✐ ♥ ❡ ❛ ❝ ✐ ♦ ♥✳
❲❡ ♥ ♦ ✇ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❡ ♥ ❣ ❤ ♦❢ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❛ ② ✐ ❣ ♥ ❛❧✳ ❙✐ ♥ ❝ ❡ ❤✐ ✐ ❣ ♥ ❛❧ ✐
✉ ✉ ❛❧❧ ② ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ✢ ✉ ♦ ❡ ❝ ❡ ♥ ❝ ❡✱ ✇ ❡ ❝ ❛❧❧ ✐ ❢ ♦ ♠ ♥ ♦ ✇ ♦ ♥ ❤ ❡ ✢ ✉ ♦ ❡ ❝ ❡ ♥ ❝ ❡ ✐ ❣ ♥ ❛❧✳
❋ ✉ ❤ ❡ ♠ ♦ ❡✱ ✐ ✐ ❛ ✉ ♠ ❡ ❞ ❤ ❛ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ✢ ✉ ♦ ❡ ❝ ❡ ♥ ❝ ❡ ✐ ❣ ♥ ❛❧ ✐ ❧✐ ♥ ❡ ❛ ❧ ② ❞ ❡ ♣ ❡ ♥✲
❞ ❡ ♥ ♦ ♥ ❤ ❡ ✐ ♥ ❡ ♥ ✐ ② ✐ ♥ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣ ♦ ✸ ✳ ❚ ❤ ❡ ♦ ❛❧ ❡ ♥ ❣ ❤ ♦❢ ❤ ❡ ✢ ✉ ♦ ❡ ❝ ❡ ♥ ❝ ❡ ✐ ❣ ♥ ❛❧
✐ ✱ ❤ ❡ ❡❢ ♦ ❡✱ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♦ R 3 I 3 [r ] α [r ] d r. ❍ ❡ ❡✱ α [r ] ❡ ♣ ❡ ❡ ♥ ❤ ❡ ❧✐ ❦ ❡❧✐ ❤ ♦ ♦ ❞♦❢ ❛ ♥ ❡ ① ❝✐ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✢ ✉ ♦ ❡ ❝ ❡ ♥ ❝ ❡✳ ❋ ✉ ❤ ❡ ♠ ♦ ❡✱ ✇ ❡ ❛ ✉ ♠ ❡ ❤ ❛ ❤ ❡ ❛ ❡ ♥ ✉ ❛ ✐ ♦ ♥
♦❢ ❤ ❡ ❡ ① ❝✐ ✐ ♥ ❣ ❧✐ ❣ ❤ ❛ ♥ ❞ ❤ ❡ ✢ ✉ ♦ ❡ ❝ ❡ ♥ ❝ ❡ ✐ ♥ ❡ ❣❧✐ ❣✐ ❜❧ ❡✳
❲❡ ♥ ♦ ✇ ✉ ❞ ② ❤ ❡ ✐ ♠ ❛ ❣ ❡ ♦❢ ❛ ✐ ♥ ❣❧ ❡ ✢ ✉ ♦ ♦ ♣ ❤ ♦ ❡ ✇ ❤✐ ❝ ❤ ✐ ✐ ✉ ❛ ❡ ❞ ✐ ♥ r 0 ✳ ▲ ❡ ✐
✈ ❛❧ ✉ ❡ ❜ ❡ α [r ] : = α 0 · δ [r − r 0 ] . ❚ ❤✐ ♣ ♦ ♥ ♦ ✇ ✐ ✐ ♠ ❛ ❣ ❡ ❞ ❜ ② ❤ ❡ ❡ ❝ ♦ ♥ ❞ ♦ ♣ ✐ ❝✳ ❖ ♥
❤ ❡ ❞ ❡ ❡ ❝ ♦ ✱ ✐ ❣ ❡ ♥ ❡ ❛ ❡ ❛ ❤ ❡ ♣ ♦✐ ♥ r d et ❤ ❡ ✐ ❣ ♥ ❛❧
I 5 [r d et ] =
R 3
I 3 [r ] α [r ] I P S F 2 [r, r d et ] d r ✭ ✺✳ ✷✮
= I 3 [r 0 ] α 0 I P S F 2 [r 0 , rd et ] .
❍ ❡ ❡✱ ❤ ❡ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ♣ ♦✐ ♥ ♣ ❡ ❛ ❞ ❢ ✉ ♥ ❝ ✐ ♦ ♥ I P S F 2 [r, r d et ] ❤ ❛ ♦ ❜ ❡ ✉ ❡ ❞ ✐ ♥ ❝ ❡ ✐ ✐
❛ ✉ ♠ ❡ ❞ ❤ ❛ ❤ ❡ ✢ ✉ ♦ ❡ ❝ ❡ ♥ ❝ ❡ ✐ ❣ ♥ ❛❧ ✐ ❡ ♠✐ ❡ ❞ ❢ ✉❧❧ ② ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ❧ ②✳ ❚ ❤ ❡ ✐ ♥ ❞ ❡ ① ✐ ♥ I 5
✐ ✉ ❡ ❞ ♦ ✐❧❧ ✉ ❛ ❡ ❤ ❛ ❤✐ ✐ ❤ ❡ ✐ ♥ ❡ ♥ ✐ ② ✐ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ❡ ❣✐ ♦ ♥ ✇ ❤✐ ❝ ❤ ❡ ✉❧
✷ ❆ ❧✐ ❣ ❤ ❧ ② ♠ ♦ ❡ ❣ ❡ ♥ ❡ ❛❧ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ❛ ✉ ♠ ❡ ❛ ♦ ✉ ❝ ❡ ✇ ❤✐ ❝ ❤ ❝ ❛ ♥ ❜ ❡ ❡ ♣ ❛ ❛ ❡ ❞ ✐ ♥ ♦ ❛ ✜ ♥✐ ❡
✉ ♠ ♦❢ ❢ ✉❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥ ❜ ✉ ♠ ✉ ✉ ❛❧❧ ② ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ σ S [s ]✳ ❚ ❤ ❡ ♥✱ ❤ ❡ ✐ ♥ ❡ ♥ ✐ ② ❡ ✉❧
❢ ♦ ♠ I 3 [r ] = S s ∈ S σ S [s ] P S F 1 [s, r ] d s 2 .✸ ❋ ♦ ✢ ✉ ♦ ❡ ❝ ❡ ♥ ❝ ❡✱ ❤✐ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ❤ ♦❧ ❞ ✐❢ ❛ ✉ ❛ ✐ ♦ ♥ ❡ ✛ ❡ ❝ ❝ ❛ ♥ ❜ ❡ ♥ ❡ ❣❧ ❡ ❝ ❡ ❞ ❛ ♥ ❞ ❤ ❡ ♠ ❡ ❛ ♥
✐ ♠ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ❝ ♦ ♥ ❡ ❝ ✉ ✐ ✈ ❡ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ♦❢ ❛ ♣ ❤ ♦ ♦ ♥ ✐ ❧ ❛ ❣ ❡ ❤ ❛ ♥ ❤ ❡ ✐ ♠ ❡ ♥ ❡ ❡ ❞ ❡ ❞ ❢ ♦ ❤ ❡
❡ ♠✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ✢ ✉ ♦ ❡ ❝ ❡ ♥ ❝ ❡ ♣ ❤ ♦ ♦ ♥✳
✽ ✷ ❈ ❍ ❆ ❚ ❊ ❘ ✺✳ ❈ ❖ ◆ ❋ ❖ ❈ ❆ ▲ ❙ ❚ ❳ ▼ ❋ ❖ ❘ ❉■ ❘ ❊ ❈ ❚ ✸ ❉ ■ ▼ ❆ ●■ ◆ ●
❋✐ ❣ ✉ ❡ ✺✳ ✷✿ ❈ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♥✲
❝ ♦ ❤ ❡ ❡ ♥ ♣ ♦✐ ♥ ♣ ❡ ❛ ❞ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❛
❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ✇✐ ❤ d r N = 1 0 ♥ ♠
✭❧ ❡❢ ✮ ❛ ♥ ❞ ❤ ❡ ✐ ♥ ❡ ♥ ✐ ② ♣ ♦✐ ♥ ♣ ❡ ❛ ❞
❢ ✉ ♥ ❝ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ❝ ♦ ♥❢ ♦✲
❝ ❛❧ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✇✐ ❤ ❛ ♣ ♦✐ ♥ ❞ ❡ ❡ ❝ ♦
✭ ✐ ❣ ❤ ✮✳ ❚ ❤ ❡ ✐ ♥ ❝ ❡ ❛ ❡ ❞ ❧ ♦ ❝ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦❢
❤ ❡ ❙ ❋ ♦❢ ❤ ❡ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡
❡ ✉❧ ✐ ♥ ❛ ♥ ✐ ♥ ❝ ❡ ❛ ❡ ❞ ❡ ♦❧ ✉ ✐ ♦ ♥✳
❢ ♦ ♠ ❤ ❡ ✢ ✉ ♦ ❡ ❝ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ■❢ ❤ ❡ ♣ ♦ ✐ ♥ ♦ ✇ ♠ ♦ ✈ ❡ ❞ ❜ ② ∆ r ✱ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣
✐ ❣ ♥ ❛❧ ❛ ❤ ❡ ❛ ♠ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✐
I 5 [r d et ] =
R 3
I 3 [r ] α 0 δ [r − (r 0 + ∆ r )] I P S F 2 [r, r d et ] d r ✭ ✺✳ ✸✮
= I 3 [r 0 + ∆ r ] α 0 I P S F 2 [r 0 + ∆ r, r d et ] .
❚ ♦ ❝ ♦ ♠ ♣ ✉ ❡ ❤ ❡ ✐ ♥ ❡ ♥ ✐ ② ♦ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ❢ ♦ ❛ ♥ ❛ ❜✐ ❛ ② ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ♦❢ ✢ ✉ ♦✲
♦ ♣ ❤ ♦ ❡ ✱ ✇ ❡ ✉ ❡ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ❤ ❡ ✐ ♥ ❡ ❣ ❛❧ ✐ ❧✐ ♥ ❡ ❛ ❛ ♥ ❞ ❤ ❛ ❤ ❡ ✢ ✉ ♦ ❡ ❝ ❡ ♥ ❝ ❡ ❜ ❛ ❡ ❞
❡ ♠✐ ✐ ♦ ♥ ✐ ❣ ♥ ❛❧ ❛ ❡ ♠ ✉ ✉ ❛❧❧ ② ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ✳ ❚ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ✐ ❣ ♥ ❛❧ ♦❢ ♠ ✉❧ ✐ ♣❧ ❡ ✢ ✉ ♦ ❡ ✲
❝ ❡ ♥ ♣ ♦ ✐ ✱ ❤ ❡ ❡❢ ♦ ❡✱ ✐ ♠ ♣❧ ② ❤ ❡ ✉ ♠ ✭ ♦ ✐ ♥ ❡ ❣ ❛❧ ❢ ♦ ❛ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ❞✐ ✐ ❜ ✉ ✐ ♦ ♥✮
♦❢ ❤ ❡ ✐ ❣ ♥ ❛❧ ✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ✐ ✉ ✣ ❝ ❡ ♦ ❝ ♦ ♠ ♣ ✉ ❡ ❤ ❡ ✐ ❣ ♥ ❛❧ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❛ ✐ ♥ ❣❧ ❡
✢ ✉ ♦ ❡ ❝ ❡ ♥ ♣ ♦ ✳ ❚ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ✐ ♠ ❛ ❣ ❡ ♦❢ ❛ ♥ ✐ ♥ ✐ ❝ ❛ ❡ ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ♦❢ ✢ ✉ ♦ ❡ ❝ ❡ ♥
♣ ❛ ✐ ❝❧ ❡ ✐ ❣✐ ✈ ❡ ♥ ❜ ② ❤ ❡ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♥ ❣❧ ❡ ♣ ♦ ✐ ❣ ♥ ❛❧ ❛ ♥ ❞ ❤ ❡ ♣ ❛ ✐ ❝❧ ❡
❞✐ ✐ ❜ ✉ ✐ ♦ ♥✳
✺✳ ✷✳ ❚ ❍ ❊ ❈ ❖ ❍ ❊ ❘ ❊ ◆ ❚ ❈ ❖ ◆ ❋ ❖ ❈ ❆ ▲ ▼■ ❈ ❘ ❖ ❙ ❈ ❖ ❊ ✽ ✸
❊ ✉ ❛ ✐ ♦ ♥ ✭ ✺✳ ✸✮ ❝ ❛ ♥ ❜ ❡ ❢ ✉ ❤ ❡ ✐ ♠ ♣❧✐ ✜ ❡ ❞ ❜ ② ❛ ♣ ♣❧ ②✐ ♥ ❣ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✺✳ ✶✮
I 5 [r d et ] = I P S F 1 [s 0 , r0 + ∆ r ] · I P S F 2 [r 0 + ∆ r, r d et ] α 0 .
❚ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ♦❢ ❛ ♥ ✐ ♥ ✐ ❝ ❛ ❡ ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ♦❢ ✢ ✉ ♦ ❡ ❝ ❡ ♥ ♣ ❛ ✐ ❝❧ ❡ (a ) ✐ ❤ ❡ ❡❢ ♦ ❡ ❣✐ ✈ ❡ ♥
❜ ②
I a [r ] = (I P S F 1 [s 0 , r] · I P S F 2 [r, r ]) ∗ a [r ] .
❍ ❡ ♥ ❝ ❡✱ ❤ ❡ ❡ ✛ ❡ ❝ ✐ ✈ ❡ ♣ ♦✐ ♥ ♣ ❡ ❛ ❞ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡
✐ ✉ ♥ ❞ ❡ ❤ ❡ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❤ ❡ ♣ ♦ ❞ ✉ ❝ ♦❢ ❤ ❡ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ♣ ♦✐ ♥ ♣ ❡ ❛ ❞ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢
❤ ❡ ✇ ♦ ❧ ❡ ♥ ❡ ✳ ❚ ❤✐ ❧ ❡ ❛ ❞ ♦ ❛ ♥ ✐ ♥ ❝ ❡ ❛ ❡ ❞ ❡ ♦❧ ✉ ✐ ♦ ♥ ❛ ✈✐ ✉ ❛❧✐ ③ ❡ ❞ ✐ ♥ ✜ ❣ ✉ ❡ ✺✳ ✷ ✐ ♥
❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦ ❛ ❛ ♥ ♠✐ ✐ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✇✐ ❤ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ♣ ❡ ✉ ❡✳
■ ♥ ❤ ❡ ♦❢ ❳✲ ❛ ② ❡ ❣✐ ♦ ♥✱ ✢ ✉ ♦ ❡ ❝ ❡ ♥ ❝ ❡ ✐ ✇ ❡ ❛ ❦ ❢ ♦ ❧✐ ❣ ❤ ❡❧ ❡ ♠ ❡ ♥ ❛ ♥ ❞ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧❧ ②
♦ ♥❧ ② ❛ ❡❧ ❛ ✐ ✈ ❡❧ ② ♠ ❛❧❧ ♣ ❛ ♦❢ ❤ ❡ ✢ ✉ ♦ ❡ ❝ ❡ ♥ ❝ ❡ ✐ ❣ ♥ ❛❧ ❝ ❛ ♥ ❜ ❡ ❝ ♦❧❧ ❡ ❝ ❡ ❞ ❞ ✉ ❡ ♦ ❤ ❡
♠ ❛❧❧ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ♣ ❡ ✉ ❡✳ ✹ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❛ ✢ ✉ ♦ ❡ ❝ ❡ ♥ ❝ ❡ ❜ ❛ ❡ ❞ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❝ ❛ ♥ ♥✐ ♥ ❣ ❳✲
❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ❡ ✉✐ ❡ ❛ ❧ ❛ ❣ ❡ ❞ ♦ ❡ ✇ ❤✐ ❝ ❤ ✐ ♠ ♦ ❧✐ ❦ ❡❧ ② ❛ ❜ ♦ ✈ ❡ ❤ ❡ ❞ ❡ ✉ ❝ ✐ ♦ ♥
❤ ❡ ❤ ♦❧ ❞ ♦❢ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ❛ ♠ ♣❧ ❡ ✳ ❍ ❡ ♥ ❝ ❡✱ ❢ ♦ ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♠ ❛ ❣✐ ♥ ❣ ♦❢ ❤ ❡ ❝ ❡❧❧ ✉❧ ❛
✉❧ ❛✲ ✉ ❝ ✉ ❡✱ ❛ ❛ ♥ ♠✐ ✐ ♦ ♥ ② ❡ ♠ ❛ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✺✳ ✸ ✐ ♣ ❡❢ ❡ ❡ ❞✳ ❋ ♦ ✉ ❝ ❤
❛ ② ❡ ♠✱ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ♦❢ ✐ ♠ ❛ ❣ ❡ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ♦ ✈ ❛❧✐ ❞✳ ■ ♥ ❡ ❛ ❞✱ ✉ ❝ ❤
❛ ♥ ♦ ♣ ✐ ❝ ❛❧ ❡ ✉ ♣ ❤ ❛ ♦ ❜ ❡ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ✐ ♥ ❛ ❝ ♦ ❤ ❡ ❡ ♥ ❡ ✐ ♥ ❣✳
✺✳ ✷ ❚ ❤ ❡ ❈ ♦ ❤ ❡ ❡ ♥ ❈ ♦ ♥❢ ♦ ❝ ❛❧ ▼✐ ❝ ♦ ❝ ♦ ♣ ❡
❚ ❤ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ♦❢ ❳✲ ❛ ② ❝ ❛ ♥ ♥✐ ♥ ❣ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ❡ ✉ ♣ ✐ ❜ ❛ ❡ ❞ ♦ ♥ ❋ ❡ ♥ ❡❧
③ ♦ ♥ ❡ ♣❧ ❛ ❡ ✐ ♥ ❡ ❛ ❞ ♦❢ ❡❢ ❛ ❝ ✐ ✈ ❡ ❧ ❡ ♥ ❡ ✭ ❡ ❡ ✜ ❣ ✉ ❡ ✺✳ ✸✱❬ ✾ ✵❪✮✳ ❩ ♦ ♥ ❡ ♣❧ ❛ ❡ ♣ ♦ ❞ ✉ ❝ ❡
❡ ✈ ❡ ❛❧ ❢ ♦ ❝ ❛❧ ♣ ♦ ❡ ❛ ❝ ❤ ❛ ❛ ❞✐ ✛ ❡ ❡ ♥ ❢ ♦ ❝ ❛❧ ❧ ❡ ♥ ❣ ❤✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❛ ♥ ♦ ❞ ❡ ♦ ✐ ♥ ❣
❛ ♣ ❡ ✉ ❡ ✐ ♥ ❡ ❝ ❡ ❛ ② ♦ ❜❧ ♦ ❝ ❦ ✉ ♥ ✇ ❛ ♥ ❡ ❞ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ♦ ❞ ❡ ❛ ♥ ❞ ❡❧ ❡ ❝ ♦ ♥❧ ② ♦ ♥ ❡
♦ ❞ ❡ ❢ ♦ ✐ ♠ ❛ ❣ ❡ ❢ ♦ ♠ ❛ ✐ ♦ ♥✳ ❆ ❦ ♥ ♦ ✇ ♥ ❢ ♦ ♠ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❧✐ ❣ ❤ ♠✐ ❝ ♦ ❝ ♦ ♣ ②✱ ❤ ❡ ❝ ♦ ♥✲
❢ ♦ ❝ ❛❧ ❡ ✉ ♣ ♦❢ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ✐ ♥ ❝ ♦ ♥❥ ✉ ♥ ❝ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ♣✐ ♥ ❤ ♦❧ ❡ ✐ ✉ ♣ ♣ ♦ ❡ ❞
♦ ❡ ♠ ♦ ✈ ❡ ❧✐ ❣ ❤ ❤ ❛ ♦ ✐ ❣✐ ♥ ❛ ❡ ❢ ♦ ♠ ♣❧ ❛ ♥ ❡ ♦ ✉ ✐ ❞ ❡ ❤ ❡ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ✳ ■ ♥ ❧✐ ❣ ❤
♠✐ ❝ ♦ ❝ ♦ ♣ ②✱ ❤ ❡ ❧ ❛ ❡ ❛❧ ❡ ♦❧ ✉ ✐ ♦ ♥ ❛ ♥ ❞ ❤ ❡ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ✭ ❉ ❖ ❋✮ ❛ ❡ ✇✐ ❤✐ ♥ ❤ ❡
❛ ♠ ❡ ❛ ♥ ❣ ❡ ❞ ✉ ❡ ♦ ❤✐ ❣ ❤ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ♣ ❡ ✉ ❡ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ✳ ❋ ♦ ❳✲ ❛ ② ♦ ♣ ✐ ❝ ✱ ❤ ❡ ❞ ❡ ♣ ❤
✹ ❋ ♦ ❤✐ ❣ ❤ ❡ ❛ ♦ ♠✐ ❝ ♥ ✉ ♠ ❜ ❡ ✱ ❛ ❡ ✉ ♣ ✇✐ ❤ ❝ ♦ ❡ ❞ ❋ ❡ ♥ ❡❧ ❧ ❡ ♥ ❡ ✐ ♦ ♠ ❡ ✐ ♠ ❡ ✉ ❡ ❞ ❢ ♦ ❳✲ ❛ ②
✢ ✉ ♦ ❡ ❝ ❡ ♥ ❝ ❡ ✭ ❳ ❘ ❋✮ ♠✐ ❝ ♦ ❝ ♦ ♣ ②✳ ❆❧ ❤ ♦ ✉ ❣ ❤ ❤✐ ❡ ✉ ♣ ✐ ♥ ♦ ✐ ❝ ❧ ② ♣ ❡ ❛ ❦✐ ♥ ❣ ❛ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❡ ✉ ♣✱ ✐
♥ ❡ ✈ ❡ ❤ ❡❧ ❡ ✉ ❡ ❛ ✐ ♠✐❧ ❛ ❝ ♦ ♥ ❝ ❡ ♣ ♦ ❛ ❝ ❤✐ ❡ ✈ ❡ ❛ ♥ ✐ ♥ ❝ ❡ ❛ ❡ ❞ ❧ ❛ ❡ ❛❧ ❛ ♥ ❞ ❞ ❡ ♣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ❛ ♥ ❞ ♦
♠✐ ✐ ❣ ❛ ❡ ❤ ❡ ♣ ♦ ❜❧ ❡ ♠ ❣ ❡ ♥ ❡ ❛ ❡ ❞ ❜ ② ❛ ❧ ♦ ♥ ❣ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ❢ ♦ ✸ ❉ ✐ ♠ ❛ ❣✐ ♥ ❣✳ ❋ ♦ ❳ ❘ ❋✱ ❤ ❡ ❉ ❖ ❋ ✐
✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ❧ ♦ ♥ ❣ ❡ ❤ ❛ ♥ ❢ ♦ ❤ ❡ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❙ ❚ ❳ ▼ ✐ ♥ ❝ ❡ ❤ ❡ ❳✲ ❛ ② ✢ ✉ ♦ ❡ ❝ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ❛ ✈✐ ❡ ❡❧ ❡ ♠ ❡ ♥
✐ ❛ ❤✐ ❣ ❤ ❡ ❡ ♥ ❡ ❣✐ ❡ ✭ ❡✳ ❣✳ ❋❡ ❅ ✻✳ ✹ ❦ ❡ ❱✮ ❬ ✾ ✽✱ ✹ ✸❪✳ ■ ♥ ❤ ❡ ♦❢ ❳✲ ❛ ② ❡ ❣✐ ♦ ♥✱ ✉ ❝ ❤ ❛ ♥ ✐ ♥ ✉ ♠ ❡ ♥
✐ ✉ ♥❧✐ ❦ ❡❧ ② ♦ ✇ ♦ ❦ ✇✐ ❤ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ❛ ♠ ♣❧ ❡ ✐ ♥ ❝ ❡ ❤ ❡ ❞ ♦ ♠✐ ♥ ❛ ✐ ♥ ❣ ♣ ❛ ❤ ♦❢ ❞ ❡ ❝ ❛ ② ♦❢ ❝ ♦ ❡ ✈ ❛ ❝ ❛ ♥ ❝✐ ❡
❢ ♦ ❧ ♦ ✇ ❛ ♦ ♠✐ ❝ ♥ ✉ ♠ ❜ ❡ ✐ ❤ ❡ ♥ ♦ ♥✲ ❛ ❞✐ ❛ ✐ ✈ ❡ ❆ ✉ ❣ ❡ ♣ ♦ ❝ ❡ ❬ ✶❪✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ❡ ✉✐ ❡ ❞ ❞ ♦ ❡ ❢ ♦
✐ ♠ ❛ ❣✐ ♥ ❣ ✐ ✇ ❡❧❧ ❛ ❜ ♦ ✈ ❡ ❤ ❡ ❞ ❡ ✉ ❝ ✐ ♦ ♥ ❤ ❡ ❤ ♦❧ ❞ ♦❢ ✉ ❝ ❤ ❛ ♠ ♣❧ ❡ ✳
✽ ✹ ❈ ❍ ❆ ❚ ❊ ❘ ✺✳ ❈ ❖ ◆ ❋ ❖ ❈ ❆ ▲ ❙ ❚ ❳ ▼ ❋ ❖ ❘ ❉■ ❘ ❊ ❈ ❚ ✸ ❉ ■ ▼ ❆ ●■ ◆ ●
✭ ❋ ❲ ❍ ▼ ✮  ❈ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧ ▲ ▼ ❈ ♦ ♥❢ ♦ ❝ ❛❧ ▲ ▼ ❈ ♦ ♥❢ ♦ ❝ ❛❧ ▲ ▼
✶ ❆ ❯ ❁ ❘ ❘ ❁ ✵✳ ✷ ✺ ❆ ❯
❖ ♣ ✐ ❝ ❛❧ ❧✐ ❝ ❡ ❤✐ ❝ ❦ ♥ ❡ ♥ ♦ ❞ ❡ ✜ ♥ ❛ ❜❧ ❡
0 .8 8 λ e m
n −
√
n 2 − N A 2
2
+
√ 2 n R
N A
2 0 .6 4 λ
n −
√
n 2 − N A 2
( 4 1 0 ♥ ♠ ) ( 2 1 3 ♥ ♠ )
❆ ①✐ ❛❧ ❡ ♦❧ ✉ ✐ ♦ ♥
1 .6 7 λ e m
N A 2
0 .8 8 λ e x c
n −
√
n 2 − N A 2
N A < 0 .5≈ 1 .6 7 n λ e x cN A 2 0 .6 4 λn − √ n 2 − N A 2
N A < 0 .5≈ 1 .2 8 n λN A 2
( 2 7 8 ♥ ♠ ) ( 2 9 2 ♥ ♠ ≈ 2 7 8 ♥ ♠ ) ( 2 1 2 ♥ ♠ ≈ 2 1 3 ♥ ♠ )
▲ ❛ ❡ ❛❧ ❡ ♦❧ ✉ ✐ ♦ ♥
0 .5 1 λ e mN A
0 .5 1 λ e x cN A
0 .3 7 λ
N A
( 1 0 .2 ♥ ♠ ) ( 1 0 .2 ♥ ♠ ) ( 7 .4 ♥ ♠ )
❚ ❛ ❜❧ ❡ ✺✳ ✶✿ ❘ ✉❧ ❡ ♦❢ ❤ ✉ ♠ ❜ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❧✐ ❣ ❤ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ✭ ▲ ▼✮ ❬ ✶ ✵ ✹❪✳
❚ ✇ ♦ ❝ ❛ ❡ ❛ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ❞ ❡ ♣ ❡ ♥ ❞✐ ♥ ❣ ♦ ♥ ❤ ❡ ❛ ❞✐ ✉ ✭ ❘✮ ♦❢ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✳ ❚ ❤ ❡ ❧ ♦ ✇ ❡
♥ ✉ ♠ ❜ ❡ ❡ ♣ ❡ ❡ ♥ ❤ ❡ ❤ ② ♣ ♦ ❤ ❡ ✐ ❝ ❛❧ ❡ ✉❧ ❢ ♦ λ e m ≈ λ e x c = 2 .4 ♥ ♠ , N A = 0 .1 2
✭d r N ≈ 1 0 ♥ ♠✮ ❛ ♥ ❞ n ≈ 1 .
✭ ❆ ❯✿ ❛✐ ② ✉ ♥✐ ✱ λ : = √ 2 λ e m λ e x c / λ 2e m + λ 2e x c ✱ λ e x c ✿ ❡ ① ❝✐ ❛ ✐ ♦ ♥ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤✱ λ e m ✿❡ ♠✐ ✐ ♦ ♥ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤✮
♦❢ ❢ ♦ ❝ ✉ ✐ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ❧ ❛ ❣ ❡ ❤ ❛ ♥ ❤ ❡ ❧ ❛ ❡ ❛❧ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ❝ ❡ ♦ ♥❧ ② ❡❧ ❛ ✐ ✈ ❡❧ ② ❧ ♦ ✇
♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ♣ ❡ ✉ ❡ ✭ ◆ ❆✮ ♦ ♣ ✐ ❝ ❛ ❡ ❛ ✈ ❛✐❧ ❛ ❜❧ ❡ ❞ ✉ ❡ ♦ ❞✐ ✣ ❝ ✉❧ ✐ ❡ ✐ ♥ ❤ ❡ ♠ ❛ ♥ ✉❢ ❛ ❝✲
✉ ✐ ♥ ❣ ♦❢ ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ❳✲ ❛ ② ♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ✳ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❛ ❛ ❡ ♦❢ ❤ ❡ ❛ ❋ ❡ ♥ ❡❧
③ ♦ ♥ ❡ ♣❧ ❛ ❡ ✇✐ ❤ ❛ ♥ ♦ ✉ ❡ ♠ ♦ ③ ♦ ♥ ❡ ✇✐ ❞ ❤ ♦❢ ❞ ◆ ❂ ✶ ✵ ♥ ♠ ❤ ❛ ❛ ✵✳ ✺ ❦ ❡ ❱ ♣ ❤ ♦ ♦ ♥
❡ ♥ ❡ ❣ ② ❛ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ♣ ❡ ✉ ❡ ♦❢ ◆ ❆ ❂ ✵✳ ✶ ✷✳ ❙✐ ♥ ❝ ❡ ❤ ❡ ♣ ♦ ♣ ♦ ❡ ❞ ❛ ♥ ♠✐ ✐ ♦ ♥ ② ❡ ♠
✉ ❡ ♦ ♥❧ ② ♦ ♥ ❡ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤ ❛ ♥ ❞ ❤ ❡ ✐ ❣ ♥ ❛❧ ♣ ♦ ♣ ❛ ❣ ❛ ❡ ❝ ♦ ❤ ❡ ❡ ♥ ❧ ②✱ ❤ ❡ ❛ ♥ ❛❧ ② ✐ ♦❢ ❛
❝ ♦ ♥❢ ♦ ❝ ❛❧ ❛ ♥ ♠✐ ✐ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✐ ♠ ♦ ❡ ❝ ❤ ❛❧❧ ❡ ♥ ❣✐ ♥ ❣ ❤ ❛ ♥ ✐ ♥ ❤ ❡ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ❝ ❛ ❡✳
■ ❤ ❛ ❜ ❡ ❡ ♥ ✉ ❞✐ ❡ ❞ ✐ ♥ ❬ ✷ ✾❪ ❢ ♦ ❧✐ ❣ ❤ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ✇✐ ❤ ❤ ❡ ❤ ❡❧ ♣ ♦❢ ❝ ♦ ❤ ❡ ❡ ♥ ❛ ♥ ❢ ❡
❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ✸ ❉ ❛ ♥ ♠✐ ✐ ♦ ♥ ❝ ♦ ✲ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✳ ❙✐ ♥ ❝ ❡ ❤ ❡ ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥ ❛❧ ❧ ♦ ❛ ❞ ♦❢
❤✐ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❡ ① ❝ ❡ ❡ ❞ ❡ ❞ ♦ ✉ ❛ ✈ ❛✐❧ ❛ ❜❧ ❡ ❡ ♦ ✉ ❝ ❡ ✱ ❛ ❞✐ ✛ ❡ ❡ ♥ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✇ ❛ ✉ ❡ ❞ ♦
♣ ❡ ❞✐ ❝ ❤ ❡ ❡ ① ♣ ❡ ❝ ❡ ❞ ♣ ❡ ❢ ♦ ♠ ❛ ♥ ❝ ❡ ♦❢ ✉ ❝ ❤ ❛ ② ❡ ♠✳ ✐ ✈ ♦ ❛❧ ❢ ♦ ❤ ❡ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥
✐ ❤ ❛ ❤ ❡ ❡ ✉ ♣ ♦❢ ❛ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❛ ♥ ♠✐ ✐ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ❤ ❛ ❡ ✐ ♠✐❧ ❛ ✐ ✐ ❡ ✇✐ ❤ ❛
❛ ♥ ♠✐ ✐ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡✳ ❚ ❤ ❡ ♠ ❛✐ ♥ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ✐ ❤ ❛ ❤ ❡ ✐ ♥✐ ✐ ❛❧ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ✐
❢ ✉❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥ ✱ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✐ ♣ ♦✐ ♥ ✲❧✐ ❦ ❡ ❛ ♥ ❞ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ✐ ❣ ❡ ♥ ❡ ❛ ❡ ❞ ❜ ② ❝ ❛ ♥ ♥✐ ♥ ❣
❤ ❡ ❛ ♠ ♣❧ ❡✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ✈✐ ✉ ❛❧❧ ② ❤ ❡ ❛ ♠ ❡ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ❛ ❢ ♦ ❤ ❡ ♣ ❛ ✐ ❛❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥
❚ ❳ ▼ ❝ ❛ ♥ ❜ ❡ ✉ ❡ ❞ ♦ ✐ ♠ ✉❧ ❛ ❡ ❤ ❡ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡✳ ❆ ♥ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ♦ ♥ ✐
❞ ❡ ❝ ✐ ❜ ❡ ❞ ✐ ♥ ❞ ❡ ❛✐❧ ✐ ♥ ❤ ❡ ✉ ♣ ♣❧ ❡ ♠ ❡ ♥ ✐ ♥ ❡ ❝ ✐ ♦ ♥ ❇✳ ✷✳ ✶✺ ✳
✺ ❖ ♥ ❡ ❤ ♦ ✉❧ ❞ ❜ ❡ ❛ ✇ ❛ ❡ ❤ ❛ ❤ ❡ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ✇✐ ❤ ❛ ♣ ♦✐ ♥ ♣ ❡ ❛ ❞ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ❛ ❜ ❛ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥
❢ ♦ ❤✐ ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ♦ ❞ ❡ ✐ ♥ ❝ ❡ ❤ ❡ ❞ ❡ ❡ ❝ ❡ ❞ ✐ ❣ ♥ ❛❧ ✐ ♥ ♦ ❛ ✉ ♠ ♦❢ ♣ ♦✐ ♥ ❧✐ ❦ ❡ ♦ ✉ ❝ ❡ ❛ ✐ ♥ ❤ ❡ ❝ ❛ ❡
♦❢ ❛ ✢ ✉ ♦ ❡ ❝ ❡ ♥ ❝ ❡ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❡ ✉ ♣✳
✺✳ ✷✳ ❚ ❍ ❊ ❈ ❖ ❍ ❊ ❘ ❊ ◆ ❚ ❈ ❖ ◆ ❋ ❖ ❈ ❆ ▲ ▼■ ❈ ❘ ❖ ❙ ❈ ❖ ❊ ✽ ✺
❋✐ ❣ ✉ ❡  ✺✳ ✸✿  ❳✲ ❛ ②  ♦ ♣ ✐ ❝ ❛❧ ❡ ✉ ♣  ♦❢  ❤ ❡  ❝ ♦ ♥❢ ♦ ❝ ❛❧  ❙ ❚ ❳ ▼✳  ❚ ❤ ❡  ♣ ❛ ✐ ❛❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥  
♣ ❤ ♦ ♦ ♥  ❛ ❡  ❢ ♦ ❝ ✉ ❡ ❞  ❜ ②  ❛  ③ ♦ ♥ ❡  ♣❧ ❛ ❡  ♦ ♥ ♦  ❤ ❡  ♦ ❜❥ ❡ ❝  ♣❧ ❛ ♥ ❡✳  ❆ ♥  ♦ ❞ ❡  ♦ ✐ ♥ ❣ 
❛ ♣ ❡ ✉ ❡  ✐ ♥ ❝ ♦ ♠ ❜✐ ♥ ❛ ✐ ♦ ♥ ✇✐ ❤  ❛  ❝ ❡ ♥ ❛❧  ♦ ♣  ❜❧ ♦ ❝ ❦  ③ ❡ ♦  ♦ ❞ ❡  ❧✐ ❣ ❤  ❛ ♥ ❞  ❤✐ ❣ ❤ ❡  
♦ ❞ ❡  ♦❢  ❤ ❡  ③ ♦ ♥ ❡  ♣❧ ❛ ❡✳  ❆  ❡ ❝ ♦ ♥ ❞  ③ ♦ ♥ ❡  ♣❧ ❛ ❡  ❝ ♦❧❧ ❡ ❝  ❤ ❡  ❧✐ ❣ ❤  ❤ ❛  ✐  ❛ ♥ ♠✐ ❡ ❞  
❜ ②  ❤ ❡  ❛ ♠ ♣❧ ❡  ❛ ♥ ❞  ✐ ♠ ❛ ❣ ❡  ✐  ♦ ♥ ♦  ❛  ♣✐ ♥ ❤ ♦❧ ❡  ✐ ♥ ❢ ♦ ♥  ♦❢  ❤ ❡  ❞ ❡ ❡ ❝ ♦  ♣❧ ❛ ♥ ❡✳  ❚ ❤ ❡  ♣✐ ♥ ❤ ♦❧ ❡  
✉ ♣ ♣ ❡ ❡  ❧✐ ❣ ❤  ❝ ❛ ❡ ❡ ❞ ❢ ♦ ♠  ♦ ✉  ♦❢  ❢ ♦ ❝ ✉  ♣❧ ❛ ♥ ❡ ✳ ■  ❛❧ ♦  ❡ ❞ ✉ ❝ ❡  ♦ ✛ ✲ ❛ ①✐  ❧✐ ❣ ❤  ❢ ♦ ♠  
❤ ❡  ❢ ♦ ❝ ❛❧ ♣❧ ❛ ♥ ❡✳  ❇ ②  ❛ ❡  ❝ ❛ ♥ ♥✐ ♥ ❣  ❤ ❡  ♦ ❜❥ ❡ ❝ ✱ ✐  ✸ ❉  ✐ ♠ ❛ ❣ ❡ ✐  ❢ ♦ ♠ ❡ ❞✳  I m a g e pr o vi d e d b y 
S. W er n er
✺✳ ✷✳ ✶ ❚ ❤ ❡  ▼ ❛ ❤ ❡ ♠ ❛ ✐ ❝ ❛l   ❉ ❡ ❝ ✐ ♣ ✐ ♦ ♥     ♦ ❢  ❤ ❡  ❈ ♦ ❤ ❡ ❡ ♥    
   ❈ ♦ ♥ ❢ ♦ ❝ ❛❧  ▼✐ ❝ ♦ ❝ ♦ ♣ ❡
■ ♥ ♦ ❞ ❡  ♦  ✉ ❞ ②  ❤ ❡  ❝ ♦ ❤ ❡ ❡ ♥ ✱ ❝ ♦ ♥❢ ♦ ❝ ❛❧  ② ❡ ♠✱ ❤ ❡  ✜  ❇♦ ♥  ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✐  
❝ ♦ ♠ ♠ ♦ ♥❧ ②  ✉ ❡ ❞  ✭ ❡ ❡  ❬ ✷ ✾❪ ✮✱ ✇ ❤✐ ❝ ❤  ✐  ✈ ❛❧✐ ❞  ❢ ♦  ❤✐ ♥  ♦  ♣ ❛ ❡  ♦ ❜❥ ❡ ❝ ✳
❆ ♥ ❛❧ ② ✐          ♦❢  ❤ ❡  ❈ ♦ ♥❢ ♦ ❝ ❛❧     ❙ ② ❡ ♠   ❯ ✐ ♥ ❣  ❤ ❡  ❋✐   ❇♦ ♥  ❆ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥
❚ ❤ ❡  ✜  ❇♦ ♥  ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❛ ✉ ♠ ❡  ❤ ❛  ❤ ❡  ✐ ♥ ❝✐ ❞ ❡ ♥  ✜❡❧ ❞  ✐  ♥ ♦  ✐ ❣ ♥✐✜❝ ❛ ♥ ❧ ② ❝ ❤ ❛ ♥ ❣ ❡ ❞  
❞ ✉ ❡  ♦  ❤ ❡  ♣ ❡ ❡ ♥ ❝ ❡  ♦❢  ❤ ❡  ♦ ❜❥ ❡ ❝ ✳ ❚❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡  ✐ ♥ ❡ ❛ ❝ ✐ ♦ ♥ ♦❢  ❤ ❡  ♦ ❜❥ ❡ ❝  ✇✐ ❤ ❤ ❡  
✐ ♥ ❝✐ ❞ ❡ ♥  ✜❡❧ ❞  ✐  ✇❡❧❧  ❞❡ ❝ ✐ ❜ ❡ ❞ ✇✐ ❤ ♦ ✉  ❛ ❦✐ ♥ ❣ ✐ ♥ ♦  ❛ ❝ ❝ ♦ ✉ ♥  ❤ ❡  ✐ ♥ ❡ ❛ ❝ ✐ ♦ ♥ ♦❢  ❤ ❡  ✜❡❧ ❞  
♣ ♦ ❞ ✉ ❝ ❡ ❞  ❜ ②  ❤ ❡  ♦ ❜❥ ❡ ❝  ✇✐ ❤ ❤ ❡  ♦ ❜❥ ❡ ❝  ✐ ❡❧❢✳ ❚❤ ❡  ♥ ♦ ❛ ✐ ♦ ♥ ✉ ❡ ❞  ❢ ♦  ❤ ❡  ❞✐ ✛❡ ❡ ♥  ♣ ❛  ♦❢  
❤ ❡  ② ❡ ♠ ✐  ❤ ♦ ✇ ♥  ✐ ♥ ✜❣ ✉ ❡  ✺✳ ✸✳
❙✐ ♥ ❝ ❡  ❤ ❡  ❢ ♦ ❝ ❛❧ ♣ ♦  ✐  ✉ ♣ ♣ ♦ ❡ ❞  ♦  ❜ ❡  ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❧ ✐ ♠✐ ❡ ❞✱ ✐  ✐  ❛ ✉ ♠ ❡ ❞  ❤ ❛  ❤ ❡  
♦ ✉ ❝ ❡  ✐  ❢ ✉❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥ ✳ ▲❡  ✐  ❣ ❡ ♥ ❡ ❛ ❡  ❤ ❡  ✜❡❧ ❞  U 1 . ❚❤ ❡ ♥✱  ❤ ❡  ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ✇❤✐ ❝ ❤  ✐  
✐ ♥ ❝✐ ❞ ❡ ♥  ♦ ♥  ❤ ❡  ❛ ♠ ♣❧ ❡ ✐  ❣✐ ✈ ❡ ♥  ❜ ②U 3 [r ] =
s ∈ S o u r c e
U 1 [s ] P S F 1 [s, r ] d s.
❲✐ ❤ ♦ ✉ ❤ ❡ ❛ ♠ ♣❧ ❡✱ ❤ ❡ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ✐ ✐ ♠ ♣❧ ② ✐ ♠ ❛ ❣ ❡ ❞ ❜ ② ❤ ❡ ❡ ❝ ♦ ♥ ❞ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡
✽ ✻ ❈ ❍ ❆ ❚ ❊ ❘ ✺✳ ❈ ❖ ◆ ❋ ❖ ❈ ❆ ▲ ❙ ❚ ❳ ▼ ❋ ❖ ❘ ❉■ ❘ ❊ ❈ ❚ ✸ ❉ ■ ▼ ❆ ●■ ◆ ●
❧ ❡ ♥ ♦ ♥ ♦ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✳ ❚ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ✜ ❡❧ ❞ ✐ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✐ ❣✐ ✈ ❡ ♥ ❜ ②
U 5 [v ] =
r ∈ R
P S F 2 [r, v ]
s ∈ S o u r c e
U 1 [s ] P S F 1 [s, r ] d s d r.
❍ ❡ ❡✱ R ✐ ❛ ♣❧ ❛ ♥ ❡ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ♦ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ❛ ①✐ ✳ ❚ ❤ ❡ ✐ ❣ ♥ ❛❧ (S ) ♦ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ♦
❡ ✉❧ ❢ ♦ ♠ ❤ ❡ ✐ ♥ ❡ ❣ ❛ ❡ ❞ ✐ ♥ ❡ ♥ ✐ ② ♦ ✈ ❡ ❤ ❡ ❛ ❡ ❛ ♦❢ ❤ ❡ ❞ ❡ ❡ ❝ ♦
S =
v ∈ D et e ct o r
|U 5 [v ]|2 d v.
■ ♥ ❤ ❡ ♣ ❡ ❡ ♥ ❝ ❡ ♦❢ ❛ ❛ ♠ ♣❧ ❡✱ ❤ ❡ ✐ ♥ ❝✐ ❞ ❡ ♥ ✜ ❡❧ ❞ U 3 ✐ ♣ ❡ ✉ ❜ ❡ ❞✳ ❙✐ ♥ ❝ ❡ ❤ ❡ ✜
❇ ♦ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✐ ✉ ❡ ❞✱ ❤✐ ❣ ❡ ♥ ❡ ❛ ❡ ❥ ✉ ❛ ♥ ♦ ❤ ❡ ✜ ❡❧ ❞ U o b j, 3 ❛ ♥ ❞ ❞ ♦ ❡ ♥ ♦
❝ ❤ ❛ ♥ ❣ ❡ ❤ ❡ ✜ ❡❧ ❞ U 3 ✳ ❲❡ ♥ ♦ ✇ ❤ ❛ ✈ ❡ ♦ ♣ ♦ ♣ ❛ ❣ ❛ ❡ ❤ ❡ ✜ ❡❧ ❞ ❣ ❡ ♥ ❡ ❛ ❡ ❞ ❜ ② ❤ ❡ ♦ ❜❥ ❡ ❝
♦ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✳
■ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❧ ❡ ♥ ✱ ❤ ❡ ✜ ❡❧ ❞ ❣ ❡ ♥ ❡ ❛ ❡ ❞ ❜ ② ❤ ❡ ♦ ❜❥ ❡ ❝ ✐ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣
♦ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✸✳ ✶ ✷✮
U o b j, 4 [x 4 , y4 , z4 ] =
( x , y , z ) ∈ S a m pl e
e x p [ i k0 (z 4 − z )]
i λ e x p i k0
(x 4 − x ) 2 + ( y 4 − y ) 2
2 ( z 4 − z )
·k 20 n 2 x , y , z − 1 U 3 x , y , z d x d y d z .
❚ ❤✐ ✜ ❡❧ ❞ ✐ ✜ ♠ ♦ ❞✐ ✜ ❡ ❞ ❜ ② ❤ ❡ ❛ ♥ ♠✐ ✐ ♦ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ♣ ✐ ❝✱ ❛ ♥ ❞ ❤ ❡
❡ ✉❧ ❤ ❛ ♦ ❜ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ❡ ❞ ♦ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✳ ❙✐ ♥ ❝ ❡ ❤ ❡ ❝ ♦ ❤ ❡ ❡ ♥ ♣ ♦✐ ♥ ♣ ❡ ❛ ❞
❢ ✉ ♥ ❝ ✐ ♦ ♥ P S F 2 ❛❧ ❡ ❛ ❞ ② ✐ ♥ ❝❧ ✉ ❞ ❡ ❜ ♦ ❤ ❤ ❡ ❛ ♥ ♠✐ ✐ ♦ ♥ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ❤ ❡ ♦ ♣ ✐ ❝ ❛ ♥ ❞
❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❢ ♦ ♠ ❤ ❡ ❡ ❣✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡ ♦ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ♦ ♣ ✐ ❝✱ ✐ ❝ ❛ ♥ ❜ ❡ ✉ ❡ ❞
❞✐ ❡ ❝ ❧ ② ♦ ❝ ♦ ♠ ♣ ✉ ❡ ❤ ❡ ❝ ♦ ♥ ✐ ❜ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡ ♦ ❤ ❡ ✐ ❣ ♥ ❛❧✳ ❚ ❤✐ ❛ ♣ ♣ ♦ ❛ ❝ ❤
❧ ❡ ❛ ❞ ♦ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ✉ ❛ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ❝ ♦ ♥ ✐ ❜ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡ ♦ ❤ ❡ ✜ ❡❧ ❞ ♦ ♥
❤ ❡ ❞ ❡ ❡ ❝ ♦
U o b j, 5 [v ] =
r ∈ S a m pl e
P S F 2 [r, v ] k 20 n 2 [r ] − 1 U 3 [r ] d r.
❙✐ ♥ ❝ ❡ ❤ ❡ ✐ ♥ ❝✐ ❞ ❡ ♥ ✜ ❡❧ ❞ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥❧ ② ♦ ♥ ❤ ❡ ♦ ✉ ❝ ❡✱ ❤✐ ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦
U o b j, 5 [v ] =
r ∈ S a m pl e
P S F 2 [r, v ] k 20 n 2 [r ] − 1
s ∈ S o u r c e
U 1 [s ] P S F 1 [s, r ] d s d r.
❋✐ ♥ ❛❧❧ ②✱ ❤ ❡ ✐ ❣ ♥ ❛❧ (S ) ♦ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ❡ ✉❧ ♥ ♦ ✇ ❢ ♦ ♠ ❤ ❡ ✐ ♥ ❡ ❢ ❡ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ✇ ♦
♣ ♦ ♣ ❛ ❣ ❛ ❡ ❞ ✜ ❡❧ ❞
S =
v ∈ D et e ct o r
|U 5 [v ] + U o b j, 5 [v ]|2 d v.
✺✳ ✷✳ ❚ ❍ ❊ ❈ ❖ ❍ ❊ ❘ ❊ ◆ ❚ ❈ ❖ ◆ ❋ ❖ ❈ ❆ ▲ ▼■ ❈ ❘ ❖ ❙ ❈ ❖ ❊ ✽ ✼
❚ ❤ ❡ ✐ ❣ ♥ ❛❧ ✐ ❤ ❡ ❡❢ ♦ ❡✱
S =
v ∈ D et e ct o r
|U 5 [v ] + U o b j, 5 [v ]|2 d v
=
v ∈ D et e ct o r r ∈ S a m pl e
P S F 2 [r, v ] δ [r z ] + k 20 n 2 [r ] − 1
s ∈ S o u r c e
U 1 [s ] P S F 1 [s, r ] d s d r
2
d v.
❚ ❤ ❡ ❞ ❡❧ ❛ ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❧ ❛ ❡ ✉ ❛ ✐ ♦ ♥ ❞ ❡ ❝ ✐ ❜ ❡ ❤ ❡ ✜ ❡❧ ❞ ✇✐ ❤ ♦ ✉ ❛ ♠ ♣❧ ❡✳
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✐ ♥ ❝❧ ✉ ❞ ❡ ❧ ♦ ✇ ❡ ♥ ❡ ❣ ② ❡❧ ❡ ❝ ♦ ♥ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❤ ❡ ✐ ♥ ❡ ❛ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❆ ✉ ❣ ❡ ❡❧ ❡ ❝ ♦ ♥
✇✐ ❤ ❤ ❡ ❛ ♦ ♠ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ❚ ♦ ♣ ❡ ❞✐ ❝ ❤ ❡ ❡ ① ❛ ❝ ❧ ♦ ❝ ❛❧ ❛ ♥ ❞ ❡ ♥ ❡ ❣ ❡ ✐ ❝ ❞✐ ✐ ❜ ✉ ✐ ♦ ♥
♦❢ ❤ ❡ ❡ ❡ ❝ ♦ ♥ ❞ ❛ ② ❡❧ ❡ ❝ ♦ ♥ ✐ ❝ ❤ ❛❧❧ ❡ ♥ ❣✐ ♥ ❣✳ ❲❡ ❤ ❡ ❡❢ ♦ ❡ ❦✐ ♣ ❤✐ ❛ ♥ ❛❧ ② ✐ ✳ ■ ♥ ✉✲
✐ ✐ ✈ ❡❧ ②✱ ❤ ❡ ❡ ① ♣ ❡ ❝ ❡ ❞ ❛ ♠ ♦ ✉ ♥ ♦❢ ❡ ❝ ♦ ♥ ❞ ❛ ② ❡❧ ❡ ❝ ♦ ♥ ❤ ♦ ✉❧ ❞ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ❧ ♦ ❝ ❛❧
❛ ❜ ♦ ♣ ✐ ♦ ♥ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✐ ♥ ❝ ❡ ❤ ❡ ❧ ❛ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❡ ♥ ❡ ❣ ② ✇ ❤✐ ❝ ❤ ✐ ❞ ❡ ♣ ♦ ✐ ❡ ❞
✐ ♥ ♦ ❤ ❡ ✉ ❢ ❛ ❝ ❡ ❛ ❡ ❛✳
❇ ♦ ❤ ♠ ❡ ❤ ♦ ❞ ❛ ❡ ❡ ① ♣ ❡ ❝ ❡ ❞ ♦ ❣ ❡ ♥ ❡ ❛ ❡ ❣ ♦ ♦ ❞ ❝ ♦ ♥ ❛ ✐ ♥ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ❛ ♠ ♣❧ ❡ ✳
❚ ❤ ❡ ✐ ♥ ✐ ♥ ✐ ❝ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ❣✐ ✈ ❡ ♥ ❜ ② ❤ ❡ ❧ ❛ ❡ ❛❧ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ♦❢ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣ ♦ ❛ ♥ ❞ ❤ ❡
❡ ❝ ❛ ♣ ❡ ❞ ❡ ♣ ❤ ♦❢ ❤ ❡ ❡❧ ❡ ❝ ♦ ♥ ✳ ❚ ❤ ❡ ❡ ❝ ❛ ♣ ❡ ❞ ❡ ♣ ❤ ♦❢ ❡❧ ❡ ❝ ♦ ♥ ❛ ❤ ❡ ❡ ❡ ♥ ❡ ❣✐ ❡ ✐
♠ ❛❧❧ ♦ ❤ ❛ ❛ ✈ ❡ ② ❣ ♦ ♦ ❞ ❞ ❡ ♣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ❡ ① ♣ ❡ ❝ ❡ ❞✳ ❚ ♦ ❣ ❡ ♥ ❡ ❛ ❡ ✸ ❉ ✐ ♠ ❛ ❣ ❡ ✱ ❤ ❡
♣ ❡ ❝✐ ♠ ❡ ♥ ✐ ✜ ① ❡ ❞ ♦ ♥ ❛ ❛ ♠ ♣❧ ❡ ❤ ♦❧ ❞ ❡ ✇✐ ❤ ❤ ❡ ❡ ❞ ❡ ❣ ❡ ❡ ♦❢ ❢ ❡ ❡ ❞ ♦ ♠ ✐ ♥ ❛ ♥ ❧ ❛ ✐ ♦ ♥✳
❚ ❤ ❡ ❛ ♠ ♣❧ ❡ ✐ ✐ ♠ ❛ ❣ ❡ ❞ ❧ ❛ ② ❡ ❜ ② ❧ ❛ ② ❡ ✳ ❖ ♥ ❡ ❛ ✇✐ ❤ ❤ ❡ ❛ ❡ ❝ ❛ ♥ ♦❢ ❤ ❡ ✜
❧ ❛ ② ❡ ✳ ❚ ❤ ❡ ♥✱ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❧ ❛ ② ❡ ✐ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❡ ♠ ♦ ✈✐ ♥ ❣ ❤ ❡ ✜ ❧ ❛ ② ❡ ❜ ② ❋■ ❇
♠✐❧❧✐ ♥ ❣✳ ❋ ♦ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ❛ ♠ ♣❧ ❡ ✱ ❝ ② ♦✲ ✜ ① ❛ ✐ ♦ ♥ ✐ ✉ ❡ ❞ ♦ ✉ ♣ ♣ ❡ ❛ ✐❢ ❛ ❝ ❞ ✉ ❡ ♦
❛ ❞✐ ❛ ✐ ♦ ♥ ❞ ❛ ♠ ❛ ❣ ❡✳ ❋ ♦ ❝ ② ♦ ❣ ❡ ♥✐ ❝ ❛ ♠ ♣❧ ❡ ✱ ✉ ❢ ❛ ❝ ❡ ❧ ❛ ② ❡ ♦❢ ❛ ❜ ♦ ✉ ✶ ✵ ♥ ♠ ❤ ❛ ✈ ❡
❛❧ ❡ ❛ ❞ ② ❜ ❡ ❡ ♥ ❡ ♠ ♦ ✈ ❡ ❞ ❜ ② ❋■ ❇ ❬ ✼ ✹❪✳ ■ ♥ ❤ ❡ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✱ ❤ ❡ ❡ ♠ ❜ ❡ ❞ ❞✐ ♥ ❣ ♦❢ ✐ ♦ ♥
♣ ♦ ✈ ❡ ❞ ♦ ❜ ❡ ♥ ♦ ♣ ♦ ❜❧ ❡ ♠✳
✶ ❚ ❤✐ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ✇✐❧❧ ❧ ❡ ❛ ❞ ♦ ❛ ♥ ✐ ♠ ♣ ♦ ✈ ❡ ❞ ❝ ♦ ♥ ❛ ✐ ♥ ❋■ ❇✲ ❙ ❳ ▼ ✐ ♥ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦ ♦ ❤ ❡ ♦❢
❳✲ ❛ ② ❛ ♥ ♠✐ ✐ ♦ ♥ ♠ ❡ ❤ ♦ ❞ ❢ ♦ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ❛ ♠ ♣❧ ❡ ✐ ♥ ❝ ❡ ❤ ❡ ✐ ❣ ♥ ❛❧ ✐ ∝ 1 − e x p [ − µ ∆ z ] ≈ µ ∆ z ✭
❋■ ❇✲ ❙ ❳ ▼✮✱ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ② ∝ e x p [ − µ ∆ z ] ≈ 1 − µ ∆ z ✭ ❛ ♥ ♠✐ ✐ ♦ ♥✮✳
✻✳ ✷✳ ❙■ ▼ ❯ ▲ ❆ ❚■ ❖ ◆ ✾ ✸
❋✐ ❣ ✉ ❡  ✻✳ ✶✿  ❖ ♣ ✐ ❝ ❛❧ ❡ ✉ ♣  ♦❢  ❤ ❡  ❞ ✉ ❛❧  ❜ ❡ ❛ ♠  ❋■ ❇✲ ❙ ❳ ▼  ✭❢ ♦ ❝ ✉ ❡ ❞  ✐ ♦ ♥ ❜ ❡ ❛ ♠  ❝ ❛ ♥ ♥✐ ♥ ❣
❳✲ ❛ ②  ♠✐ ❝ ♦ ❝ ♦ ♣ ❡✮  ✇✐ ❤  ♣ ❤ ♦ ♦ ❡❧ ❡ ❝ ♦ ♥  ❞ ❡ ❡ ❝ ✐ ♦ ♥✳ ❙ ♦❢  ❳✲ ❛ ②  ❧✐ ❣ ❤  ✭ ♦ ❛ ♥ ❣ ❡  ❛ ♦ ✇ ✮
✐  ❢ ♦ ❝ ✉ ❡ ❞  ❜ ②  ❛  ③ ♦ ♥ ❡  ♣❧ ❛ ❡  ♦  ❛  ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❧✐ ♠✐ ❡ ❞  ✶ ✵  ♥ ♠  ♣ ♦  ♦ ♥  ❛  ❝ ② ♦✲ ♣ ❡ ❡ ✈ ❡ ❞
♣ ❡ ❝✐ ♠ ❡ ♥✳  ❚ ❤ ❡  ♣ ❤ ♦ ♦ ❡❧ ❡ ❝ ♦ ♥  ✭ ❣ ❡ ❡ ♥  ❛ ♦ ✇✮✱  ❡ ♠✐ ❡ ❞  ❢ ♦ ♠  ❤ ❡  ♣ ❡ ❝✐ ♠ ❡ ♥✱  ❡ ♠ ❡ ❣ ❡
♦ ♥❧ ②  ❢ ♦ ♠  ❛  ❤✐ ♥  ✉ ❢ ❛ ❝ ❡ ❧ ❛ ② ❡  ♦❢  ❤ ❡  ♣ ❡ ❝✐ ♠ ❡ ♥  ❛ ♥ ❞  ❛ ❡  ❞ ❡ ❡ ❝ ❡ ❞  ❜ ②  ❛  ❝ ❤ ❛ ♥ ♥ ❡❧ ♦ ♥
✉ ♦ ✉ ♥ ❞✐ ♥ ❣  ❤ ❡  ③ ♦ ♥ ❡  ♣❧ ❛ ❡✳  ❚ ❤ ❡  ✶ ✵  ♥ ♠  ❳✲ ❛ ②  ♣ ♦  ✐  ❝ ❛ ♥ ♥ ❡ ❞  ♦  ♣ ♦ ❞ ✉ ❝ ❡  ❛  ✷ ❉
✐ ♠ ❛ ❣ ❡ ♦❢  ❤ ❡  ♣ ❡ ❝✐ ♠ ❡ ♥✬  ✉ ❢ ❛ ❝ ❡ ✭ ③ ✶✮✱ ❛ ♥ ❞  ❤ ❡ ♥  ❋■ ❇  ✐  ✉ ❡ ❞  ♦  ❡ ♠ ♦ ✈ ❡  ❛  ✶ ✵  ♥ ♠  ✕
❤✐ ❝ ❦  ❧ ❛ ② ❡  ❢ ♦ ♠  ❤ ❡  ✉ ❢ ❛ ❝ ❡✳ ❚ ❤ ✉ ✱ ❛ ♥  ✐ ❡ ❛ ✐ ♦ ♥ ♦❢  ❙ ❳ ▼  ❢ ♦❧❧ ♦ ✇ ❡ ❞ ❜ ②  ❋■ ❇  ♠✐❧❧✐ ♥ ❣
②✐ ❡❧ ❞  ✐ ♠ ❛ ❣ ❡  ♦❢  ✉ ❝ ❝ ❡ ✐ ✈ ❡ ✉ ❢ ❛ ❝ ❡ ❧ ❛ ② ❡  ✭ ③ ✷✱ ③ ✸  ✱ ③ ✹ ✮ ✜ ♥ ❛❧❧ ②  ❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣ ❛  ✸ ❉  ✐ ♠ ❛ ❣ ❡
❛ ❝ ❦ ♦❢  ❤ ❡  ♣ ❡ ❝✐ ♠ ❡ ♥  ❛  ✐ ♦ ♦ ♣✐ ❝ ❡ ♦❧ ✉ ✐ ♦ ♥✳ I m a g e pr o vi d e d b y S. W er n er
✻✳ ✷  ❙✐ ♠ ✉❧ ❛ ✐ ♦ ♥
❲ ❡  ❜ ❡ ❣✐ ♥  ♦ ✉  ✐ ♥ ✈ ❡ ✐ ❣ ❛ ✐ ♦ ♥ ♦❢  ❤ ❡  ✐ ♠ ❛ ❣✐ ♥ ❣ ❝ ❛ ♣ ❛ ❜✐❧✐ ✐ ❡  ♦❢  ❤ ❡  ♥ ❡ ✇  ❋■ ❇✲ ❙ ❳ ▼  ♠ ❡ ❤ ♦ ❞  
❜ ②  ❝ ♦ ♠ ♣ ❛ ✐ ♥ ❣ ❤ ❡  ❋■ ❇✲ ❙ ❳ ▼  ❛ ♥ ❞  ❤ ❡  ❚ ❳ ▼  ✐ ♠ ❛ ❣ ❡  ♦❢  ❛  ♣ ❤ ❛ ♥ ♦ ♠  ✐ ♥ ❝ ❡ ❤ ❡  ❧ ❛ ❡  
✐  ✐ ♥ ♠ ②  ♦ ♣✐ ♥✐ ♦ ♥  ❝ ✉ ❡ ♥ ❧ ② ❤ ❡  ❜ ❡  ♦❢  ❳✲ ❛ ②  ♠ ❡ ❤ ♦ ❞  ❢ ♦  ✐ ♠ ❛ ❣✐ ♥ ❣ ♦❢  ✇ ❤ ♦❧ ❡  ❝ ❡❧❧ ✳ 
❚ ❤ ❡  ♣ ❤ ❛ ♥ ♦ ♠  ✐ ♠ ✉❧ ❛ ❡  ❛  ② ♣✐ ❝ ❛❧  ❡ ✉ ❦ ❛ ② ♦ ✐ ❝ ❝ ❡❧❧  ❛ ♥ ❞  ✐ ♥ ❝❧ ✉ ❞ ❡  ✜❧ ❛ ♠ ❡ ♥  ✇✐ ❤  ❤ ❡  
♦ ♣ ✐ ❝ ❛❧ ♣ ♦ ♣ ❡ ✐ ❡  ♦❢  ❝ ❡❧❧ ✉❧ ❛  ♠✐ ❝ ♦ ✉ ❜ ✉❧ ❡  ❛ ♥ ❞  ♣ ❤ ❡ ✐ ❝ ❛❧ ✈ ❡ ✐ ❝❧ ❡  ✇✐ ❤  ❤ ❡  ♦ ♣ ✐ ❝ ❛❧ 
♣ ♦ ♣ ❡ ✐ ❡  ♦❢  ❝ ❡❧❧ ✉❧ ❛  ♠ ❡ ♠ ❜ ❛ ♥ ❡ ✳
❚ ❤ ❡  ❋■ ❇✲ ❙ ❳ ▼  ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✐ ♥ ❝❧ ✉ ❞ ❡  ❤ ❡  ♣ ♦✐ ♥  ♣ ❡ ❛ ❞  ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢  ❤ ❡  ❋ ❡ ♥ ❡❧  
③ ♦ ♥ ❡  ♣❧ ❛ ❡  ❛ ♥ ❞  ❤ ❡  ❞ ❡ ♣ ❤  ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥  ❡ ❝ ❛ ♣ ❡  ♣ ♦ ❜ ❛ ❜✐❧✐ ②  ♦❢  ❤ ❡  ❆ ✉ ❣ ❡  ❡❧ ❡ ❝ ♦ ♥ ✳ 
❋ ♦  ❤ ❡  ✐ ♠ ✉❧ ❛ ✐ ♦ ♥✱ ✐  ✐  ❛ ✉ ♠ ❡ ❞  ❤ ❛  ❤ ❡  ♥ ✉ ♠ ❜ ❡  ♦❢  ❆ ✉ ❣ ❡  ❡❧ ❡ ❝ ♦ ♥  ✐  ❞✐ ❡ ❝ ❧ ② 
♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♦  ❤ ❡  ❛ ❜ ♦ ♣ ✐ ♦ ♥ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✳ ❚ ❤ ❡ ②  ❛ ❡  ❡ ♠✐ ❡ ❞  ✐ ♥ ❛ ♥ ②  ❞✐ ❡ ❝ ✐ ♦ ♥ ✇✐ ❤  
❡ ✉ ❛❧  ❧✐ ❦ ❡❧✐ ❤ ♦ ♦ ❞ ❛ ♥ ❞  ❤ ❡  ♣ ♦ ❜ ❛ ❜✐❧✐ ②  ♦  ❡ ❝ ❛ ♣ ❡  ❤ ❡  ❛ ♠ ♣❧ ❡  ❞ ❡ ❝ ❡ ❛ ❡  ❡ ① ♣ ♦ ♥ ❡ ♥ ✐ ❛❧❧ ②
✾ ✹ ❈ ❍ ❆ ❚ ❊ ❘ ✻✳ ✸ ❉ ■ ▼ ❆ ●■ ◆ ● ❇ ❨ ❆ ❋■ ❇ ✲ ❙ ❳ ▼
❋✐ ❣ ✉ ❡ ✻✳ ✷✿ ❚ ❤✐ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ❝ ♦ ♠ ♣ ❛ ❡ ❤ ❡ ❋■ ❇✲ ❙ ❳ ▼ ❛ ♥ ❞ ❤ ❡ ❚ ❳ ▼ ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ♦ ❞ ❡ ✳
■ ♠ ❛ ❣ ❡ ❞ ✐ ❛ ♣ ❤ ❛ ♥ ♦ ♠ ❤ ❛ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❛ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ❛ ♠ ♣❧ ❡✳ ❚ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠ ♦ ❜❥ ❡ ❝
❝ ♦ ♥ ✐ ♦❢ ❤ ♦❧❧ ♦ ✇ ♣ ❤ ❡ ❡ ✇✐ ❤ ❛ ✹ ♥ ♠ ❤✐ ❝ ❦ ❤ ❡❧❧ ❝ ♦ ♠ ♣ ♦ ❡ ❞ ♦❢ ♠ ❡ ♠ ❜ ❛ ♥ ❡ ❧✐ ♣✐ ❞
❛ ♥ ❞ ♣ ♦ ❡✐ ♥ ✱ ❛ ♥ ❞ ✷ ✺ ♥ ♠ ❞✐ ❛ ♠ ❡ ❡ ♦ ❞ ♦❢ ♠✐ ❝ ♦ ✉ ❜ ✉❧ ❡ ♣ ♦ ❡✐ ♥ ✭ ❛✱ ❞ ❛ ♥ ❞ ✐ ✮✳
❚ ❤ ❡ ❳✲ ❛ ② ♦ ♣ ✐ ❝ ❛❧ ❡ ✉ ♣ ♦❢ ❤ ❡ ❚ ❳ ▼ ✭ ❜ ✮ ❛ ♥ ❞ ❤ ❡ ❋■ ❇✲ ❙ ❳ ▼ ✭ ❝ ✮ ❛ ❡ ❛❧ ♦ ✐❧❧ ✉ ✲
❛ ❡ ❞✳ ■ ♥ ❤ ❡ ❚ ❳ ▼✱ ❤ ❡ ❡ ♥ ✐ ❡ ❛ ♠ ♣❧ ❡ ✐ ✐❧❧ ✉ ♠✐ ♥ ❛ ❡ ❞ ❜ ② ❳✲ ❛ ② ✭ ② ❡❧❧ ♦ ✇✮✳ ❚ ❤ ❡
❧✐ ❣ ❤ ❛ ♥ ♠✐ ❡ ❞ ❜ ② ❤ ❡ ♦ ❜❥ ❡ ❝ ✐ ❤ ❡ ♥ ✐ ♠ ❛ ❣ ❡ ❞ ❜ ② ❤ ❡ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ♦ ♥ ♦
❤ ❡ ❞ ❡ ❡ ❝ ♦ ✱ ❣ ❡ ♥ ❡ ❛ ✐ ♥ ❣ ❛ ✷ ❉ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ✐ ♠ ❛ ❣ ❡✳ ❚ ♦ ✐ ♠ ❛ ❣ ❡ ❤ ❡ ✸ ❉ ✉ ❝ ✉ ❡ ♦❢ ❤ ❡
❛ ♠ ♣❧ ❡✱ ❛ ❡ ✐ ❡ ♦❢ ✐ ♠ ❛ ❣ ❡ ❛ ❞✐ ✛ ❡ ❡ ♥ ❛ ♥ ❣❧ ❡ ✐ ❛ ❦ ❡ ♥✳ ❆ ✈ ♦❧ ✉ ♠ ❡ ❡ ♥ ❞ ❡ ✐ ♥ ❣ ♦❢ ❤ ❡
❡ ✉❧ ✐ ♥ ❣ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ✐ ❤ ♦ ✇ ♥ ❢ ♦ ❛ ✶ ✵ ♥ ♠ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ✐ ♥ ✭ ❡ ✮ ❛ ♥ ❞ ❛ ✷ ✺ ♥ ♠ ③ ♦ ♥ ❡
♣❧ ❛ ❡ ✐ ♥ ✭❢ ✮ ✳ ■ ♥ ❤ ❡ ❤✐ ❞ ♦ ✇✱ ❛ ♥ ① ③ ❧✐ ❝ ❡ ♦❢ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠ ✭✐ ✮ ✐ ❝ ♦ ♠ ♣ ❛ ❡ ❞ ♦ ❤ ❡
❛ ♠ ❡ ❧✐ ❝ ❡ ❢ ♦ ♠ ❤ ❡ ❚ ❳ ▼ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ✇✐ ❤ ❛ ✶ ✵ ♥ ♠ ✭❥ ✮ ♦ ✷ ✺ ♥ ♠ ③ ♦ ♥ ❡ ♣❧ ❛ ❡
✭ ❦ ✮ ✳
■ ♥ ❤ ❡ ❋■ ❇✲ ❙ ❳ ▼✱ ❤ ❡ ❳✲ ❛ ② ✭ ② ❡❧❧ ♦ ✇✮ ❛ ❡ ❢ ♦ ❝ ✉ ❡ ❞ ♦ ❛ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❧✐ ♠✐ ❡ ❞ ♣ ♦ ♦ ♥
❤ ❡ ❛ ♠ ♣❧ ❡✳ ❚ ❤ ❡ ♣ ❤ ♦ ♦ ❡❧ ❡ ❝ ♦ ♥ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❛ ❡ ❞ ❡ ❡ ❝ ❡ ❞✱ ❛ ♥ ❞ ❛ ✷ ❉ ✐ ♠ ❛ ❣ ❡ ✐ ♦ ❜ ❛✐ ♥ ❡ ❞
❜ ② ❝ ❛ ♥ ♥✐ ♥ ❣ ❤ ❡ ♣ ♦ ♦ ✈ ❡ ❤ ❡ ✉ ❢ ❛ ❝ ❡✳ ❚ ♦ ❡ ❝ ♦ ✈ ❡ ❤ ❡ ✸ ❉ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥✱ ❤ ❡ ✉ ❢ ❛ ❝ ❡
❧ ❛ ② ❡ ✐ ✉ ❝ ❝ ❡ ✐ ✈ ❡❧ ② ❡ ♠ ♦ ✈ ❡ ❞ ❜ ② ❋■ ❇ ♠✐❧❧✐ ♥ ❣ ✭ ❜❧ ✉ ❡ ❛ ♦ ✇ ✮✳ ❆ ✈ ♦❧ ✉ ♠ ❡ ❡ ♥ ❞ ❡ ✐ ♥ ❣ ♦❢
❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ✐ ❤ ♦ ✇ ♥ ❢ ♦ ❛ ✶ ✵ ♥ ♠ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ✐ ♥ ✭ ❣ ✮ ❛ ♥ ❞ ❛ ✷ ✺ ♥ ♠
③ ♦ ♥ ❡ ♣❧ ❛ ❡ ✐ ♥ ✭ ❤ ✮ ✳ ■ ♥ ❤ ❡ ❤✐ ❞ ♦ ✇✱ ❛ ♥ ① ③ ❧✐ ❝ ❡ ♦❢ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠ ✭✐ ✮ ✐ ❝ ♦ ♠ ♣ ❛ ❡ ❞ ♦
❤ ❡ ❛ ♠ ❡ ❧✐ ❝ ❡ ❢ ♦ ♠ ❤ ❡ ❋■ ❇✲ ❙ ❳ ▼ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ✇✐ ❤ ❛ ✶ ✵ ♥ ♠ ✭❧ ✮ ♦ ✷ ✺ ♥ ♠ ③ ♦ ♥ ❡
♣❧ ❛ ❡ ✭ ♠ ✮ ✳
❚ ❤ ❡ ❋■ ❇✲ ❙ ❳ ▼ ✐ ♠ ❛ ❣ ❡ ❛ ❡ ❢ ❛✐ ❤❢ ✉❧ ❡ ♥ ❞ ❡ ✐ ♥ ❣ ♦❢ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠✱ ✉ ❜❥ ❡ ❝ ♦ ♥❧ ② ♦ ❜❧ ✉ ✲
✐ ♥ ❣ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❤ ❡ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡✳ ■ ♥ ❝ ♦ ♥ ❛ ✱ ❤ ❡ ❚ ❳ ▼ ✐ ♠ ❛ ❣ ❡ ❤ ♦ ✇ ❛
♠ ♦ ❡ ❞✐ ♦ ❡ ❞ ♣ ❤ ❛ ♥ ♦ ♠ ✇✐ ❤ ❛ ✐❢ ❛ ❝ ❝ ❡ ❛ ❡ ❞ ❜ ② ❤ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♣ ♦ ❝ ❡ ✳
✻✳ ✷✳ ❙■ ▼ ❯ ▲ ❆ ❚■ ❖ ◆ ✾ ✺
❋✐ ❣ ✉ ❡ ✻✳ ✸✿ ▲ ❛ ❣ ❡ ✈ ❡ ✐ ♦ ♥ ♦❢ ✜ ❣ ✉ ❡ ✻✳ ✷
✾ ✻ ❈ ❍ ❆ ❚ ❊ ❘ ✻✳ ✸ ❉ ■ ▼ ❆ ●■ ◆ ● ❇ ❨ ❆ ❋■ ❇ ✲ ❙ ❳ ▼
✇✐ ❤ ❤ ❡ ❧ ❡ ♥ ❣ ❤ ♦❢ ❤ ❡ ♣ ❛ ❤ ♦ ❤ ❡ ✉ ❢ ❛ ❝ ❡✳ ❚ ❤ ❡ ♣ ♦ ❜ ❛ ❜✐❧✐ ② ♦❢ ❤ ❡ ❡❧ ❡ ❝ ♦ ♥ ♦
❡ ❝ ❛ ♣ ❡ ❤ ❡ ❛ ♠ ♣❧ ❡ ✐ ❜ ❛ ❡ ❞ ♦ ♥ ❤ ❡ ❡❧ ❡ ❝ ♦ ♥ ❡ ✛ ❡ ❝ ✐ ✈ ❡ ❛ ❡ ♥ ✉ ❛ ✐ ♦ ♥ ❧ ❡ ♥ ❣ ❤ ✐ ♥ ✐ ❝ ❡ ❬ ✻ ✻❪✳
❋ ♦ ❤ ❡ ❚ ❳ ▼ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥✱ ✇ ❡ ✉ ❡ ❤ ❡ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ❛❧ ❣ ♦ ✐ ❤ ♠ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ✐ ♥ ❝ ❤ ❛ ♣✲
❡ ✹✳ ❚ ❤ ❡ ✸ ❉ ✐ ♠ ❛ ❣ ❡ ✐ ❣ ❡ ♥ ❡ ❛ ❡ ❞ ❜ ② ♦ ♠ ♦ ❣ ❛ ♣ ❤ ②✳ ❚ ❤✐ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✐ ♥ ❝❧ ✉ ❞ ❡ ❤ ❡
❡ ✛ ❡ ❝ ♦❢ ❞ ❡❢ ♦ ❝ ✉ ❞ ✉ ❡ ♦ ❤ ❡ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ✸ ❉ ✐ ♥ ❡ ♥ ✐ ② ♣ ♦✐ ♥ ♣ ❡ ❛ ❞ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ❤ ❡
♠✐ ✐ ♥ ❣ ✇ ❡ ❞ ❣ ❡ ❛ ✐❢ ❛ ❝ ✳
❚ ❤ ❡ ❡ ✉❧ ❛ ❡ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✻✳ ✷ ❛ ♥ ❞ ✜ ❣ ✉ ❡ ✻✳ ✸✳ ❋ ♦ ♠ ❛ ❞✐ ❡ ❝ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥
♦❢ ✜ ❣ ✉ ❡ ❞ ♦ ❤✱ ♦ ♥ ❡ ♥ ♦ ✐ ❝ ❡ ❤ ❡ ✐ ♠ ♣ ♦ ✈ ❡ ❞ ✐ ♠ ❛ ❣ ❡ ✉ ❛❧✐ ② ♦❢ ❤ ❡ ❋■ ❇✲ ❙ ❳ ▼ ✐ ♥
❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦ ❤ ❡ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ✳ ❋■ ❇✲ ❙ ❳ ▼ ❞ ♦ ❡ ♥ ♦ ✉ ✛ ❡ ❢ ♦ ♠
❤ ❡ ❛ ♠ ❡ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ❡ ✐ ❝ ✐ ♦ ♥ ❛ ❡ ❡ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ❥ ❛ ♥ ❞ ❧✳ ❙✐ ♥ ❝ ❡ ❤ ❡ ❋■ ❇✲ ❙ ❳ ▼
✐ ♠ ❛ ❣ ❡ ✐ ❞✐ ❡ ❝ ❧ ② ❣ ❡ ♥ ❡ ❛ ❡ ❞ ✐ ♥ ✸ ❉✱ ♥ ♦ ❛ ✐❢ ❛ ❝ ♦ ❝ ❝ ✉ ❞ ✉ ❡ ♦ ❤ ❡ ✸ ❉ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥
❛❧ ❣ ♦ ✐ ❤ ♠✳
✻✳ ✸ ❙✐ ❣ ♥ ❛❧ ♦ ◆ ♦✐ ❡ ❘ ❛ ✐ ♦ ❢ ♦ ❋ ■ ❇✲ ❙ ❳ ▼ ❛ ♥ ❞ ❚ ❳ ▼
❆ ♣ ❡ ✈✐ ♦ ✉ ❧ ② ♠ ❡ ♥ ✐ ♦ ♥ ❡ ❞✱ ♦❢ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ❛ ♠ ♣❧ ❡ ❛ ❡ ❞ ❛ ♠ ❛ ❣ ❡ ❞ ❜ ② ❧ ❛ ❣ ❡ ❳✲ ❛ ② ❞ ♦ ❡ ✳
❍ ❡ ♥ ❝ ❡✱ ❤ ❡ ❛ ❝ ❤✐ ❡ ✈ ❛ ❜❧ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❛ ♥ ② ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ❡ ❤ ♦ ❞ ❞ ❡ ♣ ❡ ♥ ❞ ♥ ♦ ♦ ♥❧ ② ♦ ♥
❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ② ❡ ♠✱ ❜ ✉ ❛❧ ♦ ♦ ♥ ❤ ❡ ✐ ❣ ♥ ❛❧ ♦ ♥ ♦✐ ❡ ❧ ❡ ✈ ❡❧ ❛ ❝ ❤✐ ❡ ✈ ❛ ❜❧ ❡
✇✐ ❤ ❛ ♣ ❡ ❝ ✐ ❜ ❡ ❞ ❞ ♦ ❡✳ ❚ ❤ ❡ ❛✐ ♠ ♦❢ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♦ ♥ ✐ ♦ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡
❤ ❡ ❡ ✉✐ ❡ ❞ ❞ ♦ ❡ ❢ ♦ ❛ ♣ ❡ ❝ ✐ ❜ ❡ ❞ ❝ ♦ ♥ ❛ ✱ ❡ ♦❧ ✉ ✐ ♦ ♥ ❛ ♥ ❞ ✐ ❣ ♥ ❛❧ ♦ ♥ ♦✐ ❡ ❧ ❡ ✈ ❡❧ ❢ ♦
❋■ ❇✲ ❙ ❳ ▼✳
❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ❘ ♦ ❡ ❝ ✐ ❡ ✐ ♦ ♥✱ ❛ ✐ ❣ ♥ ❛❧ ♦ ♥ ♦✐ ❡ ❛ ✐ ♦ ✭ ❙ ◆ ❘✮ ♦❢ ❛ ❧ ❡ ❛ ✺ ✐
♥ ❡ ❡ ❞ ❡ ❞ ♦ ❡❧✐ ❛ ❜❧ ② ❞✐ ✐ ♥ ❣ ✉✐ ❤ ❢ ❡ ❛ ✉ ❡ ✳ ❚ ❤ ❡ ❙ ◆ ❘ ✐ ❤ ❡ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ❛ ❤ ❡ ✉ ♦ ✐ ❡ ♥
♦❢ ❤ ❡ ❡ ① ♣ ❡ ❝ ❡ ❞ ✐ ❣ ♥ ❛❧ ♦ ❤ ❡ ❛ ♥ ❞ ❛ ❞ ✈ ❛ ✐ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ❣ ♥ ❛❧✱ ✐✳ ❡✳ S N R : = E [S ]S D [S ]✇ ❤ ❡ ❡ E [S ] ❛ ♥ ❞ S D [S ] ❛ ❡ ❤ ❡ ♠ ❡ ❛ ♥ ❛ ♥ ❞ ❛ ♥ ❞ ❛ ❞ ✈ ❛ ✐ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ❣ ♥ ❛❧ (S )✳
✻✳ ✸✳ ✶ ❙✐ ❣ ♥ ❛❧ ♦ ◆ ♦✐ ❡ ▲ ❡ ✈ ❡❧ ❢ ♦ ❤ ❡ ❋ ■ ❇✲ ❙ ❳ ▼
❲❡ ♥ ♦ ✇ ❝ ♦ ♥ ✐ ❞ ❡ ❤ ❡ ❋■ ❇✲ ❙ ❳ ▼ ✐ ❣ ♥ ❛❧ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ✇ ♦ ❝ ✉ ❜ ♦✐ ❞ ✇ ❤✐ ❝ ❤ ❞✐ ✛ ❡ ♦ ♥❧ ②
✐ ♥ ❤ ❡ ♠ ❛ ❡ ✐ ❛❧✳ ❉ ✉ ❡ ♦ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ✐ ♥ ❤ ❡ ♠ ❛ ❡ ✐ ❛❧✱ ❜ ♦ ❤ ❝ ✉ ❜ ♦✐ ❞ ❣ ❡ ♥ ❡ ❛ ❡
❛ ❞✐ ✛ ❡ ❡ ♥ ♥ ✉ ♠ ❜ ❡ ♦❢ ❞ ❡ ❡ ❝ ❡ ❞ ♣ ❤ ♦ ♦ ❡❧ ❡ ❝ ♦ ♥ (Y i)✳ ❚ ❤ ❡ ✐ ❣ ♥ ❛❧ ✐ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡
❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ✇ ♦ ❞ ❡ ❡ ❝ ❡ ❞ ❡❧ ❡ ❝ ♦ ♥ ❝ ♦ ✉ ♥ S = Y 1 − Y 2 ✳
❚ ❤ ❡ ❡❧ ❡ ❝ ♦ ♥ ✐ ❣ ♥ ❛❧ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❛ ❝ ✉ ❜ ♦✐ ❞ ❡ ✉❧ ❢ ♦ ♠ ✇ ♦ ❛ ♥ ❞ ♦ ♠ ♣ ♦ ❝ ❡ ❡ ✳
❋✐ ❧ ②✱ ✇ ❡ ❤ ❛ ✈ ❡ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ✐ ♥ ❝ ♦ ♠✐ ♥ ❣ ♣ ❤ ♦ ♦ ♥ N i✳ ❚ ❤✐ ♥ ✉ ♠ ❜ ❡ ✐ ✉ ✉ ❛❧❧ ②
❞ ❡ ❝ ✐ ❜ ❡ ❞ ❜ ② ❛ ♦✐ ♦ ♥ ❞✐ ✐ ❜ ✉ ✐ ♦ ♥✳ ■ ♥ ❛ ♥ ❛ ❜ ✉ ❡ ♦❢ ♥ ♦ ❛ ✐ ♦ ♥✱ ✇ ❡ ✇✐❧❧ ❝ ❛❧❧ ❤ ❡
❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ❛ ♥ ❞ ❤ ❡ ❡ ① ♣ ❡ ❝ ❡ ❞ ✈ ❛❧ ✉ ❡ N i. ❙ ❡ ❝ ♦ ♥ ❞❧ ②✱ ❡ ❛ ❝ ❤ ♦❢ ❤ ❡ ❡ ♣ ❤ ♦ ♦ ♥ ❤ ❛ ❛
❝ ❡ ❛✐ ♥ ✭✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❧ ② ✐ ❞ ❡ ♥ ✐ ❝ ❛❧❧ ② ❞✐ ✐ ❜ ✉ ❡ ❞✮ ♣ ♦ ❜ ❛ ❜✐❧✐ ② ♦ ❜ ❡ ❛ ❜ ♦ ❜ ❡ ❞ ✐ ♥ ❤ ❡
❝ ✉ ❜ ♦✐ ❞✳ ❋ ♦ ♦❢ ❳✲ ❛ ② ❛ ❜ ♦ ♣ ✐ ♦ ♥✱ ✢ ✉ ♦ ❡ ❝ ❡ ♥ ❝ ❡ ✐ ♥ ❡ ❣❧✐ ❣✐ ❜❧ ❡ ♦ ❡ ❛ ❝ ❤ ❛ ❜ ♦ ❜ ❡ ❞
♣ ❤ ♦ ♦ ♥ ♣ ♦ ❞ ✉ ❝ ❡ ♦ ♥ ❡ ♦ ✇ ♦ ❆ ✉ ❣ ❡ ❡❧ ❡ ❝ ♦ ♥ ✳ ❙✐ ♥ ❝ ❡ ❤ ❡ ❡ ♥ ❞ ❡ ✉❧ ❛ ❡ ✐ ♠✐❧ ❛ ✱
✇ ❡ ❛ ✉ ♠ ❡ ❤ ❡ ❡ ❤ ❛ ❜ ♦ ❤ ♠ ❛ ❡ ✐ ❛❧ ♣ ♦ ❞ ✉ ❝ ❡ ♦ ♥❧ ② ♦ ♥ ❡ ❡❧ ❡ ❝ ♦ ♥ ✐ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ❛ ❜❧ ❡
✻✳ ✸✳ ❙ ◆ ❘ ❋ ❖ ❘ ❋■ ❇✲ ❙ ❳ ▼ ❆ ◆ ❉ ❚ ❳ ▼ ✾ ✼
❡ ♥ ❡ ❣ ② ❛ ♥ ❣ ❡✳ ✷ ❚ ❤ ❡ ❛ ♠ ♦ ✉ ♥ ♦❢ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❡❧ ❡ ❝ ♦ ♥ ✐ ❤ ❡ ♥ ❝ ❡ Y i = N il= 1 Z i,l ✇ ❤ ❡ ❡❤ ❡ ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ♦❢ Z i,l ✐ ❣✐ ✈ ❡ ♥ ❜ ② ❛ ❇ ❡ ♥ ♦ ✉❧❧✐ ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ✇✐ ❤ ♣ ❛ ❛ ♠ ❡ ❡ p i ≈
1 − e x p [ − µ i∆ z ] ≈ µ i∆ z ✳ ❍ ❡ ❡✱ µ i ❛ ♥ ❞ ∆ z ❛ ❡ ❤ ❡ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❛ ♥ ❞
❤✐ ❝ ❦ ♥ ❡ ♦❢ ❤ ❡ ❝ ✉ ❜ ♦✐ ❞ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✳ ❙✐ ♥ ❝ ❡ ❜ ♦ ❤ ❝ ✉ ❜ ♦✐ ❞ ❤ ❛ ✈ ❡ ❤ ❡ ❛ ♠ ❡ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ✱
❤ ❡ ❡ ① ♣ ❡ ❝ ❡ ❞ ♥ ✉ ♠ ❜ ❡ ♦❢ ✐ ♥ ❝✐ ❞ ❡ ♥ ♣ ❤ ♦ ♦ ♥ ✐ ❤ ❡ ❛ ♠ ❡✱ ✐✳ ❡ E [N i] = N.
❋ ♦ ♠ ❤✐ ✱ ♣❧ ✉ ❤ ❡ ❲ ❛❧ ❞ ❡ ✉ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❤ ❡ ❇❧ ❛ ❝ ❦ ✇ ❡❧❧✲ ●✐ ❤✐ ❝ ❦ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ❡ ❡
❊✳ ✸✳ ✶✮✱ ❛ ❛✐ ❣ ❤ ❢ ♦ ✇ ❛ ❞ ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♦ ♥ ♣ ♦ ❞ ✉ ❝ ❡ ❤ ❡ ❙ ◆ ❘✳ ❲❡ ❛ ✇✐ ❤ ❤ ❡ ❞ ❡ ✜ ♥✐✲
✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ❣ ♥ ❛❧ ♦ ♥ ♦✐ ❡ ❛ ✐ ♦
S N R : = E [S ]V a r [S ].
❚ ❤ ❡ ❡ ① ♣ ❡ ❝ ❡ ❞ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ✐ ❣ ♥ ❛❧ S ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠
E [S ]  = E [Y 1 − Y 2 ]
W al d= E [N 1 ] µ 1 ∆ z − E [N 2 ] µ 2 ∆ z
= N (µ 1 − µ 2 ) ∆z,
❛ ♥ ❞ ❤ ❡ ✈ ❛ ✐ ❛ ♥ ❝ ❡ ♦❢ S
V a r [S ] = V a r [Y 1 − Y 2 ]
= V a r [Y 1 ] + V a r [Y 2 ] − 2 C o v [Y 1 , Y2 ]
= V a r [Y 1 ] + V a r [Y 2 ]
6 .1= N (µ 1 + µ 2 ) ∆z.
■ ♥ ❤ ❡ ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✈ ❛ ✐ ❛ ♥ ❝ ❡✱ ✇ ❡ ✉ ❡ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ❤ ❡ ✈ ❛ ✐ ❛ ♥ ❝ ❡ ♦❢ ❡ ❛ ❝ ❤
Y i, i = 1 , 2 ✱ ❢ ♦❧❧ ♦ ✇ ❢ ♦ ♠ ❤ ❡ ❇❧ ❛ ❝ ❦ ✇ ❡❧❧✲ ●✐ ❤✐ ❝ ❦ ❡ ✉ ❛ ✐ ♦ ♥
V a r [Y i] Bl a c k= E [N i] V a r [Z i,1 ] + E [Z i,1 ]2 V a r [N i] ✭ ✻✳ ✶✮
= N µ i∆ z ( 1 − µ i∆ z ) + (µ i∆ z ) 2 N
= N µ i∆ z.
❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ✐ ❣ ♥ ❛❧ ♦ ♥ ♦✐ ❡ ❛ ✐ ♦ ✐
✷ ❙ ❡ ❡ ❧ ❛ ❡ ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ❝ ❛ ❡ ♦❢ ✇ ♦ ❡❧ ❡ ❝ ♦ ♥ ✳
✾ ✽ ❈ ❍ ❆ ❚ ❊ ❘ ✻✳ ✸ ❉ ■ ▼ ❆ ●■ ◆ ● ❇ ❨ ❆ ❋■ ❇ ✲ ❙ ❳ ▼
S N R : = E [S ]V a r [S ]
= N (µ 1 − µ 2 ) ∆zN (µ 1 + µ 2 ) ∆z
=
√ N ∆ z (µ 1 − µ 2 )
(µ 1 + µ 2 ) . ✭ ✻✳ ✷✮
❆ ❞ ❞✐ ♥ ❣ ❤ ❡ ❉ ❡ ❡ ❝ ✐ ♦ ♥ ♦ ❜ ❛ ❜✐❧✐ ② ♦❢ ❊❧ ❡ ❝ ♦ ♥ ❚ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♦ ♥ ♦❢
❤ ❡ ❙ ◆ ❘ ✐ ❣ ♥ ♦ ❡ ❞ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ❡❧ ❡ ❝ ♦ ♥ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ✐ ♥ ❞✐ ✛ ❡ ❡ ♥ ❞ ❡ ♣ ❤ ♦❢ ❤ ❡ ❝ ✉ ❜ ♦✐ ❞
❞✐ ✛ ❡ ✐ ♥ ❤ ❡✐ ♣ ♦ ❜ ❛ ❜✐❧✐ ② ♦ ❡ ❝ ❛ ♣ ❡ ❢ ♦ ♠ ❤ ❡ ♠ ❛ ❡ ✐ ❛❧✳ ❋ ✉ ❤ ❡ ♠ ♦ ❡✱ ❤ ❡ ✜ ♥ ❛❧ ❡❧ ❡ ❝✲
♦ ♥ ❝ ♦ ✉ ♥ ❡ ✉❧ ❢ ♦ ♠ ❤ ❡ ❞ ❡ ❡ ❝ ✐ ♦ ♥ ❡ ✣ ❝✐ ❡ ♥ ❝ ② η ♦❢ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✳ ❚ ❤✐ ✐ ♥ ♦ ❞ ✉ ❝ ❡
❛ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ♦ ✉ ❝ ❡ ♦❢ ♥ ♦✐ ❡✳ ❍ ❡ ❡✱ ✇ ❡ ❛ ✉ ♠ ❡ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ♦ ❤ ❛ ✈ ❡ ❛ ❝ ♦ ♥ ❛ ♥
✉ ❛ ♥ ✉ ♠ ❡ ✣ ❝✐ ❡ ♥ ❝ ② (η )✳ ❲❡ ❛ ✉ ♠ ❡ ❤ ❛ ❤ ❡ ♣ ♦ ❜ ❛ ❜✐❧✐ ② ❢ ♦ ❛ ♥ ❡❧ ❡ ❝ ♦ ♥ ♣ ♦ ❞ ✉ ❝ ❡ ❞
✐ ♥ ❛ ❞ ❡ ♣ ❤ z ♦ ❡ ❝ ❛ ♣ ❡ ✐ ♦ ❛ ❣ ♦ ♦ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❡ ① ♣ ♦ ♥ ❡ ♥ ✐ ❛❧❧ ② ❞ ❡ ❝ ❛ ②✐ ♥ ❣ ✇✐ ❤ ❛
❝ ♦ ♥ ❛ ♥ c e s c a p e < 0 ✳ ❆ ♥ ② ❡ ❝ ❛ ♣ ❡ ❞ ❡❧ ❡ ❝ ♦ ♥ ✐ ❤ ❡ ♥ ❞ ❡ ❡ ❝ ❡ ❞ ✇✐ ❤ ❛ ♣ ♦ ❜ ❛ ❜✐❧✐ ② ♦❢
η ✳ ❚ ❤✐ ②✐ ❡❧ ❞ ❛ ❞ ❡ ❡ ❝ ✐ ♦ ♥ ♣ ♦ ❜ ❛ ❜✐❧✐ ② ♦❢ p i (z ) ≈ η e x p [ c i, e s c a p ez ]✳ ❚ ❤ ❡ ❙ ◆ ❘ ❝ ❛ ♥ ❜ ❡
❞ ❡ ❞ ✉ ❝ ❡ ❞ ❜ ② ❛ ♣ ♣❧ ②✐ ♥ ❣ ❤ ❡ ❲ ❛❧ ❞ ❡ ✉ ❛ ✐ ♦ ♥✱ ❤ ❡ ❇❧ ❛ ❝ ❦ ✇ ❡❧❧✲ ●✐ ❤✐ ❝ ❦ ❡ ✉ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❤ ❡
❧✐ ♥ ❡ ❛ ✐ ② ♦❢ ♠ ❡ ❛ ♥ ❛ ♥ ❞ ✈ ❛ ✐ ❛ ♥ ❝ ❡✳ ❆ ❣ ❛✐ ♥✱ ✇ ❡ ❛ ❢ ♦ ♠ ❤ ❡ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ❙ ◆ ❘
S N R [S ] : = E [S ]V a r [S ]
=
∆ z
0 S [z ] d z
V a r ∆ z0 S [z ] d z
❋ ♦ ❤ ❡ ❞ ❡ ❞ ✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❙ ◆ ❘ ❢ ♦ ♠ ✉❧ ❛✱ ✇ ❡ ❞✐ ✈✐ ❞ ❡ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ ∆ z ✐ ♥ ♦ M ♣✐ ❡ ❝ ❡
♦❢ ❤✐ ❝ ❦ ♥ ❡ δ z ✭{ ( 0, δ z) , (δ z, 2 δ z ) , . . . , ((M − 1) δ z, M δ z = ∆ z )} ✮✳ ❚ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢
❞ ❡ ❡ ❝ ❡ ❞ ❡❧ ❡ ❝ ♦ ♥ ♦ ✐ ❣✐ ♥ ❛ ✐ ♥ ❣ ❢ ♦ ♠ ❤ ❡ ♠✲ ❤ ❧ ❛ ② ❡ ♦❢ ♠ ❛ ❡ ✐ ❛❧ i ✐ ❝ ❛❧❧ ❡ ❞ X i, m. ■
✐ ❡❧ ❛ ❡ ❞ ♦ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ❡ ♠✐ ❡ ❞ ♣ ❤ ♦ ♦ ❡❧ ❡ ❝ ♦ ♥ ❜ ②
X i, m ≈
Y i [ (m − 1 ) δ z, m δ z ]
a = 0
W i, z = m δ z, a .
❍ ❡ ❡✱ W i, z, a ✐ ❤ ❡ ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ❡❧ ❛ ❡ ❞ ♦ ❤ ❡ ❡ ❝ ❛ ♣ ❡ ♣ ♦ ❜ ❛ ❜✐❧✐ ②✳ ■ ♥ ♦ ✉ ❝ ❛ ❡✱
✐ ✐ ❇ ❡ ♥ ♦ ✉❧❧✐ ❞✐ ✐ ❜ ✉ ❡ ❞ ✇✐ ❤ ♣ ❛ ❛ ♠ ❡ ❡ p i (z )✳ Y i [(m − 1) δ z, m δ z ] ✐ ❞ ❡ ✜ ♥ ❡ ❞ ❛
❛ ❜ ♦ ✈ ❡✱ ❜ ✉ ✇✐ ❤ δ z ✐ ♥ ❡ ❛ ❞ ♦❢ ∆ z ✳ ❚ ❤ ❡ ❡ ① ♣ ❡ ❝ ❡ ❞ ✐ ♥ ❡ ❣ ❛ ❡ ❞ ✐ ❣ ♥ ❛❧ ❡ ✉❧ ❢ ♦ ♠ ❤ ❡
✉ ♠ ♦❢ ❛❧❧ ❡ ① ♣ ❡ ❝ ❡ ❞ ✐ ❣ ♥ ❛❧ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ✐ ♥ ❤ ❡ ❧✐ ❝ ❡ ✳
✻✳ ✸✳ ❙ ◆ ❘ ❋ ❖ ❘ ❋■ ❇✲ ❙ ❳ ▼ ❆ ◆ ❉ ❚ ❳ ▼ ✾ ✾



















( e x p [c 1 , e s c a p em δ z ] µ 1 δ z − e x p [ c 2 , e s c a p em δ z ] µ 2 δ z )
❆ M ❣ ♦ ❡ ♦ ✐ ♥ ✜ ♥✐ ②✱ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ ❤ ❡ ❡ ① ♣ ❡ ❝ ❡ ❞ ✐ ❣ ♥ ❛❧ ❡ ✉❧ ✳
E [S ] = η N
∆ z
0
( e x p [c 1 , e s c a p ez ] µ 1 − e x p [ c 2 , e s c a p ez ] µ 2 ) d z
❙✐ ♠✐❧ ❛ ❧ ②✱ ❤ ❡ ✐ ♥ ❡ ❣ ❛ ❡ ❞ ✈ ❛ ✐ ❛ ♥ ❝ ❡ ❝ ❛ ♥ ❜ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞ ❜ ② ✉ ✐ ♥ ❣ ❤ ❡ ❧✐ ♥ ❡ ❛ ✐ ② ♦❢ ❤ ❡
✈ ❛ ✐ ❛ ♥ ❝ ❡✳




= V a r
M
m = 1












N η ( e x p [c 1 , e s c a p em δ z ] µ 1 δ z + e x p [ c 2 , e s c a p em δ z ] µ 2 δ z )
▲ ❡ ✐ ♥ ❣ M ❣ ♦ ♦ ✐ ♥ ✜ ♥✐ ②✱ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❢ ♦ ♠ ✉❧ ❛ ❢ ♦ ❤ ❡ ❛ ♥ ❞ ❛ ❞ ✈ ❛ ✐ ❛ ♥ ❝ ❡ ♦❢
✐ ❣ ♥ ❛❧ ❡ ✉❧ ✳
✶ ✵ ✵ ❈ ❍ ❆ ❚ ❊ ❘ ✻✳ ✸ ❉ ■ ▼ ❆ ●■ ◆ ● ❇ ❨ ❆ ❋■ ❇ ✲ ❙ ❳ ▼
V a r [S ] = N η
∆ z
0
e x p [ c 1 , e s c a p ez ] µ 1 + e x p [ c 2 , e s c a p ez ] µ 2 d z
❚ ❤ ❡ ❡ ❛ ✉ ①✐❧✐ ❛ ② ❡ ✉ ❛ ✐ ♦ ♥ ✇ ❡ ❡ ✉ ❡ ❞✿
V a r [X 1 , m [δ z ] − X 2 , m [δ z ]] = V a r [X 1 , m [δ z ]] + V a r [X 2 , m [δ z ]] ✭ ✻✳ ✸✮
− 2 C o v [X 1 , m [δ z ] , X2 , m [δ z ]]
= V a r [X 1 , m [δ z ]] + V a r [X 2 , m [δ z ]]
V a r [X i, m [δ z ]] Bl a c k= E [Y i [(m − 1) δ z, m δ z ]] V a r [W i, m δ z,1 ] ✭ ✻✳ ✹✮
+ E [W i, m δ z,1 ]2 V a r [Y i [(m − 1) δ z, m δ z ]]
6 .1= N µ iδ z η e x p [ c i, e s c a p em δ z ] ( 1 − η e x p [ c i, e s c a p em δ z ])
+ ( η e x p [ c i, e s c a p em δ z ])2 N µ iδ z
= N µ iδ z η e x p [ c i, e s c a p em δ z ]
❋✐ ♥ ❛❧❧ ②✱ ❤ ❡ ✐ ❣ ♥ ❛❧ ♦ ♥ ♦✐ ❡ ❛ ✐ ♦ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ❤ ❡ ❞ ❡ ❡ ❝ ✐ ♦ ♥ ❡ ✣ ❝✐ ❡ ♥ ❝ ② η ❛ ♥ ❞ ❤ ❡ ❞ ❡ ♣ ❤
❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❡ ❝ ❛ ♣ ❡ ♣ ♦ ❜ ❛ ❜✐❧✐ ② ✐ ❣✐ ✈ ❡ ♥ ❜ ②
S N R =
∆ z
0 S [z ] d z
V a r ∆ z0 S [z ] d z
= η N
∆ z
0 ( e x p [c 1 , e s c a p ez ] µ 1 − e x p [ c 2 , e s c a p ez ] µ 2 ) d z
N η ∆ z0 e x p [ c 1 , e s c a p ez ] µ 1 + e x p [ c 2 , e s c a p ez ] µ 2 d z
= η N
∆ z
0 ( e x p [c 1 , e s c a p ez ] µ 1 − e x p [ c 2 , e s c a p ez ] µ 2 ) d z
∆ z
0 e x p [ c 1 , e s c a p ez ] µ 1 + e x p [ c 2 , e s c a p ez ] µ 2 d z
. ✭ ✻✳ ✺✮
❚ ❤ ❡ ❡❢ ♦ ❡✱ ✇ ❡ ♥ ♦ ✇ ❤ ❛ ✈ ❡ ❛ ♥ ❡ ✉ ❛ ✐ ♦ ♥ ❤ ❛ ❡❧ ❛ ❡ ❤ ❡ ❙ ◆ ❘✱ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ✐ ♥ ❝✐✲
❞ ❡ ♥ ♣ ❤ ♦ ♦ ♥ ❛ ♥ ❞ ❤ ❡ ❢ ❡ ❛ ✉ ❡ ✐ ③ ❡ ❢ ♦ ❋■ ❇✲ ❙ ❳ ▼ ✐ ♠ ❛ ❣✐ ♥ ❣✳
✻✳ ✸✳ ✷ ❙✐ ❣ ♥ ❛❧ ♦ ◆ ♦✐ ❡ ❘ ❛ ✐ ♦ ❢ ♦ ❤ ❡ ❚ ❛ ♥ ♠✐ ✐ ♦ ♥ ▼ ♦ ❞ ❡
◆ ♦ ✇✱ ✇ ❡ ❝ ♦ ♠ ♣ ❛ ❡ ❤ ❡ ✐ ❣ ♥ ❛❧ ♦ ♥ ♦✐ ❡ ❛ ✐ ♦ ❡ ✉❧ ❢ ♦ ❋■ ❇✲ ❙ ❳ ▼ ✇✐ ❤ ❤ ❡ ♦ ♥ ❡ ❢ ♦
❚ ❳ ▼ ✐ ♠ ❛ ❣✐ ♥ ❣ ✇ ❤✐ ❝ ❤ ✐ ❝ ✉ ❡ ♥ ❧ ② ❤ ❡ ♠ ♦ ❝ ♦ ♠ ♠ ♦ ♥❧ ② ✉ ❡ ❞ ♦❢ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣
♠ ❡ ❤ ♦ ❞ ❢ ♦ ❝ ❡❧❧ ✳ ❚ ❤ ❡ ❡ ① ❛ ❝ ❙ ◆ ❘ ✐ ♥ ❤ ❡ ❛ ♥ ♠✐ ✐ ♦ ♥ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ❞ ❡ ♣ ❡ ♥ ❞
✻✳ ✸✳ ❙ ◆ ❘ ❋ ❖ ❘ ❋■ ❇✲ ❙ ❳ ▼ ❆ ◆ ❉ ❚ ❳ ▼ ✶ ✵ ✶
♦ ♥ ❤ ❡ ❝ ♦ ♥ ❛ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ❛ ♥ ❞ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❡ ✉ ♣✳ ❍ ❡ ❡✱ ✇ ❡ ✉ ❞ ② ❛ ❜ ❡ ❝ ❛ ❡
❝ ❡ ♥ ❛ ✐ ♦✳ ❲❡ ❛ ✉ ♠ ❡ ❤ ❛ ❤ ❡ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ❣ ❡ ♥ ❡ ❛ ❡ ❛ ♣ ❡ ❢ ❡ ❝ ✐ ♠ ❛ ❣ ❡ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡✱
❛ ♥ ❞ ❤ ❡ ♦ ♥❧ ② ♥ ♦✐ ❡ ♣ ❡ ❡ ♥ ❡ ✉❧ ❢ ♦ ♠ ❤ ❡ ♣ ♦ ❜ ❛ ❜✐❧✐ ✐ ❝ ♥ ❛ ✉ ❡ ♦❢ ❤ ❡ ♣ ❤ ♦ ♦ ♥
❛ ♠ ♣❧ ❡ ✐ ♥ ❡ ❛ ❝ ✐ ♦ ♥✳ ■ ♥ ❛ ❡ ❛❧ ② ❡ ♠✱ ❤✐ ✐ ♥ ♦ ❛ ❝ ❤✐ ❡ ✈ ❛ ❜❧ ❡ ✐ ♥ ❝ ❡ ♦ ♥❧ ② ❛ ❢ ❛ ❝ ✐ ♦ ♥
♦❢ ♣ ❤ ♦ ♦ ♥ ❛ ❡ ❝ ♦❧❧ ❡ ❝ ❡ ❞ ❛ ♥ ❞ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ♥ ♦✐ ❡✳ ❆ ❜ ♦ ♣ ✐ ♦ ♥
❝ ♦ ♥ ❛ ❛ ♥ ❞ ♣ ❤ ❛ ❡ ❝ ♦ ♥ ❛ ✐ ♠ ❛ ❣✐ ♥ ❣ ❛ ❡ ♥ ♦ ✇ ❡ ♣ ❛ ❛ ❡❧ ② ✉ ❞✐ ❡ ❞ ✐ ♥ ❤✐ ❝ ❡ ♥ ❛ ✐ ♦✳
❆ ❜ ♦ ♣ ✐ ♦ ♥ ❈ ♦ ♥ ❛ ✐ ♥ ❚ ❳ ▼
❆ ♣ ❡ ✈✐ ♦ ✉ ❧ ② ❛ ❡ ❞✱ ❤ ❡ ❙ ◆ ❘ ✐ ❞ ❡ ✜ ♥ ❡ ❞ ❛ ❤ ❡ ✉ ♦ ✐ ❡ ♥ ♦❢ ❤ ❡ ❡ ① ♣ ❡ ❝ ❡ ❞ ✐ ❣ ♥ ❛❧ ♦
❤ ❡ ❛ ♥ ❞ ❛ ❞ ✈ ❛ ✐ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ❣ ♥ ❛❧✱ ✐✳ ❡✳ S N R : = E [S ]S D [S ] ✇ ❤ ❡ ❡ E [S ] ❛ ♥ ❞ S D [S ] ❛ ❡
❤ ❡ ♠ ❡ ❛ ♥ ❛ ♥ ❞ ❛ ♥ ❞ ❛ ❞ ✈ ❛ ✐ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ❣ ♥ ❛❧ (S )✳ ❲❡ ♥ ♦ ✇ ❝ ♦ ♥ ✐ ❞ ❡ ❤ ❡ ✐ ❣ ♥ ❛❧
♣ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ✇ ♦ ❝ ✉ ❜ ♦✐ ❞ ✇ ❤✐ ❝ ❤ ❞✐ ✛ ❡ ♦ ♥❧ ② ✐ ♥ ❤ ❡ ♠ ❛ ❡ ✐ ❛❧✳ ❉ ✉ ❡ ♦ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥
❳✲ ❛ ② ♦ ♣ ✐ ❝ ❛❧ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ❤ ❡ ♠ ❛ ❡ ✐ ❛❧ ✱ ❜ ♦ ❤ ❝ ✉ ❜ ♦✐ ❞ ❛ ❜ ♦ ❜ ❛ ❞✐ ✛ ❡ ❡ ♥ ♥ ✉ ♠ ❜ ❡
♦❢ ❤ ❡ ❛ ✐ ✈✐ ♥ ❣ ♣ ❤ ♦ ♦ ♥ ✳ ❚ ❤ ❡ ♣ ❤ ♦ ♦ ♥ ✇ ❤✐ ❝ ❤ ❛ ❡ ❛ ♥ ♠✐ ❡ ❞ ❜ ② ❤ ❡ ❝ ✉ ❜ ♦✐ ❞ ♣ ❤ ♦ ♦ ♥
❤ ❡ ♥ ❣ ❡ ♥ ❡ ❛ ❡ ❤ ❡ ❞ ❡ ❡ ❝ ❡ ❞ ✐ ❣ ♥ ❛❧ (Y i) ✳ ❚ ❤ ❡ ✐ ❣ ♥ ❛❧ ✐ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡
✇ ♦ ❞ ❡ ❡ ❝ ❡ ❞ ♣ ❤ ♦ ♦ ♥ ❝ ♦ ✉ ♥ S = Y 1 − Y 2 ✳
❲❡ ❛ ❛ ❣ ❛✐ ♥ ✇✐ ❤ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ✐ ♥ ❝ ♦ ♠✐ ♥ ❣ ♣ ❤ ♦ ♦ ♥ N i✳ ❆ ❜ ❡❢ ♦ ❡✱ ❤✐
♥ ✉ ♠ ❜ ❡ ✐ ✉ ✉ ❛❧❧ ② ❞ ❡ ❝ ✐ ❜ ❡ ❞ ❜ ② ❛ ♦✐ ♦ ♥ ❞✐ ✐ ❜ ✉ ✐ ♦ ♥✳ ❙ ❡ ❝ ♦ ♥ ❞❧ ②✱ ❡ ❛ ❝ ❤ ♦❢ ❤ ❡ ❡
♣ ❤ ♦ ♦ ♥ ❤ ❛ ❛ ❝ ❡ ❛✐ ♥ ✭✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❧ ② ✐ ❞ ❡ ♥ ✐ ❝ ❛❧❧ ② ❞✐ ✐ ❜ ✉ ❡ ❞✮ ♣ ♦ ❜ ❛ ❜✐❧✐ ② ♦ ❜ ❡
❛ ❜ ♦ ❜ ❡ ❞ ✐ ♥ ❤ ❡ ❝ ✉ ❜ ♦✐ ❞✳ ❚ ❤ ❡ ♣ ♦ ❜ ❛ ❜✐❧✐ ② ❢ ♦ ❛ ♣ ❤ ♦ ♦ ♥ ♦ ❜ ❡ ❛ ♥ ♠✐ ❡ ❞ ❞ ❡ ♣ ❡ ♥ ❞
♦ ♥❧ ② ♦ ♥ ❤ ❡ ❤✐ ❝ ❦ ♥ ❡ ❛ ♥ ❞ ♦ ♣ ✐ ❝ ❛❧ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ❤ ❡ ❝ ✉ ❜ ♦✐ ❞✳ ■ ✐ ❣✐ ✈ ❡ ♥ ❜ ② p i =
e x p [ − µ i∆ z ]✳ ❲ ❤ ❡ ❡ µ i ❛ ♥ ❞ ∆ z ❛ ❡ ❤ ❡ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❛ ♥ ❞ ❤✐ ❝ ❦ ♥ ❡ ♦❢ ❤ ❡
❝ ✉ ❜ ♦✐ ❞✳ ❚ ❤ ❡ ❛ ♠ ♦ ✉ ♥ ♦❢ ❛ ♥ ♠✐ ❡ ❞ ♣ ❤ ♦ ♦ ♥ ✐ ❤ ❡ ♥ ❝ ❡ Y i = N il= 1 Z i,l ✱ ✇✐ ❤ Z i.l ❛❇ ❡ ♥ ♦ ✉❧❧✐ ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ✇✐ ❤ ♣ ❛ ❛ ♠ ❡ ❡ p i .❚ ❤ ❡ ✈ ❛ ✐ ❛ ♥ ❝ ❡ ♦❢ ❤ ❡ ✐ ❣ ♥ ❛❧ ✐ ❤ ❡ ❡❢ ♦ ❡
V a r [S ] = V a r [Y 1 − Y 2 ] .
V a r [S ] = E [N 1 ] ( 2 ( e x p [− µ 1 ∆ z ] + e x p [− µ 2 ∆ z ]) − ( e x p [− 2 µ 1 ∆ z ] + e x p [− 2 µ 2 ∆ z ])) .
✇ ❤✐❧ ❡ ❤ ❡ ❡ ① ♣ ❡ ❝ ❡ ❞ ✈ ❛❧ ✉ ❡ ✐
E [S ] = E [N 1 ] ( e x p [− µ 1 ∆ z ] − e x p [ − µ 2 ∆ z ]) .
❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ✐ ❣ ♥ ❛❧ ♦ ♥ ♦✐ ❡ ❛ ✐ ♦ ❡ ✉ ❛❧
S N R [S ] = E [S ]S D [S ]
= E [N 1 ] ( e x p [− µ 1 ∆ z ] − e x p [ − µ 2 ∆ z ])E [N 1 ] ( 2 ( e x p [− µ 1 ∆ z ] + e x p [− µ 2 ∆ z ]) − ( e x p [− 2 µ 1 ∆ z ] + e x p [− 2 µ 2 ∆ z ])).
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In order to simplify this expression, the square root is approximated by its Taylor
series 
SNR[S] JE [Ni] (exp [-µ1öz] - exp [-µ2�z])
Zernike Phase Contrast in TXM 
Zernike phase contrast was developed for light microscopy in the early 1930's
by Zernike [109] and later adapted to X-ray microscopy [78]. The key idea behind
Zernike phase contrast is to impose a bias onto the detected field. Therefore, the
signal generated by a cuboid is 
½ = IAi exp [iöcpi] + B exp [icpB]l 2. 
Here, B exp [icpB] is the bias, öcpi and Ai are the phase difference and amplitude
generated by the cuboid. The bias B exp [icpB] E (Cis usually generated through a
phase shifting element in a, conjugate plane to the condenser of the objective. The
phase shifting element is adapted to the Fourier components of the illumination
created by the condenser. For the sake of simplicity, we assume that the bias is
not influenced by the cuboid. 
We are again interested in differentiating between t\vo cubes of material 1 and
material 2. Let the signal be the diff erence between the t\vo detected photon counts
S = Y1 - Y2. The expected signal is
JE [S] = JE [Y1 - Y2]
= JE [Y1] - JE [Y2] .
The expected signal generated by one cube is
JE[½] JE [A; + AiB (exp [i {öcpi - 'PB)]+ exp [i ('PB - öcpi)]) + B2]
JE [A;] + JE [AiB (exp [i (öcpi - 'PB)]+ exp [i (cpB - Ö<pi)])] + JE [B2]
N0 exp [-µiöz] + B2 + 2B · ./No exp [-�µiöz] cos [(öcpi - 'PB)].
The difforence in the phase shift öcpi depends on the material and the thickness.
We use a macroscopic model and therefore, it is assumed that this difference is a
deterministic function of the sample thickness. 
✻✳ ✸✳ ❙ ◆ ❘ ❋ ❖ ❘ ❋■ ❇✲ ❙ ❳ ▼ ❆ ◆ ❉ ❚ ❳ ▼ ✶ ✵ ✸
❲❡ ❛ ✉ ♠ ❡ ❤ ❛ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ❞ ❡ ❡ ❝ ❡ ❞ ♣ ❤ ♦ ♦ ♥ Y i ✐ ❛ ❣ ❛✐ ♥ ♦✐ ♦ ♥ ❞✐ ✐ ❜ ✉ ❡ ❞✳
❚ ❤ ❡ ♥✱ ❤ ❡ ✈ ❛ ✐ ❛ ♥ ❝ ❡ ♦❢ Y i ✐
V a r [Y i] = N 0 e x p [ − µ i∆ z ] + B 2 + 2 B · N 0 e x p − 12 µ i∆ z c os [( ∆ ϕ i − ϕ B )] .
❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ❙ ◆ ❘ ♦❢ ❤ ❡ ✐ ❣ ♥ ❛❧ S ✐ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡❧ ②
S N R [S ] = E [Y 1 − Y 2 ]V a r [Y 1 − Y 2 ]
≈
N 0 e − µ 1 ∆ z − e − µ 2 ∆ z + 2 B · √ N 0 e − 12 µ 1 ∆ z c o s [ ∆ ϕ 1 − ϕ B ] − e − 12 µ 2 ∆ z c o s [ ∆ ϕ 2 − ϕ B ]
N 0 ( e − µ 1 ∆ z + e − µ 2 ∆ z ) + 2 B 2 + 2 B · √ N 0 e − 12 µ 1 ∆ z c o s [ ∆ ϕ 1 − ϕ B ] + e − 12 µ 2 ∆ z c o s [ ∆ ϕ 2 − ϕ B ]
.
❆ ❝ ♦ ♠ ♠ ♦ ♥ ❝ ❤ ♦✐ ❝ ❡ ❢ ♦ ❤ ❡ ❢ ❡ ❡ ♣ ❛ ❛ ♠ ❡ ❡ B ❛ ♥ ❞ ϕ B ❛ ❡ B = √ N 0 ❛ ♥ ❞ ϕ B = ± π2 .❚ ❤ ❡ ♥✱ ❤ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ✐ ♠ ♣❧✐ ✜ ❡ ♦
S N R [S ]  = E [Y 1 − Y 2 ]V a r [Y 1 − Y 2 ]
≈
√ N 0 e x p [ − µ 1 ∆ z ] − e x p [ − µ 2 ∆ z ] + e x p − 12 µ 1 ∆ z ( ± si n [ ( ∆ ϕ 1 )] ) − e x p − 12 µ 2 ∆ z ( ± si n [ ( ∆ ϕ 2 )] )
e x p [ − µ 1 ∆ z ] + e x p [− µ 2 ∆ z ] + 2 + 2 e x p − 12 µ 1 ∆ z ( ± si n [ ( ∆ ϕ 1 )] ) + e x p − 12 µ 2 ∆ z ( ± si n [ ( ∆ ϕ 2 )] )
.
✻✳ ✸✳ ✸ ❙✐ ❣ ♥ ❛❧ ♦ ◆ ♦✐ ❡ ❘ ❛ ✐ ♦ ❢ ♦ ❳✲ ❛ ② ❉✐ ✛ ❛ ❝ ✐ ♦ ♥ ▼✐ ❝ ♦ ❝ ♦ ♣ ②
❆ ♥ ❛ ♥ ❛❧ ② ✐ ♦❢ ❜ ♦ ❤ ❤ ❡ ✐ ❣ ♥ ❛❧ ♦ ♥ ♦✐ ❡ ❛ ✐ ♦ ❛ ♥ ❞ ❤ ❡ ❞ ❛ ♠ ❛ ❣ ❡ ❤ ❡ ❤ ♦❧ ❞ ❢ ♦ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧
❛ ♠ ♣❧ ❡ ❢ ♦ ❈ ❉■ ❛ ♥ ❞ ❳✲ ❛ ② ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ❝ ❛ ♥ ❜ ❡ ❢ ♦ ✉ ♥ ❞ ✐ ♥ ❬ ✹ ✷❪✳ ■ ✐ ❜ ❛ ❡ ❞
♦ ♥ ❤ ❡ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ♣ ❛ ❡ ♥ ♦❢ ❛ ✐ ♥ ❣❧ ❡ ✈ ♦ ① ❡❧ ❛ ♥ ❞ ♣ ♦ ❞ ✉ ❝ ❡ ❤ ❡ ❛ ♠ ❡ ❣ ❡ ♥ ❡ ❛❧ ❝ ❛❧✐ ♥ ❣
♦❢ ❤ ❡ ❞ ♦ ❡ ❛ ✐ ♥ ❤ ❡ ❚ ❳ ▼ ❝ ❛ ❡✳ ❙ ♣ ❡ ❝✐ ✜ ❝ ❛❧❧ ②✱ ❤ ❡ ❞ ♦ ❡ ❝ ❛❧ ❡ ✇✐ ❤ ❤ ❡ ✐ ♥ ✈ ❡ ❡ ♦❢
❤ ❡ ❢ ♦ ✉ ❤ ♣ ♦ ✇ ❡ ♦❢ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ✭❬ ✹ ✷❪ ❡ ✳ ✸✮
N 0 = Pr 2e λ 2 |ρ˜ r |2 d 4
.
❍ ❡ ❡✱ N 0 ✐ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ✐ ♥ ❝✐ ❞ ❡ ♥ ❳✲ ❛ ② ♣ ❡ ✉ ♥✐ ❛ ❡ ❛✱ d ✐ ❤ ❡ ✐ ③ ❡ ♦❢ ❤ ❡ ✈ ♦ ① ❡❧✱
r e ✐ ❤ ❡ ❝❧ ❛ ✐ ❝ ❛❧ ❡❧ ❡ ❝ ♦ ♥ ❛ ❞✐ ✉ ✱ ρ˜ r ❤ ❡ ❡❧ ❛ ✐ ✈ ❡ ❡❧ ❡ ❝ ♦ ♥ ❞ ❡ ♥ ✐ ② ✭ ✇ ❤✐ ❝ ❤ ❛ ❦ ❡ ✐ ♥ ♦
❛ ❝ ❝ ♦ ✉ ♥ ❤ ❡ ❡ ❞ ✉ ❝ ❡ ❞ ❝ ♦ ♥ ❛ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ❛ ❡ ❛ ♥ ❞ ♣ ♦ ❡✐ ♥✮ ❛ ♥ ❞ P ✐ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢
❝ ❛ ❡ ❡ ❞ ♣ ❤ ♦ ♦ ♥ ❤ ❛ ❛ ❡ ❞ ❡ ❡ ❝ ❡ ❞✳
❚ ❤ ❡ ❛ ♠ ❡ ♣ ❛ ♣ ❡ ❝ ♦ ♥ ❛✐ ♥ ❛ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♠ ❛ ①✐ ♠ ❛❧ ♦❧ ❡ ❛ ❜❧ ❡ ❞ ♦ ❡✳ ❋ ♦
❛ ❝ ② ♦ ❣ ❡ ♥✐ ❝ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ❛ ♠ ♣❧ ❡✱ ❤ ❡ ❞ ♦ ❡ (D ) ❤ ♦ ✉❧ ❞ ❜ ❡ ❧ ❡ ❤ ❛ ♥ ✭❬ ✹ ✷❪ ❡ ✳ ✺✮
D 1 0 8 ● ② · r e s ol uti o n [♥ ♠ ].
✶ ✵ ✹ ❈ ❍ ❆ ❚ ❊ ❘ ✻✳ ✸ ❉ ■ ▼ ❆ ●■ ◆ ● ❇ ❨ ❆ ❋■ ❇ ✲ ❙ ❳ ▼
■ ♥ ❤✐ ♣ ❛ ♣ ❡ ✱ ✐ ✐ ❛ ✉ ♠ ❡ ❞ ❤ ❛ ❤ ❡ ❡❧ ❛ ✐ ♦ ♥ ❤✐ ♣ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❞ ♦ ❡ D ♥ ❡ ❛ ❤ ❡
✉ ❢ ❛ ❝ ❡ ❛ ♥ ❞ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ✐ ♥ ❝✐ ❞ ❡ ♥ ♣ ❤ ♦ ♦ ♥ ♣ ❡ ✉ ♥✐ ❛ ❡ ❛ ✐ ❣✐ ✈ ❡ ♥ ❜ ②
D = µ N 0 h νε .
❍ ❡ ❡✱ ε ✐ ❤ ❡ ❞ ❡ ♥ ✐ ②✱ µ ✐ ❤ ❡ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✱ ν ✐ ❤ ❡ ❢ ❡ ✉ ❡ ♥ ❝ ② ♦❢ ❤ ❡
♣ ❤ ♦ ♦ ♥ ❛ ♥ ❞ h ✐ ❤ ❡ ❧ ❛ ♥ ❦ ❝ ♦ ♥ ❛ ♥ ✳ ❋ ♦ ✇ ❛ ❡ ❛ ✷✳ ✹ ♥ ♠ ✭ ε ≈ 1 gc m 3 ✱ µ ≈1
9 ➭ ♠ − 1 ✮✱ ♦ ♥ ❡ ❣ ❛ ② ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ♦ ♥ ❡ ❤ ✉ ♥ ❞ ❡ ❞ ♣ ❤ ♦ ♦ ♥ ♣ ❡ ✉ ❛ ❡ ♠✐ ❝ ♦ ♠ ❡ ❡
1 ● ② ≈ 1 0 0 ♣ ❤ ♦ ♦ ♥➭ ♠ 2 , ✇ ❤✐❧ ❡ ♦ ♥ ❡ ❣ ❛ ② ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❢ ♦ ❝ ❡❧❧ ✉❧ ❛ ♠ ❡ ♠ ❜ ❛ ♥ ❡ ✉ ♥ ❞ ❡ ❤ ❡
❛ ♠ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ♦ ✇ ❡❧ ✈ ❡ ♣ ❤ ♦ ♦ ♥ ♣ ❡ ✉ ❛ ❡ ♠✐ ❝ ♦ ♠ ❡ ❡ 1 ● ② ≈ 1 2 ♣ ❤ ♦ ♦ ♥➭ ♠ 2 ✭ ❡ ❡
❛ ❜❧ ❡ ✹✳ ✶✮✳ ❋ ♦ ✸ ✵ ♥ ♠ ❡ ♦❧ ✉ ✐ ♦ ♥✱ ❤ ❡ ❡ ✉❧ ❛ ❡ ❝ ♦ ♠ ♣ ❛ ✐ ❜❧ ❡ ✇✐ ❤ ❬ ✽ ✶❪✳
✻✳ ✸✳ ✹ ❈ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❙✐ ❣ ♥ ❛❧ ♦ ◆ ♦✐ ❡ ❘ ❛ ✐ ♦
❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ① ❛ ♠ ♣❧ ❡ ❤ ♦ ✇ ❤ ❛ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ❛❧✐ ♥ ❣ ❧ ❛ ✇ ❢ ♦ ❤ ❡ ✐ ❣ ♥ ❛❧ ♦ ♥ ♦✐ ❡
❛ ✐ ♦ ❢ ❛ ✈ ♦ ❤ ❡ ❋■ ❇✲ ❙ ❳ ▼ ❢ ♦ ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♠ ❛ ❣✐ ♥ ❣✳
❊ ① ❛ ♠ ♣❧ ❡✿ ♦ ❡✐ ♥ ❈ ✉ ❜ ❡ ✐ ♥ ❲ ❛ ❡ ❆ ❛ ♥ ❡ ① ❛ ♠ ♣❧ ❡✱ ❤ ❡ ❙ ◆ ❘ ♦❢ ❛ ❝ ✉ ❜ ❡ ♦❢
♣ ♦ ❡✐ ♥ ✭ ❝ ❤ ♦ ♠ ❛ ✐ ♥✮ ❛ ♥ ❞ ❛ ❝ ✉ ❜ ❡ ♦❢ ✇ ❛ ❡ ✭✐ ❝ ❡✮ ❛ ❡ ❝ ♦ ♠ ♣ ❛ ❡ ❞✳ ❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♣ ❛✲
❛ ♠ ❡ ❡ ❛ ❡ ✉ ❡ ❞
(δ, β ) C h r o m ati n ≈ 8 .3 6 · 1 0 − 4 , 1 .5 7 · 1 0 − 4
(δ, β ) W at e r ≈ 5 .3 1 0 − 4 , 0 .2 1 · 1 0 − 4 .
■ ♥ ✜ ❣ ✉ ❡ ✻✳ ✹✱ ✇ ❡ ♣❧ ♦ ❤ ❡ ❡ ✉✐ ❡ ❞ ♣ ❤ ♦ ♦ ♥ ❞ ❡ ♥ ✐ ② ♦ ✈ ❡ ❤ ❡ ✐ ③ ❡ ♦❢ ❛ ❝ ✉ ❜ ❡ ❢ ♦ ❛ ♥
❙ ◆ ❘ ♦❢ ✜ ✈ ❡ ❛ ♥ ❞ ❝ ♦ ♠ ♣ ❛ ❡ ✐ ♦ ❤ ❡ ❞ ❛ ♠ ❛ ❣ ❡ ❤ ❡ ❤ ♦❧ ❞✳ ❚ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ❤ ❡
♠ ❛ ❡ ✐ ❛❧ ❛ ❡ ❣✐ ✈ ❡ ♥ ✐ ♥ ❛ ❜❧ ❡ ✹✳ ✶✳ ❊ ✉ ❛ ✐ ♦ ♥ ✭ ✻✳ ✷✮✱ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✻✳ ✺✮ ❛ ♥ ❞ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✻✳ ✻✮
②✐ ❡❧ ❞ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ✉❧ ❢ ♦ ❤ ❡ ❡ ✉✐ ❡ ❞ ✐ ♥ ❝✐ ❞ ❡ ♥ ✢ ✉ ① (ρ ) ✐ ♥ ♣ ❤ ♦ ♦ ♥ ♣ ❡ ✉ ❛ ❡
♠✐ ❝ ♦ ♠ ❡ ❡ ✳ ❋ ♦ ❤ ❡ ✐ ♠ ♣❧ ❡ ❝ ❛ ❡ ❤ ❛ ❛❧❧ ♣ ❤ ♦ ♦ ❡❧ ❡ ❝ ♦ ♥ ❛ ❡ ❞ ❡ ❡ ❝ ❡ ❞✱ ❤ ❡ ❙ ◆ ❘
♦❢ ❤ ❡ ❋■ ❇✲ ❙ ❳ ▼ ✐
S N R 6 .2=
√ N ∆ z (µ 1 − µ 2 )
(µ 1 + µ 2 ) .
❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ♣ ❤ ♦ ♦ ♥ ❞ ❡ ♥ ✐ ② (ρ p h ot o n ) ❢ ♦ ❛ ♣ ❡ ❝ ✐ ❜ ❡ ❞ ❙ ◆ ❘ ✐
ρ p h ot o n = S N R
2 (µ 1 + µ 2 )
(µ 1 − µ 2 ) 2 ∆ z 3 .
✻✳ ✸✳ ❙ ◆ ❘ ❋ ❖ ❘ ❋■ ❇✲ ❙ ❳ ▼ ❆ ◆ ❉ ❚ ❳ ▼ ✶ ✵ ✺
■❢ ❤ ❡ ❞ ❡ ❡ ❝ ✐ ♦ ♥ ♣ ♦ ❜ ❛ ❜✐❧✐ ② ♦❢ ♣ ❤ ♦ ♦ ❡❧ ❡ ❝ ♦ ♥ ✐ ✐ ♥ ❝❧ ✉ ❞ ❡ ❞✱ ❤ ❡ ♣ ❤ ♦ ♦ ♥ ❞ ❡ ♥ ✐ ② ❡ ✉❧
❢ ♦ ♠ ❤ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ❞ ❙ ◆ ❘
S N R 6 .5= η N
∆ z
0 e x p [ c 1 , e s c a p ez ] µ 1 − e x p [ c 2 , e s c a p ez ] µ 2 d z
∆ z
0 e x p [ c 1 , e s c a p ez ] µ 1 + e x p [ c 2 , e s c a p ez ] µ 2 d z
.
❋✐ ❣ ✉ ❡ ✻✳ ✹✿ ❧ ♦ ♦❢ ❤ ❡ ❡ ✉✐ ❡ ❞ ♣ ❤ ♦ ♦ ♥ ❞ ❡ ♥ ✐ ② ♦ ✈ ❡ ❤ ❡ ✐ ③ ❡ ♦❢ ❤ ❡ ♣ ♦ ❡✐ ♥ ✴
✇ ❛ ❡ ❝ ✉ ❜ ❡ ❢ ♦ ❛ ♥ ❙ ◆ ❘ ♦❢ ✜ ✈ ❡ ❛ λ = 2 .4 ♥ ♠ . ❆ ♥ ❡ ♥❧ ❛ ❣ ❡ ❞ ♣❧ ♦ ♦❢ ❤ ❡ ✐ ♥ ❡ ❡ ✐ ♥ ❣
❡ ❣✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ✶ ♥ ♠ ❛ ♥ ❞ ✸ ✵ ♥ ♠ ✐ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✻✳ ✺✳
❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ♣ ❤ ♦ ♦ ♥ ❞ ❡ ♥ ✐ ② (ρ p h ot o n ) ❢ ♦ ❛ ♣ ❡ ❝ ✐ ❜ ❡ ❞ ❙ ◆ ❘ ✐ ✉ ♥ ❞ ❡ ❤ ❡ ❡
❝ ♦ ♥ ❞✐ ✐ ♦ ♥
ρ p h ot o n = S N R
2 ∆ z
0 e x p [ c 1 , e s c a p ez ] µ 1 + e x p [ c 2 , e s c a p ez ] µ 2 d z
η ∆ z 2 ∆ z0 e x p [ c 1 , e s c a p ez ] µ 1 − e x p [ c 2 , e s c a p ez ] µ 2 d z
2 .
■ ♥ ❜ ♦ ❤ ❝ ❛ ❡ ✱ ❤ ❡ ♣ ❤ ♦ ♦ ♥ ❞ ❡ ♥ ✐ ② ✐ ♥ ❝ ❡ ❛ ❡ ♦ ✉ ❣ ❤❧ ② ✐ ♥ ✈ ❡ ❡❧ ② ♦ ❤ ❡ ❤✐ ❞ ♣ ♦ ✇ ❡
♦❢ ❤ ❡ ✐ ③ ❡ ♦❢ ❤ ❡ ❞ ❡ ❡ ❝ ❡ ❞ ♦ ❜❥ ❡ ❝ ✳ ❆ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ① ❛ ♠ ♣❧ ❡ ❤ ♦ ✇ ✱ ❤ ❡ ♣ ❤ ♦ ♦ ♥
❞ ❡ ♥ ✐ ② ✐ ♥ ❝ ❡ ❛ ❡ ❢ ❛ ❡ ❢ ♦ ❤ ❡ ❛ ♥ ♠✐ ✐ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡✱ ♥ ❛ ♠ ❡❧ ② ♦ ✉ ❣ ❤❧ ② ✐ ♥ ✈ ❡ ❡❧ ②
♦ ❤ ❡ ❢ ♦ ✉ ❤ ♣ ♦ ✇ ❡ ♦❢ ❤ ❡ ✐ ③ ❡ ♦❢ ❤ ❡ ❢ ❡ ❛ ✉ ❡✳
✶ ✵ ✻ ❈ ❍ ❆ ❚ ❊ ❘ ✻✳ ✸ ❉ ■ ▼ ❆ ●■ ◆ ● ❇ ❨ ❆ ❋■ ❇ ✲ ❙ ❳ ▼
❋ ♦ ♣ ✉ ❡ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ❝ ♦ ♥ ❛ ✐ ♠ ❛ ❣✐ ♥ ❣✱ ❤ ❡ ❙ ◆ ❘ ✐ ♥ ❤ ❡ ❛ ♥ ♠✐ ✐ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡
✐
S N R 6 .6= √ N 1√ 2 (− µ 1 + µ 2 ) ∆z.
❋✐ ❣ ✉ ❡ ✻✳ ✺✿ ❉ ❡ ❛✐❧ ❡ ❞ ♣❧ ♦ ♦❢ ❤ ❡ ❡ ✉✐ ❡ ❞ ♣ ❤ ♦ ♦ ♥ ❞ ❡ ♥ ✐ ② ♦ ✈ ❡ ❤ ❡ ✐ ③ ❡ ♦❢ ❤ ❡ ❝ ✉ ❜ ❡
♦❢ ❝ ❤ ♦ ♠ ❛ ✐ ♥ ❢ ♦ ❛ ♥ ❙ ◆ ❘ ♦❢ ✜ ✈ ❡ ❛ λ = 2 .4 ♥ ♠ . ❖ ♥ ❡ ❤ ♦ ✉❧ ❞ ❜ ❡ ❛ ✇ ❛ ❡ ❤ ❛ ❤ ❡
♣❧ ♦ ❛ ✉ ♠ ❡ ❛ ♥ ♦ ♣ ✐ ❝ ✇✐ ❤ ✶ ✵ ✵ ✪ ❡ ✣ ❝✐ ❡ ♥ ❝ ②✳ ■ ♥ ♣ ❛ ❝ ✐ ❝ ❡✱ ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ❋ ❩ ❤ ❛ ✈ ❡
❡ ✣ ❝✐ ❡ ♥ ❝✐ ❡ ♦❢ ❛ ❜ ♦ ✉ ✶ ✵ ✪ ❬ ✶ ✵ ✸❪✳
❚ ❤✐ ❡ ✉❧ ✐ ♥ ❛ ♣ ❤ ♦ ♦ ♥ ❞ ❡ ♥ ✐ ② ♦❢
ρ ( a b s o r. )p h ot o n = 2 S N R
2
(µ 1 − µ 2 ) 2 ∆ z 4 .
❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ❡ ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♦ ♥ ✱ ❋■ ❇✲ ❙ ❳ ▼ ♦❧ ✈ ❡ ❛ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ♣ ♦ ❜❧ ❡ ♠ ♦❢
♦❢ ❳✲ ❛ ② ❛ ♥ ♠✐ ✐ ♦ ♥ ✐ ♠ ❛ ❣✐ ♥ ❣ ♦❢ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ❛ ♠ ♣❧ ❡ ✳ ❆ ❤ ❡ ♣❧ ♦ ✐ ♥ ✜ ❣ ✉ ❡ ✻✳ ✹
❤ ♦ ✇ ✱ ❋■ ❇✲ ❙ ❳ ▼ ❞ ❛ ✐ ❝ ❛❧❧ ② ❞ ❡ ❝ ❡ ❛ ❡ ❤ ❡ ❞ ♦ ❡ ❤ ❛ ✐ ❡ ✉✐ ❡ ❞ ❢ ♦ ❛ ♣ ❡ ❝ ✐ ❜ ❡ ❞
❡ ♦❧ ✉ ✐ ♦ ♥ ❛ ♥ ❞ ✐ ❣ ♥ ❛❧ ♦ ♥ ♦✐ ❡ ❛ ✐ ♦✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤✐ ♠ ❡ ❤ ♦ ❞ ❛❧❧ ♦ ✇ ❤✐ ❣ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥
❤ ❛ ♥ ♦ ❤ ❡ ♦❢ ❳✲ ❛ ② ❛ ♥ ♠✐ ✐ ♦ ♥ ♠ ❡ ❤ ♦ ❞ ✳
✻✳ ✸✳ ❙ ◆ ❘ ❋ ❖ ❘ ❋■ ❇✲ ❙ ❳ ▼ ❆ ◆ ❉ ❚ ❳ ▼ ✶ ✵ ✼
❙ ✉ ♠ ♠ ❛ ②
■ ♥ ❤✐ ❝ ❤ ❛ ♣ ❡ ✱ ✇ ❡ ❤ ❛ ✈ ❡ ❞✐ ❝ ✉ ❡ ❞ ❤ ❡ ♥ ❡ ✇ ♦❢ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ❡ ❤ ♦ ❞ ❋■ ❇✲ ❙ ❳ ▼✳
❚ ❤ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ❡ ✈ ❡ ❛❧ ❡ ❞ ❛ ♥ ✐ ♥ ❝ ❡ ❛ ❡ ❞ ✐ ♠ ❛ ❣ ❡ ✉ ❛❧✐ ② ❢ ♦ ❝ ❡❧❧ ✐ ♠ ❛ ❣✐ ♥ ❣
✐ ♥ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦ ❤ ❡ ❝ ✉ ❡ ♥ ❛ ♥ ❞ ❛ ❞ ❚ ❳ ▼✳ ■ ✇ ❛ ❛❧ ♦ ❤ ♦ ✇ ♥✱ ❤ ❛ ❋■ ❇✲ ❙ ❳ ▼
✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ❡ ❞ ✉ ❝ ❡ ❤ ❡ ❡ ✉✐ ❡ ❞ ❞ ♦ ❡✳ ❚ ❤✐ ✐ ❛ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡✱ ✐ ♥ ❝ ❡ ❤ ❡
❞ ♦ ❡ ✐ ❝ ✉ ❡ ♥ ❧ ② ♦❢ ❡ ♥ ❛ ❧✐ ♠✐ ✐ ♥ ❣ ❢ ❛ ❝ ♦ ❢ ♦ ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣✳
❙✐ ♥ ❝ ❡ ❋■ ❇✲ ❙ ❳ ▼ ✉ ❡ ♦ ♥❧ ② ❛ ♠ ❛❧❧ ❳✲ ❛ ② ♣ ♦ ✱ ❤✐ ♠ ❡ ❤ ♦ ❞ ♣ ♦ ❡ ♥ ✐ ❛❧❧ ② ✉ ♣ ♣ ❡ ❡
❤ ❡ ❝ ❤ ❛ ❣✐ ♥ ❣ ♣ ♦ ❜❧ ❡ ♠ ✇ ❤✐ ❝ ❤ ♦ ❝ ❝ ✉ ✐ ♥ ♣ ❤ ♦ ♦ ❡ ♠✐ ✐ ♦ ♥ ❡❧ ❡ ❝ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ✭ ❊ ❊ ▼✮✳
❆ ❞ ❞✐ ✐ ♦ ♥ ❛❧❧ ②✱ ❤ ❡ ❧ ❛ ❡ ❛❧ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❋■ ❇✲ ❙ ❳ ▼ ✐ ❛❧ ❡ ❛ ❞ ② ♣ ♦ ✈✐ ❞ ❡ ❞ ❜ ② ❤ ❡ ✐ ③ ❡
♦❢ ❤ ❡ ❝ ❛ ♥ ♥ ❡ ❞ ❳✲ ❛ ② ♣ ♦ ✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ✐ ♥ ♣ ✐ ♥ ❝✐ ♣❧ ❡ ❛❧❧ ❡ ♠✐ ❡ ❞ ❡❧ ❡ ❝ ♦ ♥ ♦ ✐ ❣✐ ♥ ❛ ✐ ♥ ❣
❢ ♦ ♠ ❤ ❡ ♣ ♦ ❝ ❛ ♥ ❝ ♦ ♥ ✐ ❜ ✉ ❡ ♦ ❤ ❡ ♣ ❤ ♦ ♦ ❡❧ ❡ ❝ ♦ ♥ ✐ ❣ ♥ ❛❧✳ ❋ ♦ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥✱ ✐ ♥ ❤ ❡
❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ♠ ♦ ❞ ❡ ♦❢ ❤ ❡ ❊ ❊ ▼ ♦ ♥❧ ② ❛ ♠ ❛❧❧ ❢ ❛ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ♠✐ ❡ ❞ ❡❧ ❡ ❝ ♦ ♥
❛ ❡ ❝ ♦❧❧ ❡ ❝ ❡ ❞ ❜ ② ❤ ❡ ❡❧ ❡ ❝ ♦ ♥ ❝ ♦❧ ✉ ♠ ♥ ❬ ✼ ✾❪✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ❡ ✉✐ ❡ ❞ ❞ ♦ ❡ ❢ ♦ ❋■ ❇✲
❙ ❳ ▼ ♠✐ ❣ ❤ ❛❧ ♦ ❜ ❡ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ❧ ♦ ✇ ❡ ❝ ♦ ♠ ♣ ❛ ❡ ❞ ♦ ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ❊ ❊ ▼✳
✶ ✵ ✽ ❈ ❍ ❆ ❚ ❊ ❘ ✻✳ ✸ ❉ ■ ▼ ❆ ●■ ◆ ● ❇ ❨ ❆ ❋■ ❇ ✲ ❙ ❳ ▼
❈ ❤ ❛ ♣ ❡ ✼
❍ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ✇✐ ❤ ❇ ❡ ❛ ♠ ❙ ❤ ❛ ♣✐ ♥ ❣
❖ ♣ ✐ ❝ ❛❧ ❊❧ ❡ ♠ ❡ ♥
❚ ❤ ❡ ♦❢ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ❡ ❤ ♦ ❞ ✉ ❞✐ ❡ ❞ ✐ ♥ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ❝ ❤ ❛ ♣ ❡ ❛✐ ♠ ❢ ♦ ❤✐ ❣ ❤
❡ ♦❧ ✉ ✐ ♦ ♥ ✸ ❉ ✐ ♠ ❛ ❣✐ ♥ ❣✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❛❧❧ ❤ ❡ ❡ ❳✲ ❛ ② ♦ ♣ ✐ ❝ ❛❧ ❡ ✉ ♣ ❛ ❡ ♥ ♦ ✉✐ ❡ ❞
❢ ♦ ✉❧ ❛✲❢ ❛ ✐ ♠ ❛ ❣✐ ♥ ❣ ✇✐ ❤ ♣ ❛ ✐ ❛❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥ ❢ ❡ ♠ ♦ ❡ ❝ ♦ ♥ ❞ ♣ ✉❧ ❡ ✳ ▼ ♦ ❞ ❡ ♥ ❢ ❡ ❡
❡❧ ❡ ❝ ♦ ♥ ❧ ❛ ❡ ✭ ❋ ❊ ▲✮ ❡ ♠✐ ❢ ✲ ♣ ✉❧ ❡ ✇✐ ❤ ✈ ❡ ② ❤✐ ❣ ❤ ❜ ✐❧❧✐ ❛ ♥ ❝ ❡ ❛ ♥ ❞ ❤✐ ❣ ❤ ♣ ❤ ♦ ♦ ♥
♥ ✉ ♠ ❜ ❡ ✳ ❚✐ ♠ ❡ ❡ ♦❧ ✈ ❡ ❞ ✐ ♠ ❛ ❣✐ ♥ ❣ ♦ ♥ ❤ ❡ ❧ ❡ ♥ ❣ ❤ ❝ ❛❧ ❡ ♦❢ ❛ ❢ ❡ ✇ ♥ ♠ ✇✐ ❤ ✉❧ ❛✲ ❤ ♦
✐ ♠ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ✇ ♦ ✉❧ ❞ ❣✐ ✈ ❡ ♥ ❡ ✇ ✐ ♥ ✐ ❣ ❤ ✐ ♥ ♦ ❢ ❛ ❞ ② ♥ ❛ ♠✐ ❝ ♣ ♦ ❝ ❡ ❡ ✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡
✐ ♥ ♠ ❛ ❣ ♥ ❡ ✐ ♠ ❬ ✶ ✽❪✳ ❋ ♦ ❤✐ ♣ ✉ ♣ ♦ ❡✱ ♥ ♦ ✈ ❡❧ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ❡ ❤ ♦ ❞ ❤ ❛ ✈ ❡ ♦ ❜ ❡
❞ ❡ ✈ ❡❧ ♦ ♣ ❡ ❞ ✇ ❤✐ ❝ ❤ ♠ ❛ ❦ ❡ ✉ ❡ ♦❢ ❤ ❡ ❤✐ ❣ ❤ ❝ ♦ ❤ ❡ ❡ ♥ ♣ ❤ ♦ ♦ ♥ ✢ ✉ ① ❛ ♥ ❞ ♣ ❡ ♠✐ ❢ ✉❧❧✲ ✜ ❡❧ ❞
✐ ♠ ❛ ❣✐ ♥ ❣✳
■ ♥ ❤ ❡ ✈✐ ✐ ❜❧ ❡ ❧✐ ❣ ❤ ❡ ❣✐ ♦ ♥✱ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ✲ ♦ ✐ ❣✐ ♥ ❛❧❧ ② ✐ ♥ ✈ ❡ ♥ ❡ ❞ ❜ ② ● ❛ ❜ ♦ ✐ ♥ ✶ ✾ ✹ ✽
❬ ✷ ✺❪ ✲ ❜ ❡ ❝ ❛ ♠ ❡ ❛ ♦ ✉ ✐ ♥ ❡ ♠ ❡ ❤ ♦ ❞ ✇✐ ❤ ❤ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ✐ ♦ ♥ ♦❢ ❧ ❛ ❡ ✐ ♥ ❤ ❡ ✈✐ ✐ ❜❧ ❡ ❧✐ ❣ ❤
❛ ♥ ❣ ❡✳ ■ ♥ ❤✐ ❝ ❤ ❛ ♣ ❡ ✱ ✇ ❡ ✇✐❧❧ ✐ ♥ ✈ ❡ ✐ ❣ ❛ ❡ ❤ ❡ ♣ ♦ ❡ ♥ ✐ ❛❧ ♣ ❡ ❢ ♦ ♠ ❛ ♥ ❝ ❡ ♦❢ ❛ ♥ ♦ ✈ ❡❧
❳✲ ❛ ② ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❡ ✉ ♣ ❡ ♠ ♣❧ ♦ ②✐ ♥ ❣ ❛ ❞ ✈ ❛ ♥ ❝ ❡ ❞ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ✭ ❉ ❖ ❊✮✳
✼✳ ✶ ■ ♥ ♦ ❞ ✉ ❝ ✐ ♦ ♥ ♦ ❉ ❖ ❊ ❇ ❛ ❡ ❞ ❍ ♦❧ ♦ ❣ ❛ ♣ ❤ ②
❍ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❛ ❛ ♥ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ❡ ❤ ♦ ❞ ✇ ❛ ❛❧ ❡ ❛ ❞ ② ♣ ♦ ♣ ♦ ❡ ❞ ✐ ♥ ✶ ✾ ✻ ✹ ❬ ✾ ✷✱ ✶ ✵ ✻❪
❛ ♥ ❞ ❤ ❡ ✜ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✇ ❡ ❡ ❝ ♦ ♥ ❞ ✉ ❝ ❡ ❞ ❛ ② ❡ ❛ ❧ ❛ ❡ ❬ ✾ ✸❪✳ ❋ ♦ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣✱
✐ ♥✲❧✐ ♥ ❡ ❛ ♥ ❞ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ✭ ❋ ❚ ❍✮ ❛ ❡ ♠ ❛✐ ♥❧ ② ✉ ❡ ❞✳
❚ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡ ✉ ♣ ❢ ♦ ♦❢ ❳✲ ❛ ② ✐ ♥✲❧✐ ♥ ❡ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ✇ ❛ ❛❧ ❡ ❛ ❞ ② ❞ ❡ ❝ ✐ ❜ ❡ ❞ ✐ ♥
❝ ❤ ❛ ♣ ❡ ✷ ❛ ♥ ❞ ✐ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✷✳ ✹ ❜✳ ❆ ② ♣✐ ❝ ❛❧ ✐ ♥✲❧✐ ♥ ❡ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❡ ✉ ♣ ❝ ♦ ♥ ✐
♦❢ ❛ ❢ ♦ ❝ ✉ ✐ ♥ ❣ ♦ ♣ ✐ ❝✱ ❛ ❛ ♠ ♣❧ ❡ ❛ ♥ ❞ ❛ ❞ ❡ ❡ ❝ ♦ ✳ ❚ ❤ ❡ ❢ ♦ ❝ ✉ ♦❢ ❤ ❡ ❜ ❡ ❛ ♠ ❧✐ ❡ ❛ ❜✐ ✐ ♥
❢ ♦ ♥ ♦❢ ♦ ❜ ❡ ❤✐ ♥ ❞ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ❚ ❤ ❡ ❞ ❡❢ ♦ ❝ ✉ ❡ ❞ ❜ ❡ ❛ ♠ ♣ ❛ ❡ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❛ ♠ ♣❧ ❡
❛ ♥ ❞ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ❞✐ ✛ ❛ ❝ ❡ ❞ ✇ ❛ ✈ ❡ (U s ) ✐ ♥ ❡ ❢ ❡ ❡ ✇✐ ❤ ❤ ❡ ♥ ♦ ♥✲ ❞✐ ✛ ❛ ❝ ❡ ❞ ❜ ❡ ❛ ♠ (U 0 )
♦ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✳ ❚ ❤ ❡ ❞✐ ✈ ❡ ❣ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ♥ ♦ ♥✲ ❞✐ ✛ ❛ ❝ ❡ ❞ ❜ ❡ ❛ ♠ ❞ ❡ ✜ ♥ ❡ ❤ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧
✶ ✵ ✾
✶ ✶ ✵ ❈ ❍ ❆ ❚ ❊ ❘ ✼✳ ❍ ❖ ▲ ❖ ● ❘ ❆ ❍ ❨ ❆ ◆ ❉ ❉■ ❋ ❋ ❘ ❆ ❈ ❚■ ❱ ❊ ❖ ❚■ ❈ ❆ ▲ ❊ ▲ ❊ ▼ ❊ ◆ ❚ ❙
❛ ♣ ❡ ✉ ❡ ❛ ♥ ❞ ❤ ❡ ❡❢ ♦ ❡ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ✉ ❛❧✐ ② ♦❢ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣
✐ ♥✲❧✐ ♥ ❡ ❤ ♦❧ ♦ ❣ ❛ ♠ ✉ ✛ ❡ ❞ ✉ ❡ ♦ ❤ ❡ ♦✲ ❝ ❛❧❧ ❡ ❞ ✇✐ ♥ ✐ ♠ ❛ ❣ ❡ ♣ ♦ ❜❧ ❡ ♠✱ ✇ ❤✐ ❝ ❤ ✐ ❝ ❛ ✉ ❡ ❞
❜ ② ❛ ♥ ♦ ✈ ❡ ❧ ❛ ♣ ♦❢ ❤ ❡ ✈✐ ✉ ❛❧ ❛ ♥ ❞ ❤ ❡ ❡ ❛❧ ✐ ♠ ❛ ❣ ❡✳ ❚ ❤✐ ♣ ♦ ❜❧ ❡ ♠ ✐ ✉ ♣ ♣ ❡ ❡ ❞ ✐ ♥
❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❜ ② ❡ ♣ ❛ ❛ ✐ ♥ ❣ ❜ ♦ ❤ ✐ ♠ ❛ ❣ ❡ ✭ ❡ ❡ ❛❧ ♦ ❬ ✻ ✷❪ ❝ ❤ ❛ ♣ ❡ ✹✳ ✸
♦ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✼✳ ✷✮✮✳
■ ♥ ❣ ❡ ♥ ❡ ❛❧✱ ❤ ❡ ❡ ✉ ♣ ❢ ♦ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❝ ♦ ♥ ✐ ♦❢ ❛ ❡❢ ❡ ❡ ♥ ❝ ❡
♣✐ ♥ ❤ ♦❧ ❡ ❛ ♥ ❞ ❛ ❛ ♠ ♣❧ ❡ ❛ ❡ ❛ ✭ ❡ ❡ ✜ ❣ ✉ ❡ ✼✳ ✶✱ ❬ ✶ ✽❪✮✳ ❆ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ✐ ♥ ❡ ❝ ✐ ♦ ♥ ✷✳ ✷✳ ✸✱ ❤ ❡
✐ ♥ ❡ ❢ ❡ ❡ ♥ ❝ ❡ ✐ ❣ ♥ ❛❧ ❜ ❡ ✇ ❡ ❡ ♥ ❧✐ ❣ ❤ ❝ ❛ ❡ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ❛ ♠ ♣❧ ❡ ❛ ♥ ❞ ❧✐ ❣ ❤ ❝ ❛ ❡ ❡ ❞ ❢ ♦ ♠
❤ ❡ ❡❢ ❡ ❡ ♥ ❝ ❡ ✐ ❞ ❡ ❡ ❝ ❡ ❞ ✐ ♥ ❤ ❡ ❢ ❛ ✜ ❡❧ ❞✳ ❚ ❤ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ✐ ❞ ♦ ♥ ❡ ✈✐ ❛ ❋ ♦ ✉ ✐ ❡
❛ ♥ ❢ ♦ ♠✳ ❚ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ✐ ♠ ❛ ❣ ❡ ❝ ❛ ♥ ❜ ❡ ♣❧✐ ✐ ♥ ♦ ❢ ♦ ✉ ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ✇ ♦
❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ❤ ❛ ❛ ❡ ❡ ❡ ♥ ✐ ❛❧❧ ② ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ♦❢ ❤ ❡ ❡❢ ❡ ❡ ♥ ❝ ❡
❛ ♥ ❞ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ✐ ③ ❡ ♦❢ ❤ ❡ ♣✐ ♥ ❤ ♦❧ ❡ ❞ ❡ ✜ ♥ ❡ ❛❧ ♦ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥✳ ■ ♥
♠ ♦ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✱ ❤ ❡ ❡❢ ❡ ❡ ♥ ❝ ❡ ✐ ❝ ❡ ❛ ❡ ❞ ❜ ② ♠✐❧❧✐ ♥ ❣ ♠ ❛❧❧✱ ✇ ❡❧❧ ❞ ❡ ✜ ♥ ❡ ❞ ♣✐ ♥ ❤ ♦❧ ❡
✐ ♥ ♦ ❛ ♥ ♦ ♣ ❛ ✉ ❡ ♠ ❡ ♠ ❜ ❛ ♥ ❡ ✇ ❤✐ ❝ ❤ ❛❧ ♦ ❝ ♦ ♥ ❛✐ ♥ ❛ ❛ ♥ ♣ ❛ ❡ ♥ ❛ ❡ ❛ ❢ ♦ ❤ ❡ ❛ ♠ ♣❧ ❡✳
❆ ❞ ❡ ❝ ❡ ❛ ❡ ❞ ♣✐ ♥ ❤ ♦❧ ❡ ❞✐ ❛ ♠ ❡ ❡ ✐ ♥ ❝ ❡ ❛ ❡ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥✱ ❜ ✉ ❡ ❞ ✉ ❝ ❡ ❛ ❤ ❡ ❛ ♠ ❡
✐ ♠ ❡ ❤ ❡ ❛ ♠ ♦ ✉ ♥ ♦❢ ♣ ❤ ♦ ♦ ♥ ✐ ♥ ❤ ❡ ❡❢ ❡ ❡ ♥ ❝ ❡ ✇ ❛ ✈ ❡✱ ✇ ❤✐ ❝ ❤ ✐ ♥ ❝ ❡ ❛ ❡ ❤ ❡ ❡ ✉✐ ❡ ❞
❡ ① ♣ ♦ ✉ ❡ ✐ ♠ ❡ ✶ ✳ ❚ ❤✐ ♣ ♦ ❜❧ ❡ ♠ ❝ ❛ ♥ ❜ ❡ ❧✐ ❣ ❤ ❧ ② ❡ ❞ ✉ ❝ ❡ ❞ ❜ ② ❡ ✉ ♣ ✇✐ ❤ ♠ ✉❧ ✐ ♣❧ ❡
♣✐ ♥ ❤ ♦❧ ❡ ❬ ✺ ✶❪ ♦ ❡ ① ❡ ♥ ❞ ❡ ❞ ❡❢ ❡ ❡ ♥ ❝ ❡ ❬ ✸ ✷❪✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ❡ ❡ ② ♣ ❡ ♦❢ ❡❢ ❡ ❡ ♥ ❝ ❡ ❝ ❛ ❡
❤ ❡ ❧✐ ❣ ❤ ✐ ♥ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❧ ②✱ ❡ ✉❧ ✐ ♥ ❣ ✐ ♥ ❛ ❜ ✐ ❣ ❤ ❝ ❡ ♥ ❛❧ ♣ ♦ ❛ ♥ ❞ ❛ ❢ ❛ ❞ ❡ ❝❧✐ ♥✐ ♥ ❣
✐ ❣ ♥ ❛❧ ❢ ♦ ❤✐ ❣ ❤ ♣ ❛ ✐ ❛❧ ❢ ❡ ✉ ❡ ♥ ❝✐ ❡ ✳
❚ ♦ ❛ ❞ ❞ ❡ ❜ ♦ ❤ ❤ ❡ ♣ ♦ ❜❧ ❡ ♠ ♦❢ ❤ ❡ ❞ ❡ ❝ ❡ ❛ ❡ ❞ ♣ ❤ ♦ ♦ ♥ ♥ ✉ ♠ ❜ ❡ ✐ ♥ ❤ ❡ ❡❢ ❡ ❡ ♥ ❝ ❡
✇ ❛ ✈ ❡ ✇✐ ❤ ❤ ❡ ❞ ❡ ❝ ❡ ❛ ❡ ❞ ♣✐ ♥ ❤ ♦❧ ❡ ✐ ③ ❡ ❛ ♥ ❞ ❤ ❡ ❢ ❛ ❞ ❡ ❝❧✐ ♥ ❡ ♦❢ ❤ ❡ ❡❢ ❡ ❡ ♥ ❝ ❡ ✇ ❛ ✈ ❡ ❢ ♦
❤✐ ❣ ❤ ♣ ❛ ✐ ❛❧ ❢ ❡ ✉ ❡ ♥ ❝✐ ❡ ❛ ❤ ❡ ❛ ♠ ❡ ✐ ♠ ❡✱ ✇ ❡ ♣ ♦ ♣ ♦ ❡ ♦ ✉ ❡ ❛ ✐ ♥ ❣❧ ❡ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣✲
✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ✭ ❉ ❖ ❊✮ ✇ ❤✐ ❝ ❤ ❣ ❡ ♥ ❡ ❛ ❡ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❧ ② ❛ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥
♣ ♦ ✜❧ ❡ ❢ ♦ ❤ ❡ ❛ ♠ ♣❧ ❡ ❛ ❡ ❛ ❛ ♥ ❞ ❛ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❧✐ ♠✐ ❡ ❞ ❡❢ ❡ ❡ ♥ ❝ ❡✳ ❚ ❤✐ ❳✲ ❛ ② ♦ ♣ ✐ ❝ ❛❧
❡ ✉ ♣ ✐ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✼✳ ✷✳
❚ ❤ ❡ ❉ ❖ ❊ ❜ ❛ ❡ ❞ ❡ ✉ ♣ ❤ ❛ ❡ ✈ ❡ ❛❧ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ✐ ♥ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦ ❛ ♥ ❞ ❛ ❞ ❋ ♦ ✉ ✐ ❡
❛ ♥ ❢ ♦ ♠ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ②✳ ❚ ❤ ❡ ❉ ❖ ❊ ❣ ❡ ♥ ❡ ❛ ❡ ❤ ❡ ❡ ✉✐ ❡ ❞ ❡❢ ❡ ❡ ♥ ❝ ❡ ♣ ♦ ❛ ♥ ❞ ❤ ♦ ♠ ♦✲
❣ ❡ ♥ ❡ ♦ ✉ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡ ❛ ❤ ❡ ❛ ♠ ❡ ✐ ♠ ❡✳ ❚ ❤ ❡ ❢ ♦ ❝ ❛❧ ❧ ❡ ♥ ❣ ❤ ♦❢ ❤ ❡ ❉ ❖ ❊
❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ✐ ❞✐ ❛ ♠ ❡ ❡ ✱ ✐ ♦ ✉ ❡ ♠ ♦ ③ ♦ ♥ ❡ ✇✐ ❞ ❤✱ ❤ ❡ ♦ ❞ ❡ ♦❢ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❛ ♥ ❞
❤ ❡ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤✳ ❇ ② ❝ ❤ ♦ ♦ ✐ ♥ ❣ ❤ ❡ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ✱ ♦ ♥ ❡ ❝ ❛ ♥ ❛ ❝ ❤✐ ❡ ✈ ❡ ❛ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❞✐ ✲
❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❛ ♠ ♣❧ ❡ ❛ ♥ ❞ ❉ ❖ ❊✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ❛ ♠ ♣❧ ❡ ♥ ♦ ❧ ♦ ♥ ❣ ❡ ❤ ❛ ♦ ❜ ❡ ❝❧ ♦ ❡
♦ ❛ ♥ ♦ ♣ ❛ ✉ ❡ ❝ ❡ ❡ ♥✳ ❚ ❤ ❡ ❉ ❖ ❊ ❜ ❛ ❡ ❞ ❡ ✉ ♣ ❛❧❧ ♦ ✇ ♦ ✉ ❡ ❝ ② ♦ ❣ ❡ ♥✐ ❝ ❛ ♠ ♣❧ ❡ ❛ ♥ ❞
❛❧❧ ♦ ✇ ♦ ✐ ♠ ❛ ❣ ❡ ❧ ❛ ❣ ❡ ❛ ♠ ♣❧ ❡ ✈✐ ❛ ❛ ❡ ❝ ❛ ♥ ♥✐ ♥ ❣ ❛ ♥ ❞ ✐ ❝ ❤✐ ♥ ❣ ♦❢ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣
✐ ♠ ❛ ❣ ❡ ✳ ❚ ❤ ❡ ❝ ❛ ♥ ♥✐ ♥ ❣ ♣ ♦ ❝ ❡ ❛❧ ♦ ❡ ❞ ✉ ❝ ❡ ❤ ❡ ❡ ✛ ❡ ❝ ♦❢ ♣ ❡ ❝ ❦❧ ❡ ✳ ❚ ❤ ❡ ✐ ♥ ❡ ♥ ✐ ②
❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❛ ♠ ♣❧ ❡ ❛ ♥ ❞ ❡❢ ❡ ❡ ♥ ❝ ❡ ❛ ❡ ❛ ❛ ❡ ❛ ❢ ❡ ❡ ❞ ❡ ✐ ❣ ♥ ♣ ❛ ❛ ♠ ❡ ❡ ❛ ♥ ❞ ❝ ❛ ♥
❜ ❡ ♦ ♣ ✐ ♠✐ ③ ❡ ❞ ❢ ♦ ❛ ♦ ♥ ❣ ✐ ❣ ♥ ❛❧✷ ✳ ❆ ❞ ❞✐ ✐ ♦ ♥ ❛❧❧ ②✱ ❛ ❧ ❛ ❣ ❡ ♣ ❛ ♦❢ ❤ ❡ ✐ ♥ ❝✐ ❞ ❡ ♥ ❳✲ ❛ ②
✶ ❚ ❤ ❡ ✐ ❣ ♥ ❛❧ ♦ ♥ ♦✐ ❡ ❛ ✐ ♦ ❛❧ ♦ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❤ ❡ ❛ ✐ ♦ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ♣ ❤ ♦ ♦ ♥ ✐ ♥ ❤ ❡
❡❢ ❡ ❡ ♥ ❝ ❡ ✇ ❛ ✈ ❡ ❛ ♥ ❞ ❛ ♠ ♣❧ ❡ ✇ ❛ ✈ ❡✳ ❚ ♦ ♠ ❛ ①✐ ♠✐ ③ ❡ ❤ ❡ ✐ ❣ ♥ ❛❧ ✉ ❡ ❞ ✐ ♥ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ②✱
❜ ♦ ❤ ♣ ❤ ♦ ♦ ♥ ♥ ✉ ♠ ❜ ❡ ❤ ♦ ✉❧ ❞ ❜ ❡ ✐ ♠✐❧ ❛ ✳ ❙ ❡ ❡ ❛❧ ♦ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✼✳ ✷✮✳
✷ ❚ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ♦❢ ❤ ❡ ❤ ♦❧ ♦ ❣ ❛ ♠ ❡ ✉❧ ❢ ♦ ♠ ❤ ❡ ✐ ♥ ❡ ❢ ❡ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❡❢ ❡ ❡ ♥ ❝ ❡ ❛ ♥ ❞ ❛ ♠ ♣❧ ❡✳ ❚ ♦
✼✳ ✷✳ ❚ ❍ ❊ ❈ ❆ ❉ ❖ ❋ ❉ ❖ ❊ ❙ ❋ ❖ ❘ ❍ ❖ ▲ ❖ ● ❘ ❆ ❍ ❨ ✶ ✶ ✶
❋✐ ❣ ✉ ❡ ✼✳ ✶✿ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❡ ✉ ♣✳ ❚ ❤ ❡ ❞✐ ✛ ❛ ❝ ❡ ❞ ❧✐ ❣ ❤ ❢ ♦ ♠ ❤ ❡
❡❢ ❡ ❡ ♥ ❝ ❡ ❛ ♥ ❞ ❛ ♠ ♣❧ ❡ ✐ ♥ ❡ ❢ ❡ ❡ ✐ ♥ ❤ ❡ ❢ ❛ ✜ ❡❧ ❞ ❛ ♥ ❞ ❣ ❡ ♥ ❡ ❛ ❡ ❤ ❡ ❤ ♦❧ ♦ ❣ ❛ ♠✳
✐ ✉ ❡ ❞✳ ❚ ❤ ❡ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ❝ ❛ ♥ ❜ ❡ ❡❧ ❛ ✐ ✈ ❡❧ ② ❧ ❛ ❣ ❡✱ ✇ ❤✐ ❝ ❤ ❛❧❧ ♦ ✇ ♦ ✉ ❡
❛ ✇✐ ❞ ❡ ♥ ❡ ❞ ❋ ❊ ▲ ❜ ❡ ❛ ♠ ❛ ♥ ❞ ❡ ❞ ✉ ❝ ❡ ❞ ❛ ♠ ❛ ❣ ❡ ♦ ❤ ❡ ❉ ❖ ❊ ❞ ✉ ❡ ♦ ❤ ❡ ❛ ✐ ♥ ❣✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱
❤ ❡ ❉ ❖ ❊ ❝ ❛ ♥ ❡ ♥ ❞ ✉ ❡ ❤ ❡ ❡ ① ♣ ♦ ✉ ❡ ♦ ♣ ✉❧ ❡ ♦❢ ❛ ♥ ❋ ❊ ▲ ❛ ♥ ❞ ♣ ♦ ❡ ♥ ✐ ❛❧❧ ② ❛❧❧ ♦ ✇ ❢ ♦
✐ ♥ ❣❧ ❡ ❤ ♦ ✐ ♠ ❛ ❣✐ ♥ ❣ ❛ ❋ ❊ ▲ ✳ ■ ♥ ❤✐ ② ♣ ❡ ♦❢ ❋ ❚ ❍✲ ❡ ✉ ♣✱ ❤ ❡ ❧✐ ❣ ❤ ✐ ♠ ♦ ❡ ❤ ♦ ♠ ♦ ❣ ❡✲
♥ ❡ ♦ ✉ ❧ ② ❞✐ ✐ ❜ ✉ ❡ ❞ ♦ ✈ ❡ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✱ ✇ ❤✐ ❝ ❤ ❡ ❞ ✉ ❝ ❡ ❤ ❡ ❡ ✉✐ ❡ ❞ ❞ ② ♥ ❛ ♠✐ ❝ ❛ ♥ ❣ ❡
♦❢ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✳
✼✳ ✷ ❚ ❤ ❡ ❈ ♦ ♠ ♣ ✉ ❡ ❆✐ ❞ ❡ ❞ ❉ ❡ ✐ ❣ ♥ ♦❢ ❉✐ ✛ ❛ ❝ ✐ ✈ ❡ ❖ ♣✲
✐ ❝ ❛❧ ❊❧ ❡ ♠ ❡ ♥ ❢ ♦ ❍ ♦❧ ♦ ❣ ❛ ♣ ❤ ②
❋ ♦ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ✉ ❛❧✐ ② ♦❢ ❉ ❖ ❊ ❜ ❛ ❡ ❞ ❋ ❚ ❍✱ ✐ ✐ ❡ ❡ ♥ ✐ ❛❧ ♦ ❞ ❡ ✐ ❣ ♥ ❛ ❉ ❖ ❊ ✇ ❤✐ ❝ ❤
❝ ❡ ❛ ❡ ❛ ✇ ❡❧❧ ✉✐ ❡ ❞ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ♣ ♦ ✜❧ ❡✳ ❍ ❡ ❡✱ ✇ ❡ ❞ ❡ ❝ ✐ ❜ ❡ ❛ ♥ ❛❧ ❣ ♦ ✐ ❤ ♠ ❢ ♦ ❤ ❡
❞ ❡ ✐ ❣ ♥ ♦❢ ❜✐ ♥ ❛ ② ♠ ❛ ❦ ❢ ♦ ✉ ❝ ❤ ❉ ❖ ❊ ✳ ❋ ♦ ✐ ♠ ♣❧✐ ❝✐ ②✱ ❤ ❡ ❛❧ ❣ ♦ ✐ ❤ ♠ ✐ ❞✐ ✈✐ ❞ ❡ ❞ ✐ ♥ ♦
♠ ❛ ①✐ ♠✐ ③ ❡ ❤ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ✐ ❣ ♥ ❛❧ ❤ ❡ ♣ ❤ ♦ ♦ ♥ ❤ ♦ ✉❧ ❞ ❤ ❛ ✈ ❡ ❡ ✉ ❛❧ ♣ ♦ ❜ ❛ ❜✐❧✐ ② ♦ ♦ ✐ ❣✐ ♥ ❛ ❡ ❢ ♦ ♠
❤ ❡ ❡❢ ❡ ❡ ♥ ❝ ❡ ♦ ❢ ♦ ♠ ❤ ❡ ❛ ♠ ♣❧ ❡ ❛ ❡ ❛✳
I d e t e c t o r [x, y ]  = |ψ r e f e r e n c e + ψ s a m pl e |2 [x, y ]
= ψ r e f ψ r e f + ψ s a m ψ r e f + ψ r e f ψ s a m + ψ s a m ψ s a m .
✶ ✶ ✷ ❈ ❍ ❆ ❚ ❊ ❘ ✼✳ ❍ ❖ ▲ ❖ ● ❘ ❆ ❍ ❨ ❆ ◆ ❉ ❉■ ❋ ❋ ❘ ❆ ❈ ❚■ ❱ ❊ ❖ ❚■ ❈ ❆ ▲ ❊ ▲ ❊ ▼ ❊ ◆ ❚ ❙
❋✐ ❣ ✉ ❡ ✼✳ ✷✿ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❡ ✉ ♣ ❜ ❛ ❡ ❞ ♦ ♥ ❛ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ✐ ❝ ❛❧
❡❧ ❡ ♠ ❡ ♥ ✳ ❚ ❤ ❡ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡ ❛ ♥ ❞ ❤ ❡ ❡❢ ❡ ❡ ♥ ❝ ❡ ❛ ❡ ❣ ❡ ♥ ❡ ❛ ❡ ❞ ❜ ② ❤ ❡
❉ ❖ ❊✳ ❚ ❤ ❡ ❡ ❛ ♠ ♣❧ ❡ ❝ ♦ ♥ ✐ ♦❢ ❢ ♦ ✉ ✉ ❝ ✉ ❡ ❞ ❛ ❛ ② ❛ ♥ ❞ ❛ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡
✐ ♥ ❤ ❡ ❝ ❡ ♥ ❡ ♦❢ ❤ ❡ ✇ ❛ ✈ ❡ ✳ ❚ ❤ ❡ ❋ ❩ ✇ ❛ ✉ ❡ ❞ ♦ ✈ ❡ ✐❢ ② ❤ ❡ ❝ ❡ ❛ ❡ ❞ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥✳
❚ ❤ ❡ ✇✐ ♥ ❞ ♦ ✇ ✐ ♥ ❤ ❡ ✇ ❛❢ ❡ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡ ✐ ♥ ❝ ♦ ♠ ❜✐ ♥ ❛ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ❝ ❡ ♥ ❛❧ ♦ ♣ ♦ ♥
❤ ❡ ❉ ❖ ❊ ❡❧ ❡ ❝ ❤ ❡ ♦ ❞ ❡ ♦❢ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ✉ ❡ ❞ ❢ ♦ ✐ ♠ ❛ ❣✐ ♥ ❣✳
❤ ❡ ❡ ♠ ❛✐ ♥ ❡ ♣ ✳ ❋✐ ❧ ②✱ ❛ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ❝ ♦ ♠ ♣❧ ❡ ① ❛ ♥ ♠✐ ✐ ♦ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❤ ❛ ❛ ♥ ✲
❢ ♦ ♠ ❤ ❡ ✐ ♥ ❜ ♦ ✉ ♥ ❞ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ✐ ♥ ♦ ❛ ♥ ♦ ♣ ✐ ♠ ❛❧ ♣ ♦ ✜❧ ❡ ❢ ♦ ❤ ❡ ❋ ❚ ❍ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✐
❞ ❡ ❡ ♠✐ ♥ ❡ ❞✳ ❚ ❤✐ ❛ ♥ ♠✐ ✐ ♦ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❤ ❛ ♦ ❢ ✉❧ ✜❧❧ ♦ ♠ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❝ ♦ ♥ ❛✐ ♥ ✳
❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✇ ❡ ❝ ❤ ♦ ♦ ❡ ❤ ❛ ✐ ❤ ❛ ♦ ❜ ❡ ♣ ✉ ❡❧ ② ♣ ❤ ❛ ❡ ❤✐❢ ✐ ♥ ❣✳ ❙ ❡ ❝ ♦ ♥ ❞❧ ②✱ ❤ ❡
❛ ♥ ♠✐ ✐ ♦ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❞ ❜ ② ❛ ❜✐ ♥ ❛ ② ♠ ❛ ❦✳ ❚ ❤ ❡ ❜✐ ♥ ❛ ② ♠ ❛ ❦ ✐ ❧ ❛ ❡
✉ ❡ ❞ ❛ ♣ ❛ ❡ ♥ ♦❢ ❤ ❡ ❉ ❖ ❊✳ ❋✐ ♥ ❛❧❧ ②✱ ❤ ❡ ❉ ❖ ❊ ♣ ❛ ❡ ♥ ❤ ❛ ♦ ❜ ❡ ✈ ❡ ✐ ✜ ❡ ❞ ✐ ♥ ❝ ❡ ❤ ❡
✜ ❡ ♣ ✐ ♥ ❝❧ ✉ ❞ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✭ ❋ ❡ ♥ ❡❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ② ✇✐ ❞ ❡✲ ❛ ♥ ❣❧ ❡
♥ ❡ ❛ ❛ ♥ ❞ ❢ ❛ ✜ ❡❧ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ◆ ❋ ❋ ❆✮ ✇ ❤✐ ❝ ❤ ❝ ♦ ✉❧ ❞ ❡ ✉❧ ✐ ♥ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ✐❢ ❛ ❝ ✳
❚ ❤ ❡ ✈ ❡ ✐ ✜ ❝ ❛ ✐ ♦ ♥ ✐ ❞ ♦ ♥ ❡ ❜ ② ✜ ♠ ♦ ❞✐❢ ②✐ ♥ ❣ ❤ ❡ ✐ ♥ ❜ ♦ ✉ ♥ ❞ ✇ ❛ ✈ ❡ ✇✐ ❤ ❤ ❡ ❛ ♥ ♠✐ ✐ ♦ ♥
❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❉ ❖ ❊✳ ❚ ❤ ❡ ♠ ♦ ❞✐ ✜ ❡ ❞ ✇ ❛ ✈ ❡ ✐ ❤ ❡ ♥ ♣ ♦ ♣ ❛ ❣ ❛ ❡ ❞ ✐ ♥ ♦ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣❧ ❛ ♥ ❡
♦❢ ❤ ❡ ❉ ❖ ❊ ❜ ② ❛ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ❜ ❛ ❡ ❞ ♣ ♦ ♣ ❛ ❣ ❛ ♦ ✭ ❡ ❡ ❛❧ ♦ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✷✳ ✻✮✮✳ ❊ ① ♣ ❡ ✲
✐ ♠ ❡ ♥ ❛❧❧ ②✱ ❤ ❡ ❞ ❡ ✐ ❣ ♥ ❡ ❞ ❉ ❖ ❊ ♣ ❛ ❡ ♥ ✐ ✇ ✐ ❡ ♥ ✐ ♥ ♦ ❛ ♥ ❡✲ ❜ ❡ ❛ ♠ ❡ ✐ ❜ ② ❡❧ ❡ ❝ ♦ ♥
❜ ❡ ❛ ♠ ❧✐ ❤ ♦ ❣ ❛ ♣ ❤ ②✳ ❧ ❛ ♥ ❛ ♥ ❛ ♥ ♦ ❡ ❝ ❤ ♥ ♦❧ ♦ ❣ ② ✐ ✉ ❡ ❞ ♦ ❝ ❡ ❛ ❡ ❤ ❡ ✜ ♥ ❛❧ ❉ ❖ ❊✳
✼✳ ✷✳ ❚ ❍ ❊ ❈ ❆ ❉ ❖ ❋ ❉ ❖ ❊ ❙ ❋ ❖ ❘ ❍ ❖ ▲ ❖ ● ❘ ❆ ❍ ❨ ✶ ✶ ✸
❋ ♦ ❤ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❉ ❖ ❊✬ ❛ ♥ ♠✐ ✐ ♦ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❜ ② ❛ ❜✐ ♥ ❛ ② ♠ ❛ ❦✱
❤ ❡ ♣ ❤ ❛ ❡ ♦❢ ❤ ❡ ✐ ♥ ❜ ♦ ✉ ♥ ❞ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ❤ ❡ ✜ ❡❧ ❞ ❤ ❛ ❣ ❡ ♥ ❡ ❛ ❡ ❤ ❡ ♣ ♦ ✜❧ ❡ ❢ ♦
❤ ❡ ❋ ❚ ❍ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❤ ❛ ✈ ❡ ♦ ❜ ❡ ❝ ♦ ♠ ♣ ❛ ❡ ❞✳ ■ ♥ ♦ ❞ ❡ ♦ ❝ ♦ ♠ ♣ ❛ ❡ ❤ ❡ ♣ ❤ ❛ ❡ ♦❢ ❜ ♦ ❤
✜ ❡❧ ❞ ✱ ❛ ❢ ✉ ♥ ❝ ✐ ♦ ♥ (φ ) ❤ ❛ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❤ ❡ ♣ ❤ ❛ ❡ ♦❢ ❤ ❡ ✜ ❡❧ ❞ ❤ ❛ ♦ ❜ ❡ ❞ ❡ ❡ ♠✐ ♥ ❡ ❞✳
❚ ❤✐ ❧ ❡ ❛ ❞ ♥ ❛ ✉ ❛❧❧ ② ♦ ❤ ❡ ✇ ♦ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ♣ ❤ ❛ ❡ ✉ ♥ ✇ ❛ ♣ ♣✐ ♥ ❣ ♣ ♦ ❜❧ ❡ ♠✱ ✇ ❤✐ ❝ ❤ ✇✐❧❧
❜ ❡ ❞✐ ❝ ✉ ❡ ❞ ✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✳
✼✳ ✷✳ ✶ ▲ ❡ ❛ ❙ ✉ ❛ ❡ ❆ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✷ ❉ ❤ ❛ ❡ ❯ ♥✲
✇ ❛ ♣ ♣✐ ♥ ❣ ♦ ❜❧ ❡ ♠ ❜ ② ❤ ❡ ❋ ♦ ✉ ✐ ❡ ❚ ❛ ♥ ❢ ♦ ♠
■ ♥ ♠ ❛ ♥ ② ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✭ ❡✳ ❣✳ ② ♥ ❤ ❡ ✐ ❝ ❛ ♣ ❡ ✉ ❡ ❛ ❞ ❛ ✭ ❙ ❆ ❘✮ ✴ ♠ ❛ ❣ ♥ ❡ ✐ ❝ ❡ ♦ ♥ ❛ ♥ ❝ ❡
✐ ♠ ❛ ❣✐ ♥ ❣ ✭ ▼ ❘■✮✮✱ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ✐ ♥ ❡ ❡ φ : R 2 → R ✐ ♥ ♦ ❞✐ ❡ ❝ ❧ ② ♠ ❡ ❛ ✉ ❛ ❜❧ ❡
❜ ✉ ✐ ♥ ❡ ❛ ❞ ❛ ✇ ❛ ♣ ♣ ❡ ❞ ✈ ❡ ✐ ♦ ♥ ψ : R 2 → (− π, π ] ✐ ♠ ❡ ❛ ✉ ❡ ❞✳ ❚ ❤ ❡ ❡❧ ❛ ✐ ♦ ♥ ❤✐ ♣
❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ✇ ♦ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✐ ❣✐ ✈ ❡ ♥ ❜ ②
e x p [ i φ] != e x p [ i ψ] . ✭ ✼✳ ✶✮
❚ ❤✐ ❡ ✉ ❛ ✐ ♦ ♥ ✐ ♥ ❝❧ ✉ ❞ ❡ ❛❧ ❡ ❛ ❞ ② ❤ ❡ ♠ ❛✐ ♥ ♣ ♦ ❜❧ ❡ ♠ ✳ ❚ ❤ ❡ ❧✐❢ ✐ ♥ ❣ ♦❢ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥
ψ ✐ ♥ ♦ ✉ ♥✐ ✉ ❡✳ ■❢ φ ✐ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ✱ ✐ ✐ ✉ ♥✐ ✉ ❡ ✉ ♣ ♦ ❛ ❝ ♦ ♥ ❛ ♥ ✳ ❋ ♦ ❛ ♥ ♦ ✈ ❡ ✈✐ ❡ ✇ ♦❢
❤ ❡ ✷ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ♣ ❤ ❛ ❡ ✉ ♥ ✇ ❛ ♣ ♣✐ ♥ ❣ ♣ ♦ ❜❧ ❡ ♠ ❡ ❡ ❬ ✷ ✽❪✳ ❚ ❤ ❡ ✉ ❜ ❡ ✉ ❡ ♥ ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♦ ♥
❛ ❡ ❛❧ ♦ ❜ ❛ ❡ ❞ ♦ ♥ ❬ ✷ ✽❪✳
■ ♥ ♠ ♦ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✱ φ ✐ ♥ ♦ ♥ ❡ ❝ ❡ ❛ ✐❧ ② ❛ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ♥ ❞✱ ❤ ❡ ❡❢ ♦ ❡✱
❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❡ ❡ ❞ ❡ ❞ ♦ ❞ ❡ ❞ ✉ ❝ ❡ ❤ ❡ ❝ ♦ ❡ ❝ φ ❢ ♦ ♠ ψ ✳ ❖ ♥ ❡ ❡ ① ❛ ♠ ♣❧ ❡ ✐ ♥
♣ ♦❧ ❛ ❝ ♦ ♦ ❞✐ ♥ ❛ ❡ ❢ ♦ ❛ ♥ ♦ ♥✲ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ❢ ✉ ♥ ❝ ✐ ♦ ♥ φ ✐ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ψˆ ✱
ψˆ : (r, θ ) ∈ R × (− π, π ] → θ.
❆ ❣ ❡ ♥ ❡ ❛❧ ♣ ♦ ❜❧ ❡ ♠ ❢ ♦ ❞✐ ❝ ❡ ✐ ❡ ❞ ✈ ❡ ✐ ♦ ♥ ♦❢ ❤✐ ❡ ✉ ❛ ✐ ♦ ♥ ✐ ❤ ❛ ❤ ❡ ❧ ♦ ♣ ❡ ❜ ❡ ✇ ❡ ❡ ♥
✇ ♦ ❛ ❞❥ ❛ ❝ ❡ ♥ ♣ ♦✐ ♥ x 1 ❛ ♥ ❞ x 2 ✐ ♦ ♥❧ ② ❞ ❡ ✜ ♥ ❡ ❞ ✉ ♣ ♦ ❛ ♠ ✉❧ ✐ ♣❧ ❡ ♦❢ π ✳
e x p [ i (φ [x 1 ] − φ [x 2 ])] = e x p [i (φ [x 1 ] − φ [x 2 ] + 2π · m )]
= e x p [ i (ψ [x 1 ] − ψ [x 2 ])]
❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ❞✐ ❝ ❡ ✐ ❡ ❞ ✈ ❡ ✐ ♦ ♥ ♦❢ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✼✳ ✶✮ ✐ ✐ ♥ ❣ ❡ ♥ ❡ ❛❧ ♥ ♦ ❡ ✈ ❡ ♥ ✇ ❡❧❧ ♣ ♦ ❡ ❞
❢ ♦ ♠ ♦ ♦ ❤ ❢ ✉ ♥ ❝ ✐ ♦ ♥ φ ✳
■❢ φ ✐ ♠ ♦ ♦ ❤ ❛ ♥ ❞ ✐ ✜ ❞ ❡ ✐ ✈ ❛ ✐ ✈ ❡ ❛ ❡ ❜ ♦ ✉ ♥ ❞ ❡ ❞✱ ♦ ♥ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♦ ✉ ❡
❛ ✜ ♥ ❡ ❞✐ ❝ ❡ ✐ ③ ❛ ✐ ♦ ♥ ♦ ❤ ❛ ❤ ❡ ♠ ❛ ①✐ ♠ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ φ ❜ ❡ ✇ ❡ ❡ ♥
♥ ❡✐ ❣ ❤ ❜ ♦ ✐ ♥ ❣ ♣ ♦✐ ♥ ✐ ♠ ❛❧❧ ❡ ❤ ❛ ♥ π ✳ ❯ ♥❢ ♦ ✉ ♥ ❛ ❡❧ ②✱ ❤✐ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✐ ♥ ♦ ❢ ❡ ❛ ✐ ❜❧ ❡
❢ ♦ ♠ ❛ ♥ ② ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✱ ✐ ♥ ❝❧ ✉ ❞✐ ♥ ❣ ❤ ❡ ❞ ❡ ✐ ❣ ♥ ♦❢ ❤ ❡ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ✉ ❡ ❞
❢ ♦ ♦ ✉ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✳ ◆ ❡ ✈ ❡ ❤ ❡❧ ❡ ✱ ❢ ♦ ♦ ♠ ❡ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✱ ✐ ✐ ❡ ♥ ♦ ✉ ❣ ❤ ♦ ✜ ♥ ❞ ❛
✉ ✣ ❝✐ ❡ ♥ ❧ ② ❣ ♦ ♦ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ φˆ ♦ φ ✇ ❤✐ ❝ ❤ ❛ ✐ ✜ ❡ ❤ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❤ ❛ φˆ ❤ ❛
♠ ❛❧❧ ✜ ❞ ❡ ✐ ✈ ❛ ✐ ✈ ❡ ✳
✶ ✶ ✹ ❈ ❍ ❆ ❚ ❊ ❘ ✼✳ ❍ ❖ ▲ ❖ ● ❘ ❆ ❍ ❨ ❆ ◆ ❉ ❉■ ❋ ❋ ❘ ❆ ❈ ❚■ ❱ ❊ ❖ ❚■ ❈ ❆ ▲ ❊ ▲ ❊ ▼ ❊ ◆ ❚ ❙
❆ ❣ ♦ ♦ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❤ ♦ ✉❧ ❞ ♠✐ ♥✐ ♠✐ ③ ❡ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ✇ ❛ ♣ ♣ ❡ ❞ ✈ ❡ ✲
✐ ♦ ♥ ψ ❛ ♥ ❞ ❤ ❡ ♣ ♦❥ ❡ ❝ ❡ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ φˆ ❛ ♥ ❞ ❤ ♦ ✉❧ ❞ ♠✐ ♥✐ ♠✐ ③ ❡ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ♦❢
❤ ❡ ❧ ♦ ♣ ❡
φˆ = ar g mi n
φ i j
φ i+ 1 , j − φ i, j − ∆ xi, j 2 +
i j
φ i, j + 1 − φ i, j − ∆ yi, j 2 .
❚ ❤ ❡ ❞✐ ❝ ❡ ✐ ❡ ❞ ❧ ♦ ♣ ❡ ❛ ❡ ❤ ❡ ❡ ♦ ♥❧ ② ❞ ❡ ✜ ♥ ❡ ❞ ✉ ♣ ♦ ❛ ♠ ✉❧ ✐ ♣❧ ❡ ♦❢ 2 π ❞ ✉ ❡ ♦ ∆ xi, j : =ar g [ e x p [ i (ψ i+ 1 , j − ψ i, j )]] ❛ ♥ ❞ ∆ yi, j : = ar g [ e x p [i (ψ i, j + 1 − ψ i, j )]]✳ ❚ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❤✐ ♣ ♦ ❜❧ ❡ ♠ ✐ ❛ ❞✐ ❝ ❡ ❡ ✈ ❡ ✐ ♦ ♥ ♦❢ ♦✐ ♦ ♥✬ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ❡ ❡ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡ ❝ ❤ ❛ ♣ ❡ ✺
❬ ✷ ✽❪✮✳
❋ ♦ ♠ ❤ ❡ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ✈ ❡ ✐ ♦ ♥ ∂ 2∂ x 2 φ [x, y ] + ∂ 2∂ y 2 φ [x, y ] = ρ ✱ ❛ ❞✐ ❝ ❡ ❡ ♦ ♥ ❡ ❝ ❛ ♥ ❜ ❡❞ ❡ ✜ ♥ ❡ ❞ ❛
(φ i+ 1 , j − 2 φ i, j + φ i− 1 , j) + (φ i, j + 1 − 2 φ i, j + φ i, j − 1 ) = ρ i, j .
❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦ ❤ ❡ ♣ ♦ ❜❧ ❡ ♠ ✐ ❣✐ ✈ ❡ ♥ ❜ ② ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ♦❢ ❡ ✉ ❛ ✐ ♦ ♥
ρ i, j = ∆ xi, j − ∆ xi− 1 , j + ∆ yi, j − ∆ yi, j − 1
ρ i, j = ( φ i+ 1 , j − 2 φ i, j + φ i− 1 , j) + (φ i, j + 1 − 2 φ i, j + φ i, j − 1 ) .
❖ ♥ ❡ ✇ ❛ ② ♦❢ ✜ ♥ ❞✐ ♥ ❣ ❛ ♦❧ ✉ ✐ ♦ ♥ ✐ ❜ ❛ ❡ ❞ ♦ ♥ ❤ ❡ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ♥ ❞ ❡ ① ❡ ♥ ❞ ❤ ❡
❢ ✉ ♥ ❝ ✐ ♦ ♥ ρ, φ ❛ ♥ ❞ ψ ♦ ♣ ❡ ✐ ♦ ❞✐ ❝ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ρ˜, φ˜ ❛ ♥ ❞ ψ˜ ✳
■❢ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ρ, φ ❛ ♥ ❞ ψ ❛ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ♦ ♥ ❛ ♥ N + 1 × M + 1 ❣ ✐ ❞✱ ❤ ❡ ❡ ① ❡ ♥ ✐ ♦ ♥
✐ ❞ ♦ ♥ ❡ ❜ ② ♠✐ ♦ ❡ ✢ ❡ ❝ ✐ ♦ ♥✳ ❚ ❤ ❡ ♠✐ ♦ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ✐ ❞ ❡ ✜ ♥ ❡ ❞ ✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✇ ❛ ②✿
φ : { 0 . . . N} × { 0 . . . M} → R ❛ ♥ ❞ ψ { 0 . . . N} × { 0 . . . M} → (− π, π ]
ψ˜ i, j =


ψ i, j 0 ≤ i ≤ M, 0 ≤ j ≤ N
ψ 2 M − i, j M < i < 2 M, 0 ≤ j ≤ N
ψ i,2 N − j 0 ≤ i ≤ M, N < j < 2 N
ψ 2 M − i,2 N − j M < i < 2 M, N < j < 2 N
∆˜ xi, j : = ar g e x p i ψ˜ (i + 1 , j) − ψ˜ (i, j )
∆˜ yi, j : = ar g e x p i ψ˜ (i, j + 1) − ψ˜ (i, j )
ρ˜ i, j = ∆˜ xi, j − ∆˜ xi− 1 , j + ∆˜ yi, j − ∆˜ yi, j − 1 .
❇ ② ❛ ♣ ♣❧ ②✐ ♥ ❣ ❤ ❡ ✇ ♦ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ♦ ♥ ❤ ❡ ❡ ① ❡ ♥ ❞ ❡ ❞ ❡ ✉ ❛ ✐ ♦ ♥
φ˜ i+ 1 , j − 2 φ˜ i, j + φ˜ i− 1 , j + φ˜ i, j + 1 − 2 φ˜ i, j + φ˜ i, j − 1 = ρ˜ i, j ,
✼✳ ✷✳ ❚ ❍ ❊ ❈ ❆ ❉ ❖ ❋ ❉ ❖ ❊ ❙ ❋ ❖ ❘ ❍ ❖ ▲ ❖ ● ❘ ❆ ❍ ❨ ✶ ✶ ✺
✭ ❛ ✮ ❖ ✐ ❣✐ ♥ ❛❧ ✐ ♠ ❛ ❣ ❡ ✭ ❜ ✮ ∆ m a x = 1 .5 π ✭ ❝ ✮ ∆ m a x = 2 π ✭ ❞ ✮ ∆ m a x = 3 π ✭ ❡ ✮ ∆ m a x = 8 π
❋✐ ❣ ✉ ❡ ✼✳ ✸✿ ❉✐ ✛ ❡ ❡ ♥ ❡ ① ❛ ♠ ♣❧ ❡ ❢ ♦ ❡ ❝ ♦ ♥ ✉ ❝ ❡ ❞ φ˜ ❢ ♦ ♠ ✇ ❛ ♣ ♣ ❡ ❞ ❞ ❛ ❛✳ ❚ ❤ ❡
❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❜ ❛ ❡ ❞ ♠ ❡ ❤ ♦ ❞ ✇ ❛ ✉ ❡ ❞✳ ❚ ❤ ❡ ♠ ❛ ①✐ ♠ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ♥ ❡✐ ❣ ❤✲
❜ ♦ ✐ ♥ ❣ ♣✐ ① ❡❧ ✐ ✐ ♥ ✭ ❛ ✮ ♦ ✐ ❣✐ ♥ ❛❧ ✭ ❜ ✮ 1 .5 π ✱ ✐ ♥ ✭ ❝ ✮ 2 π ✱ ✐ ♥ ✭ ❞ ✮ 3 π ❛ ♥ ❞ ✐ ♥ ✭ ❡ ✮ 8 π. ❋ ♦
❤✐ ❣ ❤ ∆ m a x ✈ ❛❧ ✉ ❡ ✱ ❤ ❡ ♦ ✈ ❡ ♠ ♦ ♦ ❤✐ ♥ ❣ ♦❢ ❤✐ ♦ ♣ ❡ ❛ ✐ ♦ ♥ ✐ ❡ ✢ ❡ ❝ ❡ ❞ ✐ ♥ ❤ ❡ ❝ ♦❧ ♦ ❜ ❛
❛ ♥ ❞ ✐ ♦ ❜ ✈✐ ♦ ✉ ❢ ♦ ♠ ✈✐ ✉ ❛❧ ✐ ♥ ♣ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ✳
❛ ❡❧ ❛ ✐ ♦ ♥ ❤✐ ♣ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ P = F F T [ ˜ρ ] ❛ ♥ ❞ Φ = F F T φ˜ ♦❢
ρ˜ ❛ ♥ ❞ φ˜ ❢ ♦❧❧ ♦ ✇ ✳ ❋ ♦ ♠ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ❡ ✉ ❛ ✐ ♦ ♥
Φ m, n = P m, n2 c os [ π m / M ] + 2 c os [π n / N ] − 4 ,
❤ ❡ ❡ ✐ ♠ ❛ ❡ ❢ ♦ φ ✐ ♦ ❜ ❛✐ ♥ ❡ ❞ ❜ ② ❛ ♣ ♣❧ ②✐ ♥ ❣ ❛ ♥ ✐ ♥ ✈ ❡ ❡ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ♦ ♥ Φ .
❚ ❤✐ ♠ ❡ ❤ ♦ ❞ ✐ ♥ ♦ ✉✐ ❛ ❜❧ ❡ ❢ ♦ ❞✐ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ❢ ✉ ♥ ❝ ✐ ♦ ♥ φ ♦ ❡ ♣ ✐ ③ ❡ ✇✐ ❤
❞✐ ❝ ❡ ❡ ❥ ✉ ♠ ♣ ❛ ❜ ♦ ✈ ❡ π ❛ ❤ ❡ ❡ ① ❛ ♠ ♣❧ ❡ ✐ ♥ ✜ ❣ ✉ ❡ ✼✳ ✸ ❡ ♠ ♣ ❤ ❛ ✐ ③ ❡✳ ■ ♥ ❤ ❡ ♥ ❡ ①
❡ ❝ ✐ ♦ ♥✱ ❤✐ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦ ❤ ❡ ♣ ❤ ❛ ❡ ✉ ♥ ✇ ❛ ♣ ♣✐ ♥ ❣ ♣ ♦ ❜❧ ❡ ♠ ✐ ✉ ❡ ❞ ♦
❞ ❡ ✐ ❣ ♥ ✭ ❤✐ ❣ ❤ ❡ ♦ ❞ ❡ ✮ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ✳
✼✳ ✷✳ ✷ ❈ ❡ ❛ ✐ ♥ ❣ ❉✐ ✛ ❛ ❝ ✐ ✈ ❡ ❖ ♣ ✐ ❝ ❛❧ ❊❧ ❡ ♠ ❡ ♥ ✇✐ ❤ ❙ ✉ ❜ ✉ ❝✲
✉ ❡ ❲✐ ❞ ❤ ❘ ❡ ♦❧ ✉ ✐ ♦ ♥
■ ♥ ❤ ❡ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❡ ✉ ♣✱ ❤ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ♣ ❡ ✉ ❡ ♦❢ ❤ ❡ ❉ ❖ ❊
❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❛ ❝ ❤✐ ❡ ✈ ❛ ❜❧ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥✳ ■ ♥ ♣ ❛ ❝ ✐ ❝ ❡✱ ❤ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ♣ ❡ ✉ ❡ ♦❢ ❤ ❡
❉ ❖ ❊ ✐ ❧✐ ♠✐ ❡ ❞ ❜ ② ❤ ❡ ♣ ❡ ❝✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ♥ ❛ ♥ ♦✲ ♣ ♦ ❞ ✉ ❝ ✐ ♦ ♥ ♠ ❡ ❤ ♦ ❞✳ ❚ ❤ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝ ②
♦❢ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❛ ❉ ❖ ❊ ❛ ♥ ❞ ♦❢ ❛ ❋ ❡ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ❛ ❡ ✐ ♠✐❧ ❛ ✳ ❋ ♦ ❋ ❡ ♥ ❡❧
③ ♦ ♥ ❡ ♣❧ ❛ ❡ ✱ ❤ ❡ ❘ ❛ ②❧ ❡✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ❣✐ ✈ ❡ ♥ ❜ ② ∆ = 1 .2 2m d r N ✳ ❍ ❡ ❡✱ d r N ✐ ❤ ❡♦ ✉ ❡ ♠ ♦ ③ ♦ ♥ ❡ ✇✐ ❞ ❤ ❛ ♥ ❞ ❛ ♥ ❡ ❡ ♥ ✐ ❛❧ ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ❤ ❡ ❢ ❛ ❜ ✐ ❝ ❛ ✐ ♦ ♥ ❡ ❝ ❤ ♥✐ ✉ ❡✳ ■ ♥
❝ ❤ ❛ ♣ ❡ ✽✱ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❡ ♦ ✐ ♥ ❤ ❡ ♠ ❛ ♥ ✉❢ ❛ ❝ ✉ ✐ ♥ ❣ ♣ ♦ ❝ ❡ ♦❢ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡
❛ ❡ ❢ ✉ ❤ ❡ ❞✐ ❝ ✉ ❡ ❞✳ ❚ ❤ ❡ ♣ ❛ ❛ ♠ ❡ ❡ m ✐ ❤ ❡ ♦ ❞ ❡ ♦❢ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❤ ❛ ✐ ✉ ❡ ❞ ❢ ♦
✶ ✶ ✻ ❈ ❍ ❆ ❚ ❊ ❘ ✼✳ ❍ ❖ ▲ ❖ ● ❘ ❆ ❍ ❨ ❆ ◆ ❉ ❉■ ❋ ❋ ❘ ❆ ❈ ❚■ ❱ ❊ ❖ ❚■ ❈ ❆ ▲ ❊ ▲ ❊ ▼ ❊ ◆ ❚ ❙
✭ ❛ ✮ ❋ ♦ ❝ ✉ ✐ ❡ ❛ ✐ ✈ ❡ ♦ ♣ ✐ ♠✐ ③ ❡ ✭ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ✮ ✭ ❜ ✮ ❋ ♦ ❝ ✉ ❜✐ ♥ ❛ ② ❉ ❖ ❊
❋✐ ❣ ✉ ❡ ✼✳ ✹✿ ❊ ① ❛ ♠ ♣❧ ❡ ❢ ♦ ❤ ❡ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ❛❧ ❣ ♦ ✐ ❤ ♠ ❢ ♦ ❤ ❡ ❣ ❡ ♥ ❡ ❛ ✐ ♦ ♥ ♦❢ ❤✐ ❣ ❤ ❡
♦ ❞ ❡ ❉ ❖ ❊ ✳ ✭■ ♥ ❤ ❡ ♣ ✐ ♥ ✈ ❡ ✐ ♦ ♥✱ ❤ ❡ ❝ ♦❧ ♦ ❝ ❛❧ ❡ ✐ ♥ ♦ ♥❧✐ ♥ ❡ ❛ ✳✮
✭ ❛ ✮ ❋ ♦ ❝ ✉ ❛ ♣ ❡ ❞✐ ❝ ❡ ❞ ❜ ② ❤ ❡ ✐ ❡ ❛ ✐ ✈ ❡ ♦ ♣ ✐ ♠✐ ③ ❡ ✳ ❚ ❤✐ ❢ ♦ ❝ ❛❧ ♣ ❛ ❡ ♥ ✐ ❣ ❡ ♥ ❡ ❛ ❡ ❞
❜ ② ❛ ♣ ✉ ❡❧ ② ♣ ❤ ❛ ❡ ❤✐❢ ✐ ♥ ❣ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ❉ ❖ ❊✳
✭ ❜ ✮ ❋ ♦ ❝ ❛❧ ♣ ❛ ❡ ♥ ❢ ♦ ❤ ❡ ❣ ❡ ♥ ❡ ❛ ❡ ❞ ❤✐ ❞ ♦ ❞ ❡ ✱ ❜✐ ♥ ❛ ② ❉ ❖ ❊✳ ❚ ❤ ❡ ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥
✉ ❡ ❤ ❡ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ❜ ❛ ❡ ❞ ❛❧ ❣ ♦ ✐ ❤ ♠ ❛ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ✐ ♥ ❝ ❤ ❛ ♣ ❡ ✸✳
❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ♣ ♦ ❝ ❡ ✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ✇✐ ❤ ❛ ♣ ❡ ❝ ✐ ❜ ❡ ❞ ♦ ✉ ❡ ♠ ♦ ③ ♦ ♥ ❡ ✇✐ ❞ ❤✱ ❛ ♥
✐ ♠ ❛ ❣ ❡ ✇✐ ❤ ❤✐ ❣ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ❝ ❛ ♥ ❜ ❡ ❛ ❝ ❤✐ ❡ ✈ ❡ ❞ ❜ ② ✉ ✐ ♥ ❣ ❛ ❤✐ ❣ ❤ ❡ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ♦ ❞ ❡ ✳
❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ❡ ❡ ✣ ❝✐ ❡ ♥ ❝ ② ♦❢ ❤✐ ❣ ❤ ❡ ♦ ❞ ❡ ❞ ❡ ❝ ❡ ❛ ❡ ❢ ♦ ❤✐ ♥ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡
♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧❧ ② ♦ 1m 2 ✳ ❙✐ ♥ ❝ ❡✱ ❢ ♦ ❢ ✉❧❧✲ ✜ ❡❧ ❞ ♠✐ ❝ ♦ ❝ ♦ ♣ ②✱ ❤ ❡ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ✐✐ ✉ ❛ ❡ ❞ ❜ ❡ ✇ ❡ ❡ ♥ ♦ ❜❥ ❡ ❝ ❛ ♥ ❞ ❞ ❡ ❡ ❝ ♦ ✱ ❤ ❡ ❡ ✣ ❝✐ ❡ ♥ ❝ ② ❞✐ ❡ ❝ ❧ ② ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ❤ ❡ ❞ ♦ ❡
♥ ❡ ❡ ❞ ❡ ❞ ❢ ♦ ❛ ❣✐ ✈ ❡ ♥ ❡ ♦❧ ✉ ✐ ♦ ♥✳ ❚ ❤ ❡ ✉ ❡ ♦❢ ❛ ❤✐ ❣ ❤ ❡ ♦ ❞ ❡ ❛❧ ♦ ❡ ✉✐ ❡ ❛ ♥ ✐ ♥ ❝ ❡ ❛ ❡ ❞
❛ ❜✐❧✐ ② ♦❢ ❤ ❡ ③ ♦ ♥ ❡ ❤✐ ❝ ❦ ♥ ❡ ❛ ♥ ❞ ❡ ① ❛ ❝ ♥ ❡ ♦❢ ❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥✳
❙✐ ♠✐❧ ❛ ❧ ②✱ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ❝ ❛ ♥ ❜ ❡ ❞ ❡ ✐ ❣ ♥ ❡ ❞ ♦ ✉ ❡ ❤✐ ❣ ❤ ❡ ♦ ❞ ❡ ♦❢
❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ♦ ✐ ♥ ❝ ❡ ❛ ❡ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ❛ ❤ ❡ ❝ ♦ ♦❢ ❛ ❞ ❡ ❝ ❡ ❛ ❡ ❞ ❡ ✣ ❝✐ ❡ ♥ ❝ ②✳ ❆ ♥
❛❧ ❣ ♦ ✐ ❤ ♠ ❢ ♦ ❤ ❡ ❞ ❡ ✐ ❣ ♥ ♦❢ ✉ ❝ ❤ ♦ ♣ ✐ ❝ ✇✐❧❧ ♥ ♦ ✇ ❜ ❡ ♣ ❡ ❡ ♥ ❡ ❞✳ ■ ✐ ❜ ❛ ❡ ❞ ♦ ♥ ❤ ❡
♣ ♦ ♣ ❛ ❣ ❛ ♦ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ✐ ♥ ❝ ❤ ❛ ♣ ❡ ✸ ❛ ♥ ❞ ❤ ❡ ♣ ❤ ❛ ❡ ✉ ♥ ✇ ❛ ♣ ♣✐ ♥ ❣ ❛❧ ❣ ♦ ✐ ❤ ♠ ♣ ❡ ❡ ♥ ❡ ❞
✐ ♥ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ❡ ❝ ✐ ♦ ♥✳ ❚ ❤ ❡ ♠ ❛✐ ♥ ❡ ♣ ❛ ❡✿
✶✳ ❉ ❡ ✜ ♥✐ ♥ ❣ ❤ ❡ ❛ ❣ ❡ ✐ ♥ ❡ ♥ ✐ ② ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❉ ❖ ❊
✷✳ ❈ ♦ ♠ ♣ ✉ ✐ ♥ ❣ ❛ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤✐ ❝ ✜ ❡ ✐ ♠ ❛ ❡ ♦❢ ❤ ❡ ✜ ❡❧ ❞ ✐ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❉ ❖ ❊
✸✳ ❋✐ ♥ ❞✐ ♥ ❣ ❛ ❧ ❡ ❛ ✉ ❛ ❡ ❡ ✐ ♠ ❛ ❡ ❢ ♦ ❛ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ❧✐❢ ♦❢ ❤ ❡ ♣ ❤ ❛ ❡ ✐ ♥ ❤ ❡
♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❉ ❖ ❊
✼✳ ✸✳ ❆ ◆ ❆ ▲ ❨ ❙■ ❙ ❖ ❋ ❊ ❳ ❊ ❘■ ▼ ❊ ◆ ❚ ❆ ▲ ❉ ❆ ❚ ❆ ✶ ✶ ✼
✹✳ ♦ ♣ ❛ ❣ ❛ ✐ ♥ ❣ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ✜ ❡❧ ❞ ✐ ♥ ♦ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❉ ❖ ❊
✺✳ ❆ ❞ ❛ ♣ ✐ ♥ ❣ ❤ ❡ ❝ ♦ ♠ ♣ ✉ ❡ ❞ ❛ ♠ ♣❧✐ ✉ ❞ ❡ ♦ ❛ ♠ ♣❧✐ ✉ ❞ ❡ ❤ ❛ ✜ ❜ ❡ ❡ ❤ ❡ ❛ ❣ ❡
✐ ♥ ❡ ♥ ✐ ②
✻✳ ❇ ❛ ❝ ❦ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ♦ ❤ ❡ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❉ ❖ ❊
✼✳ ❘ ❡ ❛ ✐ ♥ ❣ ❛ ✸✳ ✉ ♥ ✐❧ ❛ ❣ ♦ ♦ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✐ ❢ ♦ ✉ ♥ ❞
❆ ❡ ♦❢ ❤✐ ❛❧ ❣ ♦ ✐ ❤ ♠ ✐ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✼✳ ✹✳ ◆ ♦ ❡ ❤ ❛ ❤✐ ❛❧ ❣ ♦ ✐ ❤ ♠ ❤ ❛
❡ ✈ ❡ ❛❧ ♦ ❤ ❡ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ❛ ✐ ❞ ❡ ❢ ♦ ♠ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ②✳ ❚ ❤ ❡ ❡❢ ♦ ❡ ❡ ✈ ❡ ❛❧ ♦ ❤ ❡ ♠ ❡ ❤ ♦ ❞
❢ ♦ ❤ ❡ ❞ ❡ ✐ ❣ ♥ ♦❢ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ❡ ①✐ ✱ ❜ ✉ ❤ ♦ ❡ ✉ ❡ ❤ ❡ ✜ ♦ ❞ ❡ ♦❢
❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❬ ✶ ✵ ✷✱ ✶ ✵ ✽✱ ✹ ✾❪✳ ❊ ① ❛ ♠ ♣❧ ❡ ❢ ♦ ✉ ❝ ❤ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ❝ ♦ ✉❧ ❞ ❜ ❡ ❤ ❡ ❞ ❡ ✐ ❣ ♥ ♦❢
❝ ♦ ♥ ❞ ❡ ♥ ❡ ❢ ♦ ✐ ♠ ♣ ♦ ✈ ❡ ❞ ❞ ❛ ❦ ❛ ♥ ❞ ❜ ✐ ❣ ❤ ✜ ❡❧ ❞ ♦❢ ❳✲ ❛ ② ❢ ✉❧❧✲ ✜ ❡❧ ❞ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✱ ❛
♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ❛ ♣ ♣ ❡ ♥ ❞✐ ① ❉✳
✼✳ ✸ ❆ ♥ ❛❧ ② ✐ ♦❢ ❊ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❉ ❛ ❛
✼✳ ✸✳ ✶ ■ ♥ ♦ ❞ ✉ ❝ ✐ ♦ ♥
■ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✱ ✇ ♦ ♣ ♦ ♦❢ ♦❢ ❝ ♦ ♥ ❝ ❡ ♣ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛ ❡ ❞ ❡ ❝ ✐ ❜ ❡ ❞✳ ❚ ❤ ❡ ❡
❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✇ ❡ ❡ ❝ ♦ ♥ ❞ ✉ ❝ ❡ ❞ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ② ❛ ❤ ❡ ❯ ✹ ✶ ❚ ❳ ▼ ❜ ❡ ❛ ♠❧✐ ♥ ❡ ❧ ♦ ❝ ❛ ❡ ❞ ❛ ❤ ❡
❍ ❡❧ ♠ ❤ ♦❧ ③ ❩ ❡ ♥ ✉ ♠ ❇ ❡ ❧✐ ♥ ❛ ♥ ❞ ❛ ❛ ♣❧ ❛ ♠ ❛ ❜ ❛ ❡ ❞ ♦❢ ❳✲ ❛ ② ❧ ❛ ❡ ✭ ❳ ❘ ▲ ❬ ✾ ✶❪✮
❧ ♦ ❝ ❛ ❡ ❞ ❛ ❤ ❡ ▼ ❛ ① ❇ ♦ ♥ ■ ♥ ✐ ✉ ❡✳
✼✳ ✸✳ ✷ ❊ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❉ ❛ ❛ ❛ ♥ ❞ ✐ ❆ ♥ ❛❧ ② ✐
❚ ❤ ❡ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✇ ❛ ❝ ♦ ♥ ❞ ✉ ❝ ❡ ❞ ❛ ❤ ❡ ❯ ✹ ✶ ❚ ❳ ▼ ❜ ❡ ❛ ♠❧✐ ♥ ❡ ❛ ❇ ❊ ❙ ❙ ❨
■■✳ ❚ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡ ✉ ♣ ♦❢ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✐ ❞✐ ❛ ❣ ❛ ♠ ♠ ❡ ❞ ✐ ♥ ✜ ❣ ✉ ❡ ✼✳ ✷✳ ❛ ♦❢ ❤ ❡
❚ ❳ ▼ ❡ ✉ ♣ ✇ ❡ ❡ ♠ ♦ ❞✐ ✜ ❡ ❞ ❢ ♦ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✳ ❚ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ❧ ② ❞ ❡ ❝ ✐ ❜ ❡ ❞ ❛❧ ❣ ♦ ✐ ❤ ♠
✇ ❛ ✉ ❡ ❞ ♦ ❞ ❡ ✐ ❣ ♥ ❤ ❡ ❜✐ ♥ ❛ ② ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ✭ ❉ ❖ ❊✮ ❢ ♦ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✳
❚ ❤ ❡ ❉ ❖ ❊ ❤ ❛ ❛ ❞✐ ❛ ♠ ❡ ❡ ♦❢ ✷ ✺ ✵ ➭ ♠ ❛ ♥ ❞ ❛ ❝ ❡ ♥ ❛❧ ♦ ♣ ♦❢ ✶ ✺ ✵ ➭ ♠✳ ■ ❤ ❛ ❛ ♥
♦ ✉ ❡ ♠ ♦ ③ ♦ ♥ ❡ ✇✐ ❞ ❤ ♦❢ ✺ ✵ ♥ ♠ ❛ ♥ ❞ ❛ ❢ ♦ ❝ ❛❧ ❧ ❡ ♥ ❣ ❤ ♦❢ ✺✳ ✷ ♠ ♠ ❛ ❛ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤ ♦❢
λ = 3 .8 4 ♥ ♠✳ ❚ ❤ ❡ ❉ ❖ ❊ ❛ ♥ ❞ ❛ ❡ ❛ ♠ ♣❧ ❡ ✇ ❡ ❡ ❢ ❛ ❜ ✐ ❝ ❛ ❡ ❞ ✐ ♥ ❛ ♥ ❡❧ ❡ ❝ ♦ ♥ ❜ ❡ ❛ ♠
❜ ❛ ❡ ❞ ❧✐ ❤ ♦ ❣ ❛ ♣ ❤ ② ♣ ♦ ❝ ❡ ❛ ❤ ❡ ❍ ❡❧ ♠ ❤ ♦❧ ③ ❩ ❡ ♥ ✉ ♠ ❇ ❡ ❧✐ ♥✳
❊ ① ♣ ❡ ✐ ♠ ❡ ♥ ❤ ♦ ✇ ❡ ❞ ❤ ❛ ❤ ❡ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ❛ ❣ ❡ ♦❢ ❤ ❡ ❚ ❳ ▼ ✐ ♥ ♦ ✉ ✣ ❝✐ ❡ ♥ ❧ ②
✈✐ ❜ ❛ ✐ ♦ ♥✲❢ ❡ ❡ ❢ ♦ ❛❧✐ ❣ ♥✐ ♥ ❣ ❤ ❡ ❉ ❖ ❊✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ✇ ❡ ❞ ❡ ✐ ❣ ♥ ❡ ❞ ❛ ♥ ❛ ❞ ❛ ♣ ❡ ✇ ❤✐ ❝ ❤ ✇ ❛
❞✐ ❡ ❝ ❧ ② ♠ ♦ ✉ ♥ ❡ ❞ ♦ ❤ ❡ ❚ ❳ ▼ ❝ ❤ ❛ ♠ ❜ ❡ ✳ ❚ ❤✐ ❞✐ ❡ ❝ ♠ ♦ ✉ ♥ ✐ ♥ ❣ ❡ ♠ ♦ ✈ ❡ ❞ ✈✐ ❜ ❛ ✐ ♦ ♥ ✳
❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ❛ ♥ ❞ ✐❧ ♦❢ ❤ ❡ ❉ ❖ ❊ ❝ ♦ ✉❧ ❞ ♥ ♦ ❧ ♦ ♥ ❣ ❡ ❜ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ❞✳ ❆ ❡
❛ ♠ ♣❧ ❡✱ ✇ ❡ ✉ ❡ ❞ ✶ ✷ ✵ ♥ ♠ ❤✐ ❣ ❤ ❣ ♦❧ ❞ ✉ ❝ ✉ ❡ ♦ ♥ ❛ ❙✐ ✸ ◆ ✹ ♠ ❡ ♠ ❜ ❛ ♥ ❡✳ ❆ ❞ ❡ ❝ ✐ ❜ ❡ ❞
❜ ❡❢ ♦ ❡✱ ❤ ❡ ❛ ♠ ♣❧ ❡ ❝ ♦ ♥ ✐ ♦❢ ❢ ♦ ✉ ✉ ❛ ❡ ❛ ❡ ❛ ✇ ❤✐ ❝ ❤ ✐ ♥ ❝❧ ✉ ❞ ❡ ❛ ♣ ❛ ❡ ♥ ♦❢ ✒ ❚✏ ✐ ♥
✈ ❛ ✐ ♦ ✉ ♦ ✐ ❡ ♥ ❛ ✐ ♦ ♥ ✳ ❊ ❛ ❝ ❤ ❛ ❡ ❛ ❛❧ ♦ ✐ ♥ ❝❧ ✉ ❞ ❡ ❢ ♦ ✉ ❙✐ ❡ ♠ ❡ ♥ ❛ ✇ ❤✐ ❝ ❤ ❤ ❛ ✈ ❡ ♣✐ ❦ ❡
✶ ✶ ✽ ❈ ❍ ❆ ❚ ❊ ❘ ✼✳ ❍ ❖ ▲ ❖ ● ❘ ❆ ❍ ❨ ❆ ◆ ❉ ❉■ ❋ ❋ ❘ ❆ ❈ ❚■ ❱ ❊ ❖ ❚■ ❈ ❆ ▲ ❊ ▲ ❊ ▼ ❊ ◆ ❚ ❙
✭ ❛ ✮ ♣ ❡ ❞✐ ❝ ❡ ❞ ❡❢ ❡ ❡ ♥ ❝ ❡ ✭ ❜ ✮ ♠ ❡ ❛ ✉ ❡ ❞ ❡❢ ❡ ❡ ♥ ❝ ❡
❋✐ ❣ ✉ ❡ ✼✳ ✺✿ ❆ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ♣ ❡ ❞✐ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ❤ ❡ ♠ ❡ ❛ ✉ ❡ ❞
❡❢ ❡ ❡ ♥ ❝ ❡ ♣ ♦ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❤ ❡ ❉ ❖ ❊ ❤ ♦ ✇ ❛ ❣ ♦ ♦ ❞ ❛ ❣ ❡ ❡ ♠ ❡ ♥ ✳
❜ ❡ ✇ ❡ ❡ ♥ ✷ ✵ ♥ ♠ ❛ ♥ ❞ ✶ ✵ ✵ ♥ ♠ ✇✐ ❞ ❤✳ ■ ♥ ❤ ❡ ❝ ❡ ♥ ❡ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡✱ ❛ ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥
❋ ❩ ✇✐ ❤ ✷ ✵ ✶ ③ ♦ ♥ ❡ ❛ ♥ ❞ ❛ ♥ ♦ ✉ ❡ ♠ ♦ ③ ♦ ♥ ❡ ✇✐ ❞ ❤ ♦❢ ✸ ✾✳ ✶ ♥ ♠ ✐ ✐ ♥ ❝❧ ✉ ❞ ❡ ❞✳ ❚ ❤✐
③ ♦ ♥ ❡ ♣❧ ❛ ❡ ✇ ❛ ❧ ❛ ❡ ✉ ❡ ❞ ♦ ✐ ♠ ❛ ❣ ❡ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣ ❛ ❡ ♥ ♦❢ ❤ ❡ ❉ ❖ ❊✳ ❉ ✉ ❡ ♦ ❤ ❡
♣ ❛ ❝ ❡ ❝ ♦ ♥ ❛✐ ♥ ✐ ♥ ❤ ❡ ❚ ❳ ▼✱ ✇ ❡ ❞✐ ❞ ♥ ♦ ✐ ♥ ❝❧ ✉ ❞ ❡ ❛ ❡ ♣ ❛ ❛ ❡ ♣✐ ♥ ❤ ♦❧ ❡ ❢ ♦ ❤ ❡ ♦ ❞ ❡
♦ ✐ ♥ ❣ ❛ ♣ ❡ ✉ ❡ ✭ ❖ ❙ ❆✮✳ ■ ♥ ❡ ❛ ❞✱ ❤ ❡ ✇✐ ♥ ❞ ♦ ✇ ♦❢ ❤ ❡ ❉ ❖ ❊ ✇ ❛❢ ❡ ❛ ♥ ❞ ❤ ❡ ❝ ❡ ♥ ❛❧
♦ ♣ ♦❢ ❤ ❡ ❉ ❖ ❊ ✇ ❡ ❡ ♠ ❛ ❝ ❤ ❡ ❞ ♦ ❤ ❛ ❤ ❡ ✶ ✵ ✵ ♥ ♠ ✇✐ ❞ ❤ ♦❢ ❤ ❡ ✇ ❛❢ ❡ ❢ ♦ ♠ ❡ ❞ ❛ ♥
♦ ❞ ❡ ♦ ✐ ♥ ❣ ❛ ♣ ❡ ✉ ❡✳ ❆ ❞ ❡ ❡ ❝ ♦ ✱ ✇ ❡ ✉ ❡ ❞ ❤ ❡ ❤✐ ♥ ♥ ❡ ❞✱ ❜ ❛ ❝ ❦ ✐ ❞ ❡ ✐❧❧ ✉ ♠✐ ♥ ❛ ❡ ❞
❈ ❈ ❉ ❢ ♦ ♠ ❤ ❡ ❚ ❳ ▼ ✭ ❘ ♦ ♣ ❡ ❙ ❝✐ ❡ ♥ ✐ ✜ ❝✱ ■ ❙ ❳ ✶ ✸ ✵ ✵✮✳ ❚ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡
❢ ♦ ❝ ❛❧ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❉ ❖ ❊ ❛ ♥ ❞ ❤ ❡ ❈ ❈ ❉ ✇ ❛ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡❧ ② ✸ ✷ ❝ ♠✳ ❯ ♥ ❞ ❡ ❤ ❡ ❡
❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✱ ❤ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ♣ ❡ ✉ ❡ ✐ N A ≈ 0 .0 4 . ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ❜ ❡ ❛ ❝ ❤✐ ❡ ✈ ❛ ❜❧ ❡
❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧❧ ② ❛ ❜ ♦ ✉ ✺ ✵ ♥ ♠✳
❉ ✉ ✐ ♥ ❣ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✱ ✇ ❡ ✜ ❡ ❡ ❞ ❤ ❡ ♣ ❡ ❢ ♦ ♠ ❛ ♥ ❝ ❡ ♦❢ ❤ ❡ ❉ ❖ ❊ ❜ ② ✐ ♠ ❛ ❣✐ ♥ ❣
❤ ❡ ❧✐ ❣ ❤ ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❉ ❖ ❊ ✇✐ ❤ ❛ ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ❋ ❩ ✳ ❆
✈✐ ✉ ❛❧ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧❧ ② ♣ ❡ ❞✐ ❝ ❡ ❞ ❛ ♥ ❞ ❤ ❡ ♠ ❡ ❛ ✉ ❡ ❞ ❢ ♦ ❝ ❛❧ ♣ ♦
❤ ♦ ✇ ❛ ❣ ♦ ♦ ❞ ❛ ❣ ❡ ❡ ♠ ❡ ♥ ❛ ❡ ❡ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✼✳ ✺✳
■ ♥ ❛ ❡ ❝ ♦ ♥ ❞ ❡ ♣✱ ❤ ❡ ❡ ❛ ♠ ♣❧ ❡ ✇ ❛ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞✳ ❚ ❤ ❡ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ♦ ♥
❤ ❡ ❡ ❛ ♠ ♣❧ ❡ ✇ ❛ ❤ ❡ ♥ ✉ ❡ ❞ ♦ ✐ ♠ ❛ ❣ ❡ ❤ ❡ ❧✐ ❣ ❤ ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣ ❛ ❡ ♥
♦❢ ❤ ❡ ❉ ❖ ❊ ❛ ❣ ❛✐ ♥✳ ❚ ❤✐ ❡ ♣ ✇ ❛ ✉ ❡ ❞ ♦ ❡ ✐ ♠ ❛ ❡ ❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❜ ❡ ✇ ❡ ❡ ♥ ❉ ❖ ❊
❛ ♥ ❞ ❡ ❛ ♠ ♣❧ ❡✳ ❆❢ ❡ ✇ ❛ ❞ ✱ ✇ ❡ ❤✐❢ ❡ ❞ ❤ ❡ ❛ ♠ ♣❧ ❡ ✐ ♥ ♦ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡
❉ ❖ ❊ ❛ ♥ ❞ ❛ ❡ ❝ ❛ ♥ ♥ ❡ ❞ ♦ ♥ ❡ ♦❢ ❤ ❡ ✉ ❛ ❡ ❡ ❛ ❡ ❛ ✳ ❚ ❤ ❡ ❝ ❛ ♥ ♥ ❡ ❞ ❛ ❡ ❛ ✐ ✹ ✵ ①
✹ ✵ ➭ ♠ ❛ ❛ ❡ ♣ ✇✐ ❞ ❤ ♦❢ ✷ ➭ ♠✳ ❙✐ ♥ ❝ ❡ ❤ ❡ ❤✐ ♥ ♥ ❡ ❞ ✇ ❛❢ ❡ ✇✐ ♥ ❞ ♦ ✇ ❛❧ ♦ ❛ ❝ ❡ ❞ ❛
♦ ❞ ❡ ♦ ✐ ♥ ❣ ❛ ♣ ❡ ✉ ❡ ✭ ❖ ❙ ❆✮✱ ✇ ❡ ❝ ♦ ✉❧ ❞ ♥ ♦ ❡ ♠ ♦ ✈ ❡ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ✐ ✇ ❛
♥ ♦ ♣ ♦ ✐ ❜❧ ❡ ♦ ❛ ❝ ✉✐ ❡ ✢ ❛ ✜ ❡❧ ❞ ✐ ♠ ❛ ❣ ❡ ✱ ❤ ❛ ✐ ✐ ♠ ❛ ❣ ❡ ✇✐ ❤ ♦ ✉ ❛ ♠ ♣❧ ❡✳ ❚ ❤ ❡ ❡ ✢ ❛
✼✳ ✸✳ ❆ ◆ ❆ ▲ ❨ ❙■ ❙ ❖ ❋ ❊ ❳ ❊ ❘■ ▼ ❊ ◆ ❚ ❆ ▲ ❉ ❆ ❚ ❆ ✶ ✶ ✾
✜ ❡❧ ❞ ✐ ♠ ❛ ❣ ❡ ❛ ❡ ✉ ✉ ❛❧❧ ② ❡ ✉✐ ❡ ❞ ❢ ♦ ♥ ♦ ♠ ❛❧✐ ③✐ ♥ ❣ ❤ ❡ ❤ ♦❧ ♦ ❣ ❛ ♠ ✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡
✉ ♥ ❞ ❡ ❧ ②✐ ♥ ❣ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ♣ ♦ ✜❧ ❡ ❤ ❛ ♦ ❜ ❡ ✐ ♥ ❡ ♣ ♦❧ ❛ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❞ ❛ ❛✳
❚ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ✇ ❡ ✉ ❡ ❞ ♣ ❡✲ ❡ ①✐ ✐ ♥ ❣ ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ♦❢ ❤ ❡ ❚ ❳ ▼ ✐ ♠ ♣❧✐ ✜ ❡ ❞ ❤ ❡ ❞ ❡ ✐ ❣ ♥
❛ ♥ ❞ ❡ ❞ ✉ ❝ ❡ ❞ ❤ ❡ ❝ ♦ ❛ ♥ ❞ ❛ ♠ ♦ ✉ ♥ ♦❢ ✐ ♠ ❡ ❡ ✉✐ ❡ ❞ ♦ ❛ ❡ ♠ ❜❧ ❡ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✱
❜ ✉ ♦ ♠ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ❤ ❡ ❡ ✉ ♣ ✇ ❡ ❡ ♥ ♦ ❛ ✈ ❛✐❧ ❛ ❜❧ ❡ ✇✐ ❤ ❤ ❡ ♣ ❡ ❝✐ ✐ ♦ ♥ ❡ ✉✐ ❡ ❞ ❢ ♦
❤ ❡ ❡ ✈ ❛❧ ✉ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ❤ ❛ ✈ ❡ ♦ ❜ ❡ ✐ ♥❢ ❡ ❡ ❞
❢ ♦ ♠ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❞ ❛ ❛✳ ❚ ❤ ❡ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ✐ ♥ ❝❧ ✉ ❞ ❡ ❤ ❡ ❡ ① ❛ ❝ ❞✐ ❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥
❛ ♠ ♣❧ ❡ ❛ ♥ ❞ ❞ ❡ ❡ ❝ ♦ ❛ ✇ ❡❧❧ ❛ ❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡ ❞ ✉ ✐ ♥ ❣ ❤ ❡ ❝ ❛ ♥✳ ❚ ❤ ❡ ❡
✇ ♦ ♣ ❛ ❛ ♠ ❡ ❡ ❛ ❡ ❡ ❡ ♥ ✐ ❛❧ ❢ ♦ ❤ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ❛ ♥ ❡ ① ❡ ♥ ❞ ❡ ❞ ✜ ❡❧ ❞ ♦❢ ✈✐ ❡ ✇✳
✼✳ ✸✳ ✸ ❆ ♥ ❛❧ ② ✐ ♦❢ ❤ ❡ ❊ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❉ ❛ ❛
❉ ✉ ✐ ♥ ❣ ❤ ❡ ❡ ✈ ❛❧ ✉ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❞ ❛ ❛✱ ♦ ♥ ❡ ❝ ❤ ❛❧❧ ❡ ♥ ❣ ❡ ✇ ❛ ❤ ❛ ♦ ♠ ❡ ♦❢ ❤ ❡
♥ ❡ ❝ ❡ ❛ ② ♣ ❛ ❛ ♠ ❡ ❡ ❤ ❛ ❞ ♦ ❜ ❡ ✐ ♥❢ ❡ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ❞ ❛ ❛ ❜ ❡❢ ♦ ❡ ❛ ♥ ② ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥
❝ ♦ ✉❧ ❞ ❜ ❡ ❛ ❡ ♠ ♣ ❡ ❞✳ ❙ ♦ ♠ ❡ ♦❢ ❤ ♦ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ❛ ❡ ✐ ♥ ✐ ♥ ✐ ❝ ❛❧❧ ② ✇ ❡❧❧ ❦ ♥ ♦ ✇ ♥✱ ❡✳ ❣✳
❤ ❡ ♣ ❤ ♦ ♦ ♥ ❡ ♥ ❡ ❣ ② ✐ ❣✐ ✈ ❡ ♥ ❜ ② ❤ ❡ ♠ ♦ ♥ ♦ ❝ ❤ ♦ ♠ ❛ ♦ ❛ ♥ ❞ ✐ ❡ ❝ ♦ ❞ ❡ ❞ ❞ ✉ ✐ ♥ ❣ ❤ ❡
❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✳ ❖ ❤ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ❤ ❛ ✈ ❡ ♦ ❜ ❡ ❡ ✐ ♠ ❛ ❡ ❞ ❢ ♦ ♠ ♣ ✐ ♦ ❦ ♥ ♦ ✇❧ ❡ ❞ ❣ ❡✱ ❡✳ ❣✳
❤ ❡ ❞✐ ❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❉ ❖ ❊ ❛ ♥ ❞ ❈ ❈ ❉ ❝ ❛ ♥ ❜ ❡ ❡ ❝ ♦ ✈ ❡ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ✉ ❡ ❞ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤✱
❤ ❡ ❦ ♥ ♦ ✇❧ ❡ ❞ ❣ ❡ ❛ ❜ ♦ ✉ ❤ ❡ ❢ ♦ ❝ ❛❧ ❧ ❡ ♥ ❣ ❤ ♦❢ ❤ ❡ ❉ ❖ ❊ ❛ ♥ ❞ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ✐ ♠ ❛ ❣ ❡ ✳
❚ ❤ ❡ ✜ ❡ ♣ ♦❢ ❤ ❡ ❡ ✈ ❛❧ ✉ ❛ ✐ ♦ ♥ ❝ ♦ ♥ ✐ ♦❢ ❡ ✐ ♠ ❛ ✐ ♥ ❣ ❤ ❡ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ✇✐ ❤ ♦ ✉
❤ ❡ ❛ ♠ ♣❧ ❡✳ ■ ♥ ❛ ♥ ❛❧ ♦ ❣ ② ♦ ♣ ❤ ♦ ♦ ❣ ❛ ♣ ❤ ②✱ ✇ ❡ ✇✐❧❧ ❝ ❛❧❧ ❤✐ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ❛ ♥ ❞ ✐
❡ ✉❧ ✐ ♥ ❣ ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ❤ ❡ ✒ ✢ ❛ ✜ ❡❧ ❞✏✳ ❆ ♣ ❡ ✈✐ ♦ ✉ ❧ ②
❛ ❡ ❞✱ ✐ ✇ ❛ ♥ ♦ ♣ ♦ ✐ ❜❧ ❡ ♦ ❞✐ ❡ ❝ ❧ ② ♠ ❡ ❛ ✉ ❡ ❤ ❡ ✢ ❛ ✜ ❡❧ ❞ ✐ ♥ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✳
❚ ❤ ❡ ❡❢ ♦ ❡✱ ❛ ♥ ❛❧ ❣ ♦ ✐ ❤ ♠ ✇ ❛ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❡ ❞ ✇ ❤✐ ❝ ❤ ❡ ✐ ♠ ❛ ❡ ❤ ❡ ✢ ❛ ✜ ❡❧ ❞ ❢ ♦ ♠ ❛ ♥
✐ ♠ ❛ ❣ ❡ ❡ ✐ ❡ ✳ ❆ ♥ ❛✐ ✈ ❡ ❡ ✐ ♠ ❛ ❡ ♦❢ ❤ ❡ ✢ ❛ ✜ ❡❧ ❞ ✐ ❤ ❡ ♠ ❡ ❛ ♥ ♦❢ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ❡ ✐ ❡ ✳ ❆
❜ ❡ ❡ ❡ ✐ ♠ ❛ ♦ ✐ ❤ ❡ ♠ ❡ ❞✐ ❛ ♥✳ ❉ ✉ ❡ ♦ ❤ ❡ ❧ ❛ ❣ ❡ ❛ ♠ ♦ ✉ ♥ ♦❢ ❞ ❛ ❛✱ ❤ ❡ ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥
♦❢ ❤ ❡ ♠ ❡ ❞✐ ❛ ♥ ✐ ♥ ♦ ✈✐ ❛ ❜❧ ❡✳ ■ ♥ ❡ ❛ ❞✱ ❛ ♥ ♦ ♥❧✐ ♥ ❡ ❛❧ ❣ ♦ ✐ ❤ ♠ ❢ ♦ ✈ ❛ ✐ ❛ ♥ ❝ ❡✱ ❦ ❡ ✇ ♥ ❡
❛ ♥ ❞ ♠ ❡ ❛ ♥ ✐ ✉ ❡ ❞ ♦ ❡ ✐ ♠ ❛ ❡ ❤ ❡ ♠ ❡ ❞✐ ❛ ♥ ❢ ♦ ❤ ❡ ❛ ❜ ♦❧ ✉ ❡ ✐ ♥ ❡ ♥ ✐ ② ❛ ✇ ❡❧❧ ❛ ❤ ❡
❡ ❛❧ ❛ ♥ ❞ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ♣ ❛ ♦❢ ❤ ❡ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤✐ ❝ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥✳ ❚ ❤ ❡
❡ ✐ ♠ ❛ ❡ ❞ ♠ ❡ ❞✐ ❛ ♥ ✐ ❤ ❡ ♥ ✉ ❡ ❞ ❛ ❡ ✐ ♠ ❛ ♦ ❢ ♦ ❤ ❡ ✢ ❛ ✜ ❡❧ ❞✳
■ ♥ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❡ ♣✱ ❤ ❡ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ❝ ❡ ❛ ❡ ❞ ❜ ② ❤ ❡ ❉ ❖ ❊ ✐ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧❧ ② ✐ ♥ ❡ ✲
♣ ♦❧ ❛ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❞ ❛ ❛ ❛ ♥ ❞ ❤ ❡ ♣ ✐ ♦ ❦ ♥ ♦ ✇❧ ❡ ❞ ❣ ❡ ♦❢ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣ ❛ ❡ ♥
♦❢ ❤ ❡ ❉ ❖ ❊✳ ❋ ♦ ❤✐ ✱ ❤ ❡ ♠ ❡ ❛ ♥ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤ ♦❢ ❤ ❡ ✉ ❡ ❞ ❛ ❞✐ ❛ ✐ ♦ ♥ ✐ ♥ ❡ ❡ ❞ ❡ ❞✳ ❲❡
✉ ❡ ❤ ❛ ❤ ❡ ♣ ❤ ♦ ♦ ♥ ❡ ♥ ❡ ❣ ② ✐ ❡ ❝ ♦ ❞ ❡ ❞ ✐ ♥ ❤ ❡ ❧ ♦ ❣ ✜❧ ❡ ♦❢ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛ ♥ ❞ ✐
❢ ♦ ❛❧❧ ♣ ❛ ❝ ✐ ❝ ❛❧ ♣ ✉ ♣ ♦ ❡ ❝ ♦ ♥ ❛ ♥ ✭ ❡ ❡ ❛ ❜❧ ❡ ✼✳ ✶✮✳ ❚ ❤ ❡ ♥✱ ✇ ❡ ✉ ❡ ❤ ❡ ❡ ✉ ❛ ✐ ♦ ♥
E = h c / λ ✳ ❍ ❡ ❡✱ ❊ ✐ ❤ ❡ ❡ ♥ ❡ ❣ ② ✐ ♥ ❬ ❡ ❱❪✱ λ ✐ ❤ ❡ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤✱ h ✐ ❧ ❛ ♥ ❝ ❦✬ ❝ ♦ ♥✲
❛ ♥ ≈ 4 .1 · 1 0 − 1 5 e V · s ❛ ♥ ❞ ❝ ✐ ❤ ❡ ♣ ❡ ❡ ❞ ♦❢ ❧✐ ❣ ❤ ✳ ❲✐ ❤ ❤✐ ♠ ❡ ❛ ♥ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤✱
❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ❢ ♦ ❝ ❛❧ ❧✐ ❣ ❤ ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ✐ ❝ ❛❧ ❝ ✉❧ ❛ ❡ ❞ ❢ ♦ ❤ ❡ ❢ ✉❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥ ❝ ❛ ❡✳ ❚ ❤✐
❝ ❛❧ ❝ ✉❧ ❛ ✐ ♦ ♥ ✐ ❜ ❛ ❡ ❞ ♦ ♥ ❤ ❡ ♣ ✐ ♦ ❦ ♥ ♦ ✇❧ ❡ ❞ ❣ ❡ ♦❢ ❤ ❡ ❉ ❖ ❊✳
✶ ✷ ✵ ❈ ❍ ❆ ❚ ❊ ❘ ✼✳ ❍ ❖ ▲ ❖ ● ❘ ❆ ❍ ❨ ❆ ◆ ❉ ❉■ ❋ ❋ ❘ ❆ ❈ ❚■ ❱ ❊ ❖ ❚■ ❈ ❆ ▲ ❊ ▲ ❊ ▼ ❊ ◆ ❚ ❙
✈ ❛❧ ✉ ❡ ❛ ♥ ❞ ❛ ❞ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥
♠ ❡ ❛ ♥ ❊ 3 2 2 .9 9 9 7 ❡ ❱ 0 .0 0 2 7 ❡ ❱
♠ ❡ ❛ ♥ λ 3 , 8 3 8 5 ♥ ♠ 0 .0 3 2 ♣ ♠
❞✐ ❛ ♥ ❝ ❡ ♦ ❈ ❈ ❉ 0 .3 1 9 6 ♠ ≈ 0 .0 0 2 ♠
❚ ❛ ❜❧ ❡ ✼✳ ✶✿ ❛ ❛ ♠ ❡ ❡ ❢ ♦ ♠ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛ ❤ ❡ ❯ ✹ ✶ ❚ ❳ ▼ ❜ ❡ ❛ ♠❧✐ ♥ ❡✳
❚ ❤✐ ♣ ❡ ❞✐ ❝ ❡ ❞ ❧✐ ❣ ❤ ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ✐ ❤ ❡ ♥ ✉ ❡ ❞ ♦ ❝ ❛❧ ❝ ✉❧ ❛ ❡ ❤ ❡ ✐ ♥ ❡ ♥ ✐ ② ♦ ♥ ❤ ❡
❞ ❡ ❡ ❝ ♦ ❢ ♦ ✈ ❛ ✐ ♦ ✉ ❞✐ ❛ ♥ ❝ ❡ ✳ ❚ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ❧ ② ❝ ♦ ♠ ♣ ✉ ❡ ❞ ❡ ✐ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✢ ❛
✜ ❡❧ ❞ ❢ ♦ ♠ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ✐ ♠ ❛ ❣ ❡ ❡ ✐ ❡ ❛ ♥ ❞ ❤ ❡ ♥ ❡ ✇ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ❡ ✐ ♠ ❛ ♦ ❛ ❡
❝ ♦ ♠ ♣ ❛ ❡ ❞✳ ❋ ♦ ♠ ❤✐ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥✱ ❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ❛ ♥ ❞ ♦ ✐ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣❧ ❛ ♥ ❡
✐ ♥ ❡❧ ❛ ✐ ♦ ♥ ♦ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ❛ ❡ ❡ ✐ ♠ ❛ ❡ ❞✳ ❚ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❞ ❡ ❡ ❝ ♦ ❛ ♥ ❞ ❢ ♦ ❝ ❛❧
♣❧ ❛ ♥ ❡ ❡❧ ❛ ❡ ❤ ❡ ✐ ③ ❡ ❛ ♥ ❞ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ♦ ❤ ❡ ♣✐ ① ❡❧ ✐ ③ ❡ ❛ ♥ ❞ ♥ ✉ ♠ ❜ ❡ ✐ ♥
❤ ❡ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤✐ ❝ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥✳ ❚ ❤ ❡ ❡ ① ❛ ❝ ❡❧ ❛ ✐ ♦ ♥ ❤✐ ♣ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❤ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧
❋ ❡ ♥ ❡❧ ♣ ♦ ♣ ❛ ❣ ❛ ♦ ✉ ❡ ❞✳ ❍ ❡ ❡✱ ✐ ✐ ❛ ✉ ♠ ❡ ❞ ♦ ❜ ❡ ∆ 2 = λ z 1 ,2∆ 1 N ✱ ✐ ♥ ❛ ❝ ❝ ♦ ❞ ❛ ♥ ❝ ❡ ✇✐ ❤❛ ♣ ♣ ❡ ♥ ❞✐ ① ❆✳ ∆ i ✐ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ❤ ❡ it h ♣❧ ❛ ♥ ❡✱ z 1 ,2 ✐ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ✜
❛ ♥ ❞ ❡ ❝ ♦ ♥ ❞ ♣❧ ❛ ♥ ❡ ❛ ♥ ❞ N ✐ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ♣✐ ① ❡❧ ❛❧ ♦ ♥ ❣ ❤ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥✳
◆ ♦ ✇✱ ✇ ♦ ❞✐ ✛ ❡ ❡ ♥ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❡ ❝ ❤ ♥✐ ✉ ❡ ❝ ❛ ♥ ❜ ❡ ❛ ♣ ♣❧✐ ❡ ❞✳ ❖ ♥ ❡ ❝ ❛ ♥ ❡✐ ❤ ❡
❡ ❝ ♦ ♥ ✉ ❝ ❛ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ❛ ♥ ♠✐ ✐ ♦ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ❜❥ ❡ ❝
❜ ② ✉ ✐ ♥ ❣ ❛ ♣ ② ❝ ❤ ♦ ❣ ❛ ♣ ❤✐ ❝ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥✳ ❚ ❤✐ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✇ ❛ ✐ ❡ ❞ ❜ ✉ ♣ ♦ ✈ ❡ ❞
❞✐ ✣ ❝ ✉❧ ❞ ✉ ❡ ♦ ❤ ❡ ✉ ♥ ❝ ❡ ❛✐ ♥ ✐ ❡ ✐ ♥ ❤ ❡ ❡❧ ❛ ✐ ✈ ❡✱ ❧ ❛ ❡ ❛❧ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡
❜ ❡ ✇ ❡ ❡ ♥ ✐ ♠ ❛ ❣ ❡ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❛ ♥ ❡ ✇ ❛❧ ❣ ♦ ✐ ❤ ♠ ✐ ❝ ✉ ❡ ♥ ❧ ② ✐ ♥ ❞ ❡ ✈ ❡❧ ♦ ♣ ♠ ❡ ♥ ❛ ♥ ❞ ❤ ❡
✜ ❡ ✉❧ ❛ ❡ ♣ ♦ ♠✐ ✐ ♥ ❣✳ ❚ ❤ ❡ ❛❧ ❣ ♦ ✐ ❤ ♠ ✐ ❜ ❛ ❡ ❞ ♦ ♥ ❤ ❡ ❡ ① ❡ ♥ ❞ ❡ ❞ ♣ ② ❝ ❤ ♦ ❣ ❛ ♣ ❤ ②
✐ ❡ ❛ ✐ ✈ ❡ ❡ ♥ ❣✐ ♥ ❡ ✭ ❡ ■ ❊ ❬ ✺ ✵✱ ✷ ✵❪✮ ❛ ♥ ❞ ✐ ♥ ❝❧ ✉ ❞ ❡ ❛ ♥ ❛❧✐ ❣ ♥ ♠ ❡ ♥ ❡ ♣ ✇ ❤✐ ❝ ❤ ✐ ❜ ❛ ❡ ❞ ♦ ♥
❤ ❡ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ♣ ❛ ❡ ♥✳
❋ ♦ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❡ ❝ ❤ ♥✐ ✉ ❡✱ ❤ ❡ ✐ ♥ ✈ ❡ ❡ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ♦❢ ❤ ❡
♠ ❡ ❛ ✉ ❡ ❞ ✐ ♥ ❡ ♥ ✐ ② ✐ ✉ ❡ ❞✳ ❚ ❤ ❡ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ❜ ❛ ❝ ❦ ❣ ♦ ✉ ♥ ❞ ❢ ♦ ❤✐ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✐ ❤ ❛
❤ ❡ ❢ ❛ ✜ ❡❧ ❞ ♣ ❛ ❡ ♥ ✐ ✐ ♥ ❤ ❡ ❋ ❛ ✉ ♥ ❤ ♦❢ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♦ ❤ ❡ ❋ ♦ ✉ ✐ ❡
❛ ♥ ❢ ♦ ♠ ♦❢ ❤ ❡ ♦ ✐ ❣✐ ♥ ❛❧ ✜ ❡❧ ❞✳ ■ ♥ ❛ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✱ ❤ ❡
✐ ♥ ❡ ♥ ✐ ② ♦ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ❡ ✉❧ ❢ ♦ ♠ ❛ ♥ ✐ ♥ ❡ ❢ ❡ ❡ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❡❢ ❡ ❡ ♥ ❝ ❡ ❛ ♥ ❞
❤ ❡ ❝ ❛ ❡ ❡ ❞ ✜ ❡❧ ❞ I d et e ct o r = |ψ r e f e r e n c e + ψ s a m pl e |2 . ❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♦ ♥ ❤ ♦ ✇
❤ ❛ ❛ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❧ ❡ ❛ ❞ ♦ ❛ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ❋✐ ✱ ✇ ❡ ❡ ① ♣ ❛ ♥ ❞
❤ ❡ ❡ ① ♣ ❡ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ✐ ♥ ❡ ♥ ✐ ②
I d et e ct o r [x, y ] = |ψ r e f e r e n c e + ψ s a m pl e |2 [x, y ] ✭ ✼✳ ✷✮
= (ψ r e f + ψ s a m ) · (ψ r e f + ψ s a m ) [x, y ]
= ψ r e f ψ r e f + ψ s a m ψ r e f + ψ r e f ψ s a m + ψ s a m ψ s a m .
✼✳ ✸✳ ❆ ◆ ❆ ▲ ❨ ❙■ ❙ ❖ ❋ ❊ ❳ ❊ ❘■ ▼ ❊ ◆ ❚ ❆ ▲ ❉ ❆ ❚ ❆ ✶ ✷ ✶
❍ ❡ ❡✱ ❤ ❡ ✜ ❡❧ ❞ ✐ ♣ ❛ ✐ ✐ ♦ ♥ ❡ ❞ ✐ ♥ ♦ ❤ ❡ ❡❢ ❡ ❡ ♥ ❝ ❡ (ψ r e f ) ❛ ♥ ❞ ❛ ♠ ♣❧ ❡ ✐ ❣ ♥ ❛❧ (ψ s a m )
♦ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✳ ◆ ♦ ✇✱ ✇ ❡ ❤ ♦ ✇ ❤ ♦ ✇ ❛ ♥ ❡ ✐ ♠ ❛ ♦ ♦❢ ❤ ❡ ✜ ❡❧ ❞ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡ ✐
❝ ♦ ♠ ♣ ✉ ❡ ❞ ❢ ♦ ♠ ❤✐ ❡ ① ♣ ❛ ♥ ✐ ♦ ♥ ❜ ② ❛ ♥ ✐ ♥ ✈ ❡ ❡ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠✳  ▲ ❡ z 0 ❜ ❡ ❤ ❡
♣❧ ❛ ♥ ❡ ❝ ♦ ♥ ❛✐ ♥✐ ♥ ❣ ❤ ❡ ❡❢ ❡ ❡ ♥ ❝ ❡ ❛ ♥ ❞ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ▲ ❡ z 1 ❜ ❡ ❤ ❡ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✳
❲❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❤ ❡ ❡❢ ❡ ❡ ♥ ❝ ❡ (U r e f ) ❛ ♥ ❞ ❛ ♠ ♣❧ ❡ ✐ ❣ ♥ ❛❧ (U s a m ) ✐ ♥ ❤ ❡ z 0 ♣❧ ❛ ♥ ❡✳ ❚ ❤ ❡ ♥✱
❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✷✳ ✽✮
ψ [x 1 , y1 , z1 ] ≈ − i e x p [ i k (z 1 − z 0 )]λ (z 1 − z 0 ) e x p
i k (x 21 + y 21 )
2 ( z 1 − z 0 )
R 2
U [x 0 , y0 , z0 ] e x p − i k(z 1 − z 0 ) (x 0 x 1 + y 0 y 1 ) d x 0 d y 0 .
❆ ✐ ♠ ♣❧ ❡ ✉ ❜ ✐ ✉ ✐ ♦ ♥ ✭ x = x 0 · 1λ ( z 1 − z 0 ) ❛ ♥ ❞ y = y 0 · 1λ ( z 1 − z 0 ) ✮ ❤ ♦ ✇ ❤ ❛ ❤✐ ✐❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦
ψ [x 1 , y1 , z1 ] ≈ e x p [ i k (z 1 − z 0 )]i λ3 (z 1 − z 0 ) 3 e x p
i k (x 21 + y 21 )
2 ( z 1 − z 0 )
· F [U [λ (z 1 − z 0 ) x , λ (z 1 − z 0 ) y , z0 ]] .
❆ ♣ ♣❧ ②✐ ♥ ❣ ❤ ❡ ❧ ❛ ❡ ✉ ❛ ✐ ♦ ♥ ♦ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✼✳ ✷✮ ②✐ ❡❧ ❞
I = ψ r e f ψ r e f + ψ s a m ψ r e f + ψ r e f ψ s a m + ψ s a m ψ s a m
≈ 1λ 6 (z 1 − z 0 ) 6
F U r e f λ (z 1 − z 0 ) x , λ (z 1 − z 0 ) y , z0 F [U r e f [λ (z 1 − z 0 ) x , λ (z 1 − z 0 ) y , z0 ]] +
. . .
F U s a m λ (z 1 − z 0 ) x , λ (z 1 − z 0 ) y , z0 F [U s a m [λ (z 1 − z 0 ) x , λ (z 1 − z 0 ) y , z0 ]] .
❲❡ ✉ ❡ ❛ ♥ ✐ ♥ ✈ ❡ ❡ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ♥ ❞ ❛ ♣ ♣❧ ② ❤ ❡ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ❤ ❡ ♦ ❡ ♠ ✭ ❊✳ ✻✮✳
❖ ♠✐ ✐ ♥ ❣ ❤ ❡ ❛ ❣ ✉ ♠ ❡ ♥ ♦❢ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✱ ✇ ❡ ❣ ❡ ✿
F − 1 [I ] = 1λ 6 (z 1 − z 0 ) 6
F − 1 F [U r e f ] F [U r e f ] + F [U s a m ] F [U r e f ]
+ F [U r e f ] F [U s a m ] + F [U s a m ] F [U s a m ]
= 1λ 6 (z 1 − z 0 ) 6
F − 1 [F [U r e f ]] ∗ F − 1 F [U r e f ] + F − 1 [F [U s a m ]] ∗ F − 1 F [U r e f ]
+ F − 1 [F [U r e f ]] ∗ F − 1 F [U s a m ] + F − 1 [F [U s a m ]] ∗ F − 1 F [U s a m ] .
✶ ✷ ✷ ❈ ❍ ❆ ❚ ❊ ❘ ✼✳ ❍ ❖ ▲ ❖ ● ❘ ❆ ❍ ❨ ❆ ◆ ❉ ❉■ ❋ ❋ ❘ ❆ ❈ ❚■ ❱ ❊ ❖ ❚■ ❈ ❆ ▲ ❊ ▲ ❊ ▼ ❊ ◆ ❚ ❙
F − 1 [I ] = 1λ 6 (z 1 − z 0 ) 6 U r e f ∗ U r e f ◦ − I d + U s a m ∗ U r e f ◦ − I d
+ U r e f ∗ U s a m ◦ − I d + U s a m ∗ U s a m ◦ − I d .
❋ ♦ ❤ ❡ ❧ ❛ ❡ ♣✱ ✇ ❡ ✉ ❡ ❞ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ❤ ❡ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ✭ ❡ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ❊✳ ✹✮✮✳
❚ ❤ ❡ ✇ ♦ ✉ ♥ ❞ ❡ ❧✐ ♥ ❡ ❞ ❡ ♠ ✐ ♥ ❤ ❡ ❧ ❛ ❡ ✉ ❛ ✐ ♦ ♥ ❛ ❡ ❤ ❡ ❋ ❚ ❍ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢
❤ ❡ ❛ ♠ ♣❧ ❡✳ ❖ ❜ ✈✐ ♦ ✉ ❧ ②✱ ❤ ❡ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❛ ❡ ❜❧ ✉ ❡ ❞ ❜ ② ❤ ❡ ❤ ❛ ♣ ❡ ♦❢ ❤ ❡
❡❢ ❡ ❡ ♥ ❝ ❡✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❛ ♠ ❛❧❧ ❛ ♥ ❞ ✇ ❡❧❧ ❞ ❡ ✜ ♥ ❡ ❞ ❡❢ ❡ ❡ ♥ ❝ ❡ ✐ ❡ ❡ ♥ ✐ ❛❧✳ ❋ ♦ ❛ ♥ ♦ ♣ ✐ ♠ ❛❧
❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ✐ ❣ ♥ ❛❧✱ ❤ ❡ ✉ ♥ ❞ ❡ ❧✐ ♥ ❡ ❞ ❡ ♠ ❤ ♦ ✉❧ ❞ ❜ ❡ ❧ ❛ ❣ ❡ ✐ ♥ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦ ❤ ❡
♥ ♦ ♥✲ ✉ ♥ ❞ ❡ ❧✐ ♥ ❡ ❞ ❡ ♠ ✳ ❚ ❤✐ ❝ ❛ ♥ ❜ ❡ ❛ ❝ ❤✐ ❡ ✈ ❡ ❞ ❞ ✉ ✐ ♥ ❣ ❤ ❡ ❞ ❡ ✐ ❣ ♥ ♦❢ ❤ ❡ ❉ ❖ ❊ ❜ ②
♦ ♣ ✐ ♠✐ ③✐ ♥ ❣ ❤ ❡ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ♣ ♦ ✜❧ ❡ ✇ ❤✐ ❝ ❤ ❤ ❡ ❉ ❖ ❊ ❣ ❡ ♥ ❡ ❛ ❡ ✳
✭ ❛ ✮ ❘ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ✭ ❜ ✮ ❙ ❊ ▼ ✐ ♠ ❛ ❣ ❡ ♦❢ ❛ ♣ ♦ ❝ ❡ ❡ ❞ ✇ ❛❢ ❡ ✇✐ ❤ ❛ ♠ ♣❧ ❡✳
❋✐ ❣ ✉ ❡ ✼✳ ✻✿ ❚ ❤ ❡ ❛ ♠ ♣❧ ❡ ❝ ♦ ♥ ✐ ♦❢ ✈ ❛ ✐ ♦ ✉ ❣ ♦❧ ❞ ✉ ❝ ✉ ❡ ♦ ♥ ❛ ❤✐ ♥ ❙✐ ✸ ◆ ✹ ♠ ❡ ♠✲
❜ ❛ ♥ ❡✳ ■ ♥ ❤ ❡ ❝ ❡ ♥ ❡ ♦❢ ❤ ❡ ❤✐ ♥ ♥ ❡ ❞ ✇ ❛❢ ❡ ✱ ❛ ♥ ❋ ❩ ✐ ✈✐ ✐ ❜❧ ❡✳ ❚ ❤ ❡ ❋ ❩ ✇ ❛ ✉ ❡ ❞
♦ ♠ ❡ ❛ ✉ ❡ ❤ ❡ ✐ ♥ ❡ ♥ ✐ ② ✐ ♥ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❉ ❖ ❊✳
✭ ❛ ✮ ❋ ✉❧❧ ✈✐ ❡ ✇ ♦❢ ❤ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❢ ♦ ♠ ✐ ❝ ❤ ❡ ❞ ❤ ♦❧ ♦ ❣ ❛ ♠ ✳
✭ ❜ ✮ ❙ ❊ ▼ ✐ ♠ ❛ ❣ ❡ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡✳
■ ♥ ❤ ❡ ♥ ❡ ① ❡ ♣✱ ❤ ❡ ❡ ① ❡ ♥ ❞ ❡ ❞ ❡ ❛ ♠ ♣❧ ❡ ✐ ❡ ❝ ♦ ♥ ✉ ❝ ❡ ❞✳ ❚ ❤✐ ✐ ❞ ♦ ♥ ❡ ❜ ②
✐ ❝ ❤✐ ♥ ❣ ♦ ❣ ❡ ❤ ❡ ❋ ❚ ❍ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ✇ ❤✐ ❝ ❤ ✇ ❡ ❡ ❛ ❦ ❡ ♥ ❛ ❞✐ ✛ ❡ ❡ ♥ ✱ ❧ ❛ ❡ ❛❧ ♣ ♦✲
✐ ✐ ♦ ♥ ✳ ❚ ❤ ❡ ✐ ❝ ❤✐ ♥ ❣ ♣ ♦ ❝ ❡ ✐ ♥ ❝❧ ✉ ❞ ❡ ❛ ✇ ❡✐ ❣ ❤ ❡ ❞ ❛ ✈ ❡ ❛ ❣✐ ♥ ❣ ✇ ❤✐ ❝ ❤ ❡ ❞ ✉ ❝ ❡ ❤ ❡
❞ ❡ ❡ ✐ ♦ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ❜ ② ♣ ❡ ❝ ❦❧ ❡ ✳ ❚ ❤ ❡ ✉ ❛❧✐ ② ❛ ♥ ❞ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡✲
✉❧ ✐ ♥ ❣ ✐ ♠ ❛ ❣ ❡ ✐ ❡ ✐ ❝ ❡ ❞ ❜ ② ❤ ❡ ♣ ❡ ❝✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ✉ ❡ ❞ ❢ ♦ ❤ ❡ ✐ ❝ ❤✐ ♥ ❣✳
❙✐ ♥ ❝ ❡ ❤ ❡ ❧ ♦ ❣ ❣ ❡ ❞ ♣ ♦ ✐ ✐ ♦ ♥ ❛ ❡ ♥ ♦ ✉ ✣ ❝✐ ❡ ♥ ❧ ② ♣ ❡ ❝✐ ❡ ❢ ♦ ❤ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥✱ ❤ ❡ ②
❛ ❡ ♦ ♥❧ ② ✉ ❡ ❞ ❢ ♦ ❛ ♦ ✉ ❣ ❤ ✜ ❛❧✐ ❣ ♥ ♠ ❡ ♥ ❛ ♥ ❞ ❛ ❡ ❡ ✉ ❡ ♥ ✐ ❛❧❧ ② ✐ ♠ ♣ ♦ ✈ ❡ ❞ ❜ ② ❛ ❡ ♠✐✲
✼✳ ✸✳ ❆ ◆ ❆ ▲ ❨ ❙■ ❙ ❖ ❋ ❊ ❳ ❊ ❘■ ▼ ❊ ◆ ❚ ❆ ▲ ❉ ❆ ❚ ❆ ✶ ✷ ✸
✭ ❛ ✮ ❉ ❡ ❛✐❧ ❤ ♦ ✇✐ ♥ ❣ ✇ ♦ ❙✐ ❡ ♠ ❡ ♥ ❛ ✳ ✭ ❜ ✮ ❖ ✈ ❡ ✈✐ ❡ ✇✳
✭ ❝ ✮ ❉ ❡ ❛✐❧ ✉ ✐ ♥ ❣ ❡ ■ ❊✳ ✭ ❞ ✮ ❖ ✈ ❡ ✈✐ ❡ ✇ ✉ ✐ ♥ ❣ ❡ ■ ❊✳
❋✐ ❣ ✉ ❡ ✼✳ ✼✿ ❉ ❡ ❛✐❧ ❢ ♦ ♠ ❤ ❡ ❋ ❚ ❍ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✼✳ ✻ ❛✳
✭ ❛ ✮ ❉ ❡ ❛✐❧ ❢ ♦ ♠ ❤ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥✱ ❤ ♦ ✇✐ ♥ ❣ ✇ ♦ ❙✐ ❡ ♠ ❡ ♥ ❛ ✇✐ ❤ ❛ ❞✐ ❛ ♠ ❡ ❡ ♦❢
✻✳ ✺ ➭ ♠ ❛ ♥ ❞ ♦ ✉ ❡ ♠ ♦ ♣✐ ❦ ❡ ♦❢ ✶ ✵ ✵ ♥ ♠ ✭ ♥ ♦ ❡ ♦❧ ✈ ❡ ❞✮✳
✭ ❜ ✮ ❉ ❡ ❛✐❧ ❢ ♦ ♠ ❤ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥✱ ❤ ❡ ♦ ✐ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ♥ ❣❧ ② ❛ ❜ ♦ ❜✐ ♥ ❣ ❧✐ ♥ ❡
❡ ❡ ♠ ❜ ❡ ♥ ✇ ❤✐ ❝ ❤ ✐ ❛ ♥ ❛❧✐ ❣ ♥ ♠ ❡ ♥ ❛ ✐❢ ❛ ❝ ✳
✭ ❝ ✮ ❛ ♥ ❞ ✭ ❞ ✮ ❡❧✐ ♠✐ ♥ ❛ ② ❡ ✉❧ ❢ ♦ ♠ ❛ ♠ ♦ ❞✐ ✜ ❡ ❞ ❡ ■ ❊ ❜ ❛ ❡ ❞ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥✳ ❚ ❤ ❡
❛ ♠ ❡ ❡ ❣✐ ♦ ♥ ❛ ✐ ♥ ✭ ❛✮ ❛ ♥ ❞ ✭ ❜✮ ✐ ❤ ♦ ✇ ♥✳ ❆ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ✐ ♥ ❝ ❡ ❛ ❡ ✐ ♥ ❝ ♦ ♥ ❛ ❛ ♥ ❞
❡ ♦❧ ✉ ✐ ♦ ♥ ✇ ❛ ❛ ❝ ❤✐ ❡ ✈ ❡ ❞✳
✶ ✷ ✹ ❈ ❍ ❆ ❚ ❊ ❘ ✼✳ ❍ ❖ ▲ ❖ ● ❘ ❆ ❍ ❨ ❆ ◆ ❉ ❉■ ❋ ❋ ❘ ❆ ❈ ❚■ ❱ ❊ ❖ ❚■ ❈ ❆ ▲ ❊ ▲ ❊ ▼ ❊ ◆ ❚ ❙
❋✐ ❣ ✉ ❡ ✼✳ ✽✿ ● ❯■ ❢ ♦ ❤ ❡ ❡ ♠✐✲ ♠ ❛ ♥ ✉ ❛❧ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❛ ♥ ❞ ✐ ❝ ❤✐ ♥ ❣✳ ❙ ❡ ✈ ❡ ❛❧ ♣ ♦ ✐ ✐ ♦ ♥
♦ ♥ ❤ ❡ ❛ ♠ ♣❧ ❡ ✇ ❡ ❡ ❝ ❛ ♥ ♥ ❡ ❞ ❞ ✉ ✐ ♥ ❣ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✳ ■ ♥ ❛ ❡ ♠✐✲ ♠ ❛ ♥ ✉ ❛❧ ♣ ♦ ♣ ♦ ❝ ❡ ✱
❤ ❡ ❡ ① ❛ ❝ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ❛ ♥ ❛ ❡ ❡ ✐ ♠ ❛ ❡ ❞✳
❛ ✉ ♦ ♠ ❛ ✐ ❝ ❛❧✐ ❣ ♥ ♠ ❡ ♥ ❛❧ ❣ ♦ ✐ ❤ ♠✳ ❉✐ ✛ ❡ ❡ ♥ ❛❧✐ ❣ ♥ ♠ ❡ ♥ ♠ ❡ ❤ ♦ ❞ ✇ ❡ ❡ ❡ ❡ ❞✳ ❉ ✉ ❡
♦ ❤ ❡ ♦ ♥ ❣ ♣ ❡ ❝ ❦❧ ❡ ♥ ♦✐ ❡ ✐ ♥ ❤ ❡ ✐ ♥ ❣❧ ❡ ✐ ♠ ❛ ❣ ❡ ✱ ❤ ❡ ✉ ♣ ♣❧✐ ❡ ❞ ✐ ♠ ❛ ❣ ❡✲ ❡ ❣✐ ❛ ✐ ♦ ♥
♦ ✉ ✐ ♥ ❡ ✐ ♥ ▼ ❛ ❧ ❛ ❜ ❞✐ ❞ ♥ ♦ ✇ ♦ ❦ ❡❧✐ ❛ ❜❧ ②✳ ❚ ❤ ❡ ♠ ♦ ✉ ❝ ❝ ❡ ❢ ✉❧ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✇ ❛ ❜ ❛ ❡ ❞
♦ ♥ ♥ ♦ ♠ ❛❧✐ ③ ❡ ❞ ❝ ♦ ✲ ❝ ♦ ❡❧ ❛ ✐ ♦ ♥✳ ❚ ❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ✇ ❛ ❢ ♦ ✉ ♥ ❞ ❜ ② ♣✐ ❝ ❦✐ ♥ ❣ ❤ ❡ ♠ ❛ ①✐ ♠ ✉ ♠
♦❢ ❤ ❡ ❝ ♦ ❡❧ ❛ ✐ ♦ ♥ ✐ ♥ ❛ ♥ ❡✐ ❣ ❤ ❜ ♦ ❤ ♦ ♦ ❞ ♦❢ ❤ ❡ ❧ ♦ ❣ ❣ ❡ ❞ ♣ ♦ ✐ ✐ ♦ ♥✳ ■ ✇ ❛ ♥ ❡ ❝ ❡ ❛ ② ♦
♣ ❡ ♣ ♦ ❝ ❡ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ✐ ♠ ❛ ❣ ❡ ♦ ❛ ❦ ❡ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ❤ ❡ ✐ ♥ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ✐❧❧ ✉✲
♠✐ ♥ ❛ ✐ ♦ ♥✳ ❆ ● ❯■ ❢ ♦ ❤ ❡ ❡ ♠✐✲ ❛ ✉ ♦ ♠ ❛ ✐ ❝ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ✇ ❛ ❞ ❡ ✈ ❡❧ ♦ ♣ ❡ ❞✳ ■ ✐ ❤ ♦ ✇ ♥
✐ ♥ ✜ ❣ ✉ ❡ ✼✳ ✽✳ ❚ ❤ ❡ ❝ ♦ ❡ ❝ ❡ ❞ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❞ ❛ ❛ ✇ ❛ ❤ ❡ ♥ ✉ ❡ ❞ ♦ ❣ ❡ ♥ ❡ ❛ ❡ ❛ ♥ ✐ ♠ ❛ ❣ ❡
♦❢ ❤ ❡ ❡ ❛ ♠ ♣❧ ❡✳ ❚ ❤ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ✐ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✼✳ ✻ ❛ ❛ ♥ ❞ ✜ ❣ ✉ ❡ ❄ ❄ ✳ ❚ ❤✐
❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❛ ❦ ❡ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ❤ ❡ ❡ ✛ ❡ ❝ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❤ ❡ ♣ ❤ ♦ ♦ ♥ ❛ ✐ ✐ ❝ ✳
❆ ♥ ❙ ❊ ▼ ✐ ♠ ❛ ❣ ❡ ♦❢ ❤ ❡ ❡ ✉ ❝ ✉ ❡ ✐ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✼✳ ✻ ❜✳ ❚ ❤ ❡ ✉ ❝ ✉ ❡ ✇✐ ❞ ❤
♦❢ ❤ ❡ ✒ ❚✏ ✐ ✶ ✵ ✵ ♥ ♠✱ ✷ ✵ ✵ ♥ ♠ ❛ ♥ ❞ ✸ ✵ ✵ ♥ ♠ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✳
✼✳ ✸✳ ❆ ◆ ❆ ▲ ❨ ❙■ ❙ ❖ ❋ ❊ ❳ ❊ ❘■ ▼ ❊ ◆ ❚ ❆ ▲ ❉ ❆ ❚ ❆ ✶ ✷ ✺
❈ ♦ ♥ ❝❧ ✉ ✐ ♦ ♥ ❛ ♥ ❞ ❖ ✉ ❧ ♦ ♦ ❦
❋ ♦ ♠ ♦ ✉ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✱ ✇ ❡ ❝ ❛ ♥ ❝ ♦ ♥ ❝❧ ✉ ❞ ❡ ❤ ❛ ❤ ❡ ♠ ❡ ❤ ♦ ❞ ❜ ❛ ✐ ❝ ❛❧❧ ② ✇ ♦ ❦ ✱ ❛❧ ❤ ♦ ✉ ❣ ❤
✐ ✐ ❤ ❛ ❞ ♦ ♠ ❛ ❦ ❡ ❛ ♥ ② ❝ ♦ ♥ ❝❧ ✉ ✐ ✈ ❡ ❛ ❡ ♠ ❡ ♥ ♦ ♥ ❤ ❡ ❛ ❝ ❤✐ ❡ ✈ ❛ ❜❧ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦ ❝ ♦ ♥✲
❛ ❛ ♥ ❢ ❡ ✳ ❚ ❤✐ ✐ ♠ ❛✐ ♥❧ ② ❞ ✉ ❡ ♦ ❤ ❡ ♦ ♥ ❣ ♣ ❡ ❝ ❦❧ ❡ ❜ ❛ ❝ ❦ ❣ ♦ ✉ ♥ ❞ ✐ ♥ ❤ ❡ ✐ ♥ ❣❧ ❡
✐ ♠ ❛ ❣ ❡ ❛ ♥ ❞ ❤ ❡ ✐ ♠ ♣ ❡ ❝✐ ❡❧ ② ❦ ♥ ♦ ✇ ♥ ✐ ❝ ❤✐ ♥ ❣ ♣ ♦ ✐ ✐ ♦ ♥ ✳ ❲❡ ❛ ✇ ❤ ❛ ♦ ♠ ❡ ✐ ♠ ❛ ❣ ❡ ✐ ♥
❤ ❡ ❡ ✐ ❡ ❧ ♦ ♦ ❦ ❤ ❛ ♣ ❡ ❤ ❛ ♥ ♦ ❤ ❡ ✳ ■ ✐ ❦ ♥ ♦ ✇ ♥ ❤ ❛ ❛ ♥ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ✉ ♠ ♠ ❛ ✐ ♦ ♥ ♦❢
❤ ♦❧ ♦ ❣ ❛ ♠ ❧ ❡ ❛ ❞ ♦ ❛ ❡ ❞ ✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ❡ ❝ ❦❧ ❡ ✇ ❤✐ ❝ ❤ ❛ ❡ ♣ ❡ ❡ ♥ ✐ ♥ ❤ ❡ ❡ ❝ ♦ ♥ ✉ ❝✲
✐ ♦ ♥ ❬ ✺ ✷❪✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ✐ ❡ ❡ ♠ ❧✐ ❦ ❡❧ ② ❤ ❛ ❤ ❡ ♠ ❡ ❤ ♦ ❞ ❝ ♦ ✉❧ ❞ ❛ ❝ ❤✐ ❡ ✈ ❡ ❤ ❡ ♣ ❡ ❞✐ ❝ ❡ ❞
❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❛ ❜ ♦ ✉ ✽ ✵ ♥ ♠✳ ❙✐ ♥ ❝ ❡ ❤ ❡ ❉ ❖ ❊ ❤ ❛ ❛ ♥ ♦ ✉ ❡ ♠ ♦ ③ ♦ ♥ ❡ ✇✐ ❞ ❤ ♦❢ ✺ ✵ ♥ ♠✱
❤✐ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ✇ ♦ ❡ ❤ ❛ ♥ ❤ ❡ ♦ ♥ ❡ ♦❢ ❛ ❚ ❳ ▼ ✇✐ ❤ ❛ ✐ ♠✐❧ ❛ ♦ ♣ ✐ ❝✳ ❚ ❤ ❡ ✉ ❡ ♦❢ ❛
❉ ❖ ❊ ✇ ♦ ❦✐ ♥ ❣ ✐ ♥ ❛ ❤✐ ❣ ❤ ❡ ♦ ❞ ❡ ♦❢ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❝ ♦ ✉❧ ❞ ✐ ♠ ♣ ♦ ✈ ❡ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ❛ ❤ ❡
❝ ♦ ♦❢ ❧ ♦ ✇ ❡ ❡ ✣ ❝✐ ❡ ♥ ❝ ②✳ ■ ♥ ❝ ♦ ♥ ❛ ♦ ♦ ❤ ❡ ♦ ♣ ✐ ❝ ❜ ❛ ❡ ❞ ❢ ✉❧❧✲ ✜ ❡❧ ❞ ♠ ❡ ❤ ♦ ❞ ✱ ❤ ❡ ✉ ❡
♦❢ ❛ ❤✐ ❣ ❤ ❡ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ♦ ❞ ❡ ❞ ♦ ❡ ♥ ♦ ✐ ♥ ❝ ❡ ❛ ❡ ❤ ❡ ❞ ♦ ❡ ♦ ♥ ❤ ❡ ❛ ♠ ♣❧ ❡ ✐ ♥ ❝ ❡ ❤ ❡
❉ ❖ ❊ ✐ ✐ ✉ ❛ ❡ ❞ ✐ ♥ ❢ ♦ ♥ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡✳
❆ ♥ ✐ ♥ ❡ ❡ ✐ ♥ ❣ ❡ ✛ ❡ ❝ ✐ ❤ ❛ ♥ ♦ ♦ ♥❧ ② ❤ ❡ ❜ ✐ ❣ ❤ ❧ ② ✐❧❧ ✉ ♠✐ ♥ ❛ ❡ ❞ ❛ ♠ ♣❧ ❡ ✜ ❡❧ ❞ ✇ ❛
❡ ❝ ♦ ✈ ❡ ❡ ❞ ❜ ✉ ❛❧ ♦ ❤ ❡ ✉ ♦ ✉ ♥ ❞✐ ♥ ❣ ❛ ❡ ❛✱ ❛ ❡ ❡ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✼✳ ✻ ❛✳ ❙ ♦ ♠ ❡ ✐ ♠ ❛ ❣ ❡ ✐ ♥ ❤ ❡
❛ ❡ ❡ ✐ ❡ ✇ ❡ ❡ ✉ ♥ ✉ ❛ ❜❧ ❡ ✐ ♥ ❝ ❡ ❤ ❡ ❡❢ ❡ ❡ ♥ ❝ ❡ ✇ ❛ ❜❧ ♦ ❝ ❦ ❡ ❞ ❜ ② ❛ ❤✐ ❣ ❤❧ ② ❛ ❜ ♦ ❜✐ ♥ ❣
✉ ❝ ✉ ❡✳ ■ ♥ ❤ ❡ ♥ ❡ ① ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛ ❛ ♣❧ ❛ ♠ ❛ ❜ ❛ ❡ ❞ ❳✲ ❛ ② ❧ ❛ ❡ ✭ ❳ ❘ ▲✮✱ ✇ ❡ ✐ ❡ ❞ ♦
❝✐ ❝ ✉ ♠ ✈ ❡ ♥ ❤✐ ♣ ♦ ❜❧ ❡ ♠ ❜ ② ♣❧✐ ✐ ♥ ❣ ❤ ❡ ❡❢ ❡ ❡ ♥ ❝ ❡ ✐ ♥ ♦ ❤ ❡ ❡ ♣ ♦ ✳ ❯ ♥❢ ♦ ✉ ♥ ❛ ❡❧ ②✱
❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❤ ♦ ✇ ❡ ❞ ❛ ✢ ❛ ✇ ✐ ♥ ❤ ❡ ❞ ❡ ✐ ❣ ♥✱ ❛ ♥ ❞ ♥ ♦ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ✇ ❛ ❢ ❡ ❛ ✐ ❜❧ ❡ ✭ ❡ ❡
❛❧ ♦ ❤ ❡ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ❛ ♥ ❞ ❛ ♥ ❛❧ ② ✐ ♦❢ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✐ ♥ ❤ ❡ ✉ ♣ ♣❧ ❡ ♠ ❡ ♥ ❡ ❝ ✐ ♦ ♥ ➓ ❈✳ ✸✮✳
◆ ❡ ✈ ❡ ❤ ❡❧ ❡ ✱ ❢ ♦ ♠ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❞ ❛ ❛ ❛ ♥ ❞ ❤ ❡ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ❛ ♥ ❛❧ ② ✐ ✱ ✐ ❝ ❛ ♥ ❜ ❡
❝ ♦ ♥ ❝❧ ✉ ❞ ❡ ❞ ❤ ❛ ❤ ❡ ❝ ♦ ♥ ❝ ❡ ♣ ❤ ♦ ✉❧ ❞ ❛❧ ♦ ✇ ♦ ❦ ✇✐ ❤ ❳ ❘ ▲ ✳
❙ ✉ ♠ ♠ ❛ ②
■ ♥ ❤✐ ❝ ❤ ❛ ♣ ❡ ✱ ✇ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❛ ♥ ❡ ✇ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ♠ ❡ ❤ ♦ ❞✳ ❚ ❤ ❡ ♠ ❡ ❤ ♦ ❞ ✐ ❜ ❛ ❡ ❞
♦ ♥ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ②✳ ■ ❡ ✉✐ ❡ ❛ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ❛ ♥ ❞
✐ ❛✐ ♠ ❡ ❞ ❢ ♦ ❢ ✐ ♠ ❛ ❣✐ ♥ ❣ ❛ ❢ ❡ ❡ ❡❧ ❡ ❝ ♦ ♥ ❧ ❛ ❡ ✳ ❚ ❤✐ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❡ ♠ ♦ ✈ ❡ ♦ ♠ ❡ ♦❢
❤ ❡ ❡ ✐ ❝ ✐ ♦ ♥ ♦❢ ❝❧ ❛ ✐ ❝ ❛❧ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❡ ✉ ♣ ✳ ❆ ♥ ❡ ✇ ♠ ❡ ❤ ♦ ❞
❢ ♦ ❤ ❡ ❞ ❡ ✐ ❣ ♥ ♦❢ ❤ ❡ ❡ ✉✐ ❡ ❞ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ✇ ❛ ❞ ❡ ✈ ❡❧ ♦ ♣ ❡ ❞✳ ❆ ❢ ❛
❛ ✇ ❡ ❦ ♥ ♦ ✇✱ ❤✐ ❞ ❡ ✐ ❣ ♥ ♠ ❡ ❤ ♦ ❞ ❤ ❛ ❤ ❡ ✉ ♥✐ ✉ ❡ ❢ ❡ ❛ ✉ ❡ ❤ ❛ ✐ ❝ ❛ ♥ ❛❧ ♦ ❜ ❡ ✉ ❡ ❞
♦ ❣ ❡ ♥ ❡ ❛ ❡ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ❡❧ ❡ ♠ ❡ ♥ ❤ ❛ ✉ ❡ ❤✐ ❣ ❤ ❡ ♦ ❞ ❡ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥✳ ❚ ❤ ❡ ♣ ♦ ♦❢ ♦❢
❝ ♦ ♥ ❝ ❡ ♣ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❡ ✈ ❡ ❛❧ ❡ ❞ ❤ ❛ ❤ ❡ ♠ ❡ ❤ ♦ ❞ ✇ ♦ ❦ ✱ ❜ ✉ ❢ ✉ ❤ ❡ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛ ❡
♥ ❡ ❡ ❞ ❡ ❞ ♦ ❡ ❛ ❜❧✐ ❤ ❤ ❡ ❡ ① ❛ ❝ ♣ ❡ ❢ ♦ ♠ ❛ ♥ ❝ ❡✳
✶ ✷ ✻ ❈ ❍ ❆ ❚ ❊ ❘ ✼✳ ❍ ❖ ▲ ❖ ● ❘ ❆ ❍ ❨ ❆ ◆ ❉ ❉■ ❋ ❋ ❘ ❆ ❈ ❚■ ❱ ❊ ❖ ❚■ ❈ ❆ ▲ ❊ ▲ ❊ ▼ ❊ ◆ ❚ ❙
❈ ❤ ❛ ♣ ❡ ✽
■ ♠ ♣ ❛ ❝ ♦❢ ❘ ❛ ♥ ❞ ♦ ♠ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣
❊ ♦ ♦ ♥ ❤ ❡ ❘ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❋ ❡ ♥ ❡❧
❩ ♦ ♥ ❡ ❧ ❛ ❡
❚ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ❝ ❤ ❛ ♣ ❡ ❤ ♦ ✇ ❡ ❞ ❤ ❛ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ✱ ✐ ♥ ♣ ❛ ✐ ❝ ✉❧ ❛ ❋ ❡ ✲
♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ❛ ❡ ❤ ❡ ❦ ❡ ② ♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ❢ ♦ ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♠ ❛ ❣✐ ♥ ❣✳ ❍ ❡ ♥ ❝ ❡✱
✐ ♠ ♣ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ♥ ♥ ❛ ♥ ♦✲❢ ❛ ❜ ✐ ❝ ❛ ✐ ♦ ♥ ❧ ❡ ❛ ❞ ❞✐ ❡ ❝ ❧ ② ♦ ✐ ♠ ♣ ♦ ✈ ❡ ♠ ❡ ♥ ✐ ♥ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣
② ❡ ♠✳ ❚ ❤✐ ❝ ❤ ❛ ♣ ❡ ✐ ❜ ❛ ❡ ❞ ♦ ♥ ❛ ♣ ❛ ♣ ❡ ❬ ✻ ✼❪ ✐ ♥ ✇ ❤✐ ❝ ❤ ✇ ❡ ❛ ♥ ❛❧ ② ③ ❡ ❞ ❤ ❡ ✐ ♠ ♣ ❛ ❝ ♦❢
❛ ♥ ❞ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❡ ♦ ♦ ♥ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ✳ ▲ ❡ ✉ ❡ ❝ ❛❧❧
❤ ❛ ❢ ♦ ♦❢ ❳✲ ❛ ② ✱ ❤ ❡ ❡❢ ❛ ❝ ✐ ✈ ❡ ✐ ♥ ❞ ❡ ① ✐ ❝❧ ♦ ❡ ♦ ✉ ♥✐ ② ✇✐ ❤ ✐ ♠✐❧ ❛ ♠ ❛ ❣ ♥✐ ✉ ❞ ❡
❢ ♦ ❤ ❡ ❡ ❛❧ ❛ ♥ ❞ ✐ ♠ ❛ ❣✐ ♥ ❛ ② ♣ ❛ ✳ ❉ ✉ ❡ ♦ ❤ ❡ ♠ ❛❧❧ ♣ ❤ ❛ ❡ ❤✐❢ ❛ ♥ ❞ ❤ ❡ ❤✐ ❣ ❤ ❛ ❜✲
♦ ♣ ✐ ♦ ♥✱ ❝❧ ❛ ✐ ❝ ❛❧ ❡❢ ❛ ❝ ✐ ✈ ❡ ❧ ❡ ♥ ❡ ❛ ❡ ✈ ❡ ② ✐ ♥ ❡ ✣ ❝✐ ❡ ♥ ✐ ♥ ❤ ❡ ♣ ❤ ♦ ♦ ♥ ❡ ♥ ❡ ❣ ② ❛ ♥ ❣ ❡
❜ ❡ ✇ ❡ ❡ ♥ ✵✳ ✶ ✲ ✺ ❦ ❡ ❱✳ ❋ ♦ ❤ ❛ ❞ ❳✲ ❛ ② ✱ ❤ ❡ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ✐ ✉ ✣ ❝✐ ❡ ♥ ❧ ② ♠ ❛❧❧ ♦ ✉ ✐❧✐ ③ ❡
❡❢ ❛ ❝ ✐ ✈ ❡ ❧ ❡ ♥ ❡ ❜ ✉ ❡ ✈ ❡ ❛❧ ✉ ❝ ❤ ❧ ❡ ♥ ❡ ❤ ❛ ✈ ❡ ♦ ❜ ❡ ❛ ❝ ❦ ❡ ❞ ♦ ❢ ♦ ♠ ❛ ❝ ♦ ♠ ♣ ♦ ✉ ♥ ❞
❡❢ ❛ ❝ ✐ ✈ ❡ ❧ ❡ ♥ ✭ ❈ ❘ ▲✮ ❬ ✽ ✾❪✳ ❚ ❤ ❡ ♠ ❛✐ ♥ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ❛ ❡ ❛❧ ❡ ❛ ❞ ②
❞ ❡ ❝ ✐ ❜ ❡ ❞ ✐ ♥ ❝ ❤ ❛ ♣ ❡ ✷✳ ❚ ❤ ❡✐ ✐ ♠ ❛ ❣✐ ♥ ❣ ♣ ❡ ❢ ♦ ♠ ❛ ♥ ❝ ❡ ✐ ♠ ❛✐ ♥❧ ② ❝ ❤ ❛ ❛ ❝ ❡ ✐ ③ ❡ ❞ ❜ ② ✇ ♦
♣ ❛ ❛ ♠ ❡ ❡ ✿ ❤ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ♣ ❡ ✉ ❡ ❛ ♥ ❞ ❤ ❡ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❡ ✣ ❝✐ ❡ ♥ ❝ ②✳ ❆ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡
♦ ♣ ✐ ❝ ✱ ❤ ❡ ② ❤ ❛ ✈ ❡ ♠ ❛ ♥ ② ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ♦ ❞ ❡ ❜ ✉ ♦ ♥❧ ② ♦ ♥ ❡ ❡❧ ❡ ❝ ❡ ❞ ♦ ❞ ❡ ❝ ❛ ♥ ❜ ❡ ✉ ❡ ❞
❢ ♦ ✐ ♠ ❛ ❣✐ ♥ ❣ ✇ ❤✐❧ ❡ ❛❧❧ ♦ ❤ ❡ ♦ ❞ ❡ ♠ ✉ ❜ ❡ ❜❧ ♦ ❝ ❦ ❡ ❞✳ ❲✐ ❤ ✐ ♥ ❝ ❡ ❛ ❡ ❞ ♣ ❤ ♦ ♦ ♥ ❡ ♥✲
❡ ❣ ②✱ ❤ ❡ ❛ ✐ ♦ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❤ ❡✐ ❣ ❤ ♦❢ ❛ ③ ♦ ♥ ❡ ❛ ♥ ❞ ✐ ✇✐ ❞ ❤ ✭ ❛ ♣ ❡ ❝ ❛ ✐ ♦✮ ❤ ❛ ♦ ❜ ❡
✐ ♥ ❝ ❡ ❛ ❡ ❞ ♦ ❡ ✣ ❝✐ ❡ ♥ ❧ ② ❢ ♦ ❝ ✉ ❳✲ ❛ ② ✳
❚ ♦ ❞ ❛ ②✬ ♠ ♦ ✉ ❝ ❝ ❡ ❢ ✉❧ ❢ ❛ ❜ ✐ ❝ ❛ ✐ ♦ ♥ ♠ ❡ ❤ ♦ ❞ ❢ ♦ ❋ ❩ ✐ ❡❧ ❡ ❝ ♦ ♥ ❜ ❡ ❛ ♠ ❧✐ ❤ ♦ ❣✲
❛ ♣ ❤ ② ❢ ♦❧❧ ♦ ✇ ❡ ❞ ❜ ② ♣❧ ❛ ♥ ❛ ❡ ❝ ❤✐ ♥ ❣ ❡ ❝ ❤ ♥✐ ✉ ❡ ❬ ✻ ✽✱ ✾ ✼✱ ✽❪✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ❡ ♠ ❛❧❧ ❡
♦ ✉ ❡ ♠ ♦ ③ ♦ ♥ ❡ ♣ ❡ ✐ ♦ ❞ ✇ ❤✐ ❝ ❤ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ❧✐ ♠✐ ❡ ❞ ❜ ② ❤ ❡
♠✐ ♥✐ ♠ ✉ ♠ ❡❧ ❡ ❝ ♦ ♥ ❜ ❡ ❛ ♠ ❞✐ ❛ ♠ ❡ ❡ ✱ ❡❧ ❡ ❝ ♦ ♥ ❝ ❛ ❡ ✐ ♥ ❣ ❡ ✛ ❡ ❝ ❛ ♥ ❞ ❤ ❡ ❣ ❡ ♥ ❡ ❛ ✐ ♦ ♥
♦❢ ❡ ❝ ♦ ♥ ❞ ❛ ② ❡❧ ❡ ❝ ♦ ♥ ✐ ♥ ❤ ❡ ❡❧ ❡ ❝ ♦ ♥ ❜ ❡ ❛ ♠ ❡ ✐ ❞ ✉ ✐ ♥ ❣ ❡❧ ❡ ❝ ♦ ♥ ❜ ❡ ❛ ♠ ❧✐ ❤ ♦ ❣ ❛✲
♣ ❤ ②✳ ❚ ❤ ❡ ❛ ❝ ❤✐ ❡ ✈ ❛ ❜❧ ❡ ❛ ♣ ❡ ❝ ❛ ✐ ♦ ✐ ❧✐ ♠✐ ❡ ❞ ❜ ② ❤ ❡ ❞ ② ❡ ❝ ❤✐ ♥ ❣ ♣ ♦ ❝ ❡ ✐ ♥ ❝ ❡ ❤ ❡
❡ ❝ ❤✐ ♥ ❣ ♣ ♦ ❝ ❡ ✐ ♥ ♦ ❢ ✉❧❧ ② ❛ ♥✐ ♦ ♦ ♣✐ ❝ ✇ ❤ ❡ ♥ ❝ ♦ ♥ ✉ ❝ ✐ ♥ ❣ ♥ ❛ ♦ ✇ ♥ ❛ ♥ ♦ ✉ ❝ ✉ ❡
✶ ✷ ✼
✶ ✷ ✽ ❈ ❍ ❆ ❚ ❊ ❘ ✽✳ ■ ▼ ❆ ❈ ❚ ❖ ❋ ❘ ❆ ◆ ❉ ❖ ▼ ❖ ❙■ ❚■ ❖ ◆■ ◆ ● ❊ ❘ ❘ ❖ ❘ ❙
❬ ✻ ✹✱ ✷ ✷✱ ✹ ✽❪✳ ❚ ♦ ♦ ✈ ❡ ❝ ♦ ♠ ❡ ❤ ❡ ❡ ❧✐ ♠✐ ❛ ✐ ♦ ♥ ✱ ♦✲ ❝ ❛❧❧ ❡ ❞ ♣ ✉ ❡ ❡ ❞ ❧✐ ❝ ❡ ❞ ♦ ❥ ❡❧❧ ② ♦❧❧
❋ ❩ ✬ ❤ ❛ ✈ ❡ ❜ ❡ ❡ ♥ ❞ ❡ ✈ ❡❧ ♦ ♣ ❡ ❞ ❬ ✼ ✵✱ ✶ ✻❪✳
❚ ❤ ❡ ❡ ❋ ❩ ✬ ❛ ❡ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❛❧ ❡ ♥ ❛ ❡❧ ② ❝ ♦ ❛ ✐ ♥ ❣ ❛ ♠✐ ❝ ♦✲ ✇✐ ❡ ✇✐ ❤ ✇ ♦ ❞✐❢✲
❢ ❡ ❡ ♥ ♠ ❛ ❡ ✐ ❛❧ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ❡ ✉✐ ❡ ❞ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ♣ ❛ ❡ ♥✳ ■ ♥ ♣ ✐ ♥ ❝✐ ♣ ❛❧✱ ❤ ❡
✇✐ ❞ ❤ ♦❢ ❤ ❡ ❝ ♦ ❛ ❡ ❞ ③ ♦ ♥ ❡ ❧ ❛ ② ❡ ❝ ❛ ♥ ❜ ❡ ❛ ♠ ❛❧❧ ❛ ❛ ❢ ❡ ✇ ❛ ♦ ♠✐ ❝ ❞✐ ❛ ♠ ❡ ❡ ✳ ■ ♥
❛ ❞ ❞✐ ✐ ♦ ♥✱ ❤ ❡ ❡ ✐ ♥ ♦ ❧✐ ♠✐ ❛ ✐ ♦ ♥ ♦ ♥ ❤ ❡ ❛ ❝ ❤✐ ❡ ✈ ❛ ❜❧ ❡ ❛ ♣ ❡ ❝ ❛ ✐ ♦✳ ❆ ❤ ❡ ♦ ✉ ❡ ♠ ♦
③ ♦ ♥ ❡ ✇✐ ❞ ❤ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❛ ❝ ❤✐ ❡ ✈ ❛ ❜❧ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ✇✐ ❤ ❋ ❩ ✬ ✱ ❤✐ ♠ ❛ ♥ ✉❢ ❛ ❝ ✉ ✐ ♥ ❣
♠ ❡ ❤ ♦ ❞ ✐ ♣ ♦ ❡ ♥ ✐ ❛❧❧ ② ✉✐ ❡ ❞ ♦ ❞ ❡ ✈ ❡❧ ♦ ♣ ❳✲ ❛ ② ♦ ♣ ✐ ❝ ♣ ♦ ✈✐ ❞✐ ♥ ❣ ✉ ❜✲ ✶ ✵ ♥ ♠ ❡ ♦❧ ✉✲
✐ ♦ ♥✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ❡ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ❡ ♦❧ ✉ ✐ ♦ ♥ ❧✐ ♠✐ ❣✐ ✈ ❡ ♥ ❜ ② ❤ ❡ ♦ ✉ ❡ ♠ ♦ ③ ♦ ♥ ❡ ✇✐ ❞ ❤
♠✐ ❣ ❤ ❜ ❡ ✉ ♥ ❛ ❛✐ ♥ ❛ ❜❧ ❡ ❞ ✉ ❡ ♦ ❛ ❜ ❡ ❛ ✐ ♦ ♥ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ③ ♦ ♥ ❡ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❡ ♦
✐ ♥ ✢ ✉ ❡ ♥ ❝✐ ♥ ❣ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣ ♦ ✳ ❙ ❡ ✈ ❡ ❛❧ ❞✐ ✛ ❡ ❡ ♥ ② ♣ ❡ ♦❢ ② ❡ ♠ ❛ ✐ ❝ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❡ ♦
✇ ❡ ❡ ♣ ❡ ✈✐ ♦ ✉ ❧ ② ✉ ❞✐ ❡ ❞ ❛ ♥ ❞ ♦❧ ❡ ❛ ❜❧ ❡ ✉ ♣ ♣ ❡ ❜ ♦ ✉ ♥ ❞ ✇ ❡ ❡ ❣✐ ✈ ❡ ♥ ❬ ✾ ✾❪✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ❡
♠ ❛ ♥ ✉❢ ❛ ❝ ✉ ✐ ♥ ❣ ♣ ♦ ❝ ❡ ❢ ♦ ❛ ♣ ✉ ❡ ❡ ❞ ❧✐ ❝ ❡ ❞ ❋ ❩ ✐ ❧✐ ❦ ❡❧ ② ♦ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❛ ♥ ❞ ♦ ♠
③ ♦ ♥ ❡ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❡ ♦ ✳ ❚ ❤ ❡ ❡ ✛ ❡ ❝ ♦❢ ✉ ❝ ❤ ❡ ♦ ♦ ♥ ❤ ❡ ❛ ❝ ❤✐ ❡ ✈ ❛ ❜❧ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢
③ ♦ ♥ ❡ ♣❧ ❛ ❡ ♦ ♣ ✐ ❝ ❤ ❛ ♥ ♦ ❜ ❡ ❡ ♥ ❞ ❡ ❝ ✐ ❜ ❡ ❞✳
❍ ❡ ❡✱ ✇ ❡ ✉ ❡ ❝ ❛❧ ❛ ✇ ❛ ✈ ❡ ❤ ❡ ♦ ② ♦ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❡ ✛ ❡ ❝ ♦❢ ❛ ♥ ❞ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣
❡ ♦ ❜ ② ✐ ♠ ✉❧ ❛ ✐ ♥ ❣ ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ♦❢ ❛ ♥ ✐ ♥ ❝✐ ❞ ❡ ♥ ❛❧ ♣❧ ❛ ♥ ❡ ❳✲ ❛ ② ✇ ❛ ✈ ❡ ♦ ♥ ♦ ❛ ♥
❡ ♦ ♥ ❡ ♦ ✉ ❋ ❩ ✳ ❚ ❤ ❡ ❛❧ ❣ ♦ ✐ ❤ ♠ ❤ ❛ ✇ ❡ ✉ ❡ ❛ ❡ ❜ ❛ ❡ ❞ ♦ ♥ ❛ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❡ ✈ ❛❧ ✉ ❛ ✐ ♦ ♥
♦❢ ❤ ❡ ❘ ❛ ②❧ ❡✐ ❣ ❤✲ ❙ ♦ ♠ ♠ ❡ ❢ ❡❧ ❞ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ✐ ♥ ❡ ❣ ❛❧ ❛ ♥ ❞ ✇✐❧❧ ❜ ❡ ❢ ✉ ❤ ❡ ❡ ① ♣❧ ❛✐ ♥ ❡ ❞ ✐ ♥
❡ ❝ ✐ ♦ ♥ ✽✳ ✷✳
✽✳ ✶ ❚ ❤ ❡ ❋ ♦ ❝ ❛❧ ❙ ♣ ♦ ♦❢ ❛ ♥ ❋ ❩ ❲✐ ❤ ♦ ✉ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣
❊ ♦
❚ ❤ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ♣ ❡ ✉ ❡ ✭ ◆ ❆✮ ♦❢ ❛ ❧ ❡ ♥ ❞ ❡ ✜ ♥ ❡ ❤ ❡ ♠ ❛ ①✐ ♠ ❛❧ ❡ ♦❧ ✉ ✐ ♦ ♥ ❤ ❛ ❝ ❛ ♥
❜ ❡ ❛ ❝ ❤✐ ❡ ✈ ❡ ❞✳ ❆ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡ ❘ ❛ ②❧ ❡✐ ❣ ❤ ❝ ✐ ❡ ✐ ♦ ♥✱ ✐ ✐ 0 .6 1 λ / ◆ ❆ . ❚ ❤ ❡ ◆ ❆ ♦❢ ❛
❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ✐ ♠ ❛❧❧ ❡ ③ ♦ ♥ ❡ ♣ ❡ ✐ ♦ ❞ ❛ ♥ ❞ ❤ ❡ ♦ ❞ ❡ ♦❢ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥✳
■ ✐ ❡ ✉ ❛❧ ♦ ❤ ❡ ❛ ♥ ❣❧ ❡ ♦❢ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ♦❢ ❛ ❛ ♥ ♠✐ ✐ ♦ ♥ ❣ ❛ ✐ ♥ ❣ ♦❢ ❤✐ ♣ ❡ ✐ ♦ ❞✐ ❝✐ ②✳
❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ♣ ❛ ✐ ❛❧ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ✜ ♦ ❞ ❡ ♦❢ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ♣ ♦ ✈✐ ❞ ❡ ❞ ❜ ② ❛ ❢ ✉❧❧
❋ ❩ ✇✐ ❤ ♦ ✉ ❝ ❡ ♥ ❛❧ ♦ ♣ ✐ ❣✐ ✈ ❡ ♥ ❜ ② ✵✳ ✻ ✶ ✐ ♠ ❡ ❤ ❡ ♦ ✉ ❡ ♠ ♦ ③ ♦ ♥ ❡ ♣ ❡ ✐ ♦ ❞✳ ❚ ❤ ❡
❢ ❛ ❝ ❤ ❛ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ♣ ♦ ❞ ✉ ❝ ❡ ❢ ♦ ❡ ❛ ❝ ❤ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ♦ ❞ ❡ ❛ ❢ ♦ ❝ ✉ ✱ ❡ ✉✐ ❡
❤ ❡ ✉ ❡ ♦❢ ❛ ♥ ♦ ❞ ❡ ❡❧ ❡ ❝ ✐ ♥ ❣ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ❢ ♦ ✐ ♠ ❛ ❣✐ ♥ ❣✳ ■ ♥ ❝ ❛ ♥ ♥✐ ♥ ❣ ❛ ♥ ♠✐ ✐ ♦ ♥
♠✐ ❝ ♦ ❝ ♦ ♣ ② ✭ ❙ ❚ ❳ ▼✮✱ ❤✐ ✐ ❛ ❝ ❡ ♥ ❛❧ ♦ ♣ ✐ ♥ ❝ ♦ ♠ ❜✐ ♥ ❛ ✐ ♦ ♥ ✇✐ ❤ ❛ ♥ ♦ ❞ ❡ ♦ ✐ ♥ ❣
❛ ♣ ❡ ✉ ❡✳ ❆ ❦ ♥ ♦ ✇ ♥ ✐ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ②✱ ❜❧ ♦ ❝ ❦✐ ♥ ❣ ❤ ❡ ✐ ♥ ♥ ❡ ♣ ❛ ♦❢ ❛ ❧ ❡ ♥ ❡ ❞ ✉ ❝ ❡ ❤ ❡
❢ ✉❧❧ ✇✐ ❞ ❤ ❤ ❛❧❢ ♠ ❛ ①✐ ♠ ✉ ♠ ✭ ❋ ❲ ❍ ▼✮ ♦❢ ❤ ❡ ❝ ❡ ♥ ❛❧ ♣ ❡ ❛ ❦ ❛ ♥ ❞ ✐ ♥ ❝ ❡ ❛ ❡ ❤ ❡ ✐ ♥ ❡ ♥ ✐ ②
♦❢ ❤ ❡ ✐ ❞ ❡ ❧ ♦ ❜ ❡ ♦❢ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣ ♦ ♣ ❛ ❡ ♥ ❬ ✽ ✽❪✳ ❋ ♦ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ②✱ ❧ ♦ ✇✲ ❞ ♦ ❡
✐ ♠ ❛ ❣✐ ♥ ❣ ✐ ❡ ❡ ♥ ✐ ❛❧✳ ❚ ❤ ❡ ❛ ❞✐ ❛ ✐ ♦ ♥ ❞ ♦ ❡ ❡ ✉✐ ❡ ❞ ♦ ❞ ❡ ❡ ❝ ❛ ♥ ♦ ❜❥ ❡ ❝ ❞ ❡ ❛✐❧ ✐
♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♦ (C o bj · M T F ) − 2 ✇ ❤ ❡ ❡ C o bj ❞ ❡ ♥ ♦ ❡ ❤ ❡ ♦ ❜❥ ❡ ❝ ❝ ♦ ♥ ❛ ❛ ♥ ❞ ❤ ❡
♠ ♦ ❞ ✉❧ ❛ ✐ ♦ ♥ ❛ ♥ ❢ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✭ ▼ ❚ ❋✮ ❞ ❡ ❝ ✐ ❜ ❡ ❤ ♦ ✇ ♦ ♥ ❣❧ ② ❛ ♣ ❛ ✐ ❛❧ ❢ ❡ ✉ ❡ ♥ ❝ ② ♦❢
✽✳ ✶✳ ❚ ❍ ❊ ❋ ❖ ❈ ❆ ▲ ❙ ❖ ❚ ❖ ❋ ❆ ◆ ❋ ❩ ❲■ ❚ ❍ ❖ ❯ ❚ ❖ ❙■ ❚■ ❖ ◆■ ◆ ● ❊ ❘ ❘ ❖ ❘ ❙ ✶ ✷ ✾
❋✐ ❣ ✉ ❡ ✽✳ ✶✿ ✭ ❛ ✮ ■ ♠ ♣ ❛ ❝ ♦❢ ❤ ❡ ❝ ❡ ♥ ❛❧ ♦ ♣ ♦ ♥ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣ ♦ ♣ ❛ ❡ ♥ ♦❢ ❛ ♥ ❋ ❩ ✳
❋ ♦ ✉ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ♥ ❛❧ ♦ ♣ ❞✐ ❛ ♠ ❡ ❡ ❛ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞✿ ✵ ✭ ❜ ♦ ✇ ♥✮✱ ✷ ✺ ✭ ❣ ❡ ❡ ♥✮✱ ✺ ✵
✭ ♣ ✉ ♣❧ ❡✮ ❛ ♥ ❞ ✼ ✺ ✪ ✭ ❜❧ ✉ ❡✮✳ ✭ ❜ ✮ ❈ ♦ ❡ ♣ ♦ ♥ ❞✐ ♥ ❣ ▼ ❚ ❋ ❢ ♦ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣ ♦ ♣ ❛ ❡ ♥ ✐ ♥
✭ ❛✮✳ ❚ ❤ ❡ ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♦ ♥ ✇ ❡ ❡ ♣ ❡ ❢ ♦ ♠ ❡ ❞ ❢ ♦ ❛ ♥ ❋ ❩ ✇✐ ❤ ✺ ♥ ♠ ♦ ✉ ❡ ♠ ♦ ③ ♦ ♥ ❡ ✇✐ ❞ ❤
❛ ♥ ❞ ❛ ❢ ♦ ❝ ❛❧ ❧ ❡ ♥ ❣ ❤ ♦❢ ✺ ✵ ➭ ♠ ❛ λ ❂ ✵✳ ✶ ✺ ✼ ♥ ♠✳
❛ ♥ ♦ ❜❥ ❡ ❝ ✐ ❛ ♥ ❢ ❡ ❡ ❞ ✐ ♥ ♦ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ♣❧ ❛ ♥ ❡ ❬ ✽ ✸❪✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ▼ ❚ ❋ ♥ ❡ ❡ ❞
♦ ❜ ❡ ♦ ♣ ✐ ♠✐ ③ ❡ ❞ ♦ ❡ ♥ ✉ ❡ ♦ ♣ ✐ ♠ ❛❧ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✳
❚ ❤ ❡ ▼ ❚ ❋ ✐ ❤ ❡ ❡ ❛❧ ♣ ❛ ♦❢ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ❛ ♥ ❢ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ✭ ❖ ❚ ❋✮✳ ❋ ♦ ❧✐ ♥ ❡ ❛ ✱
❤✐❢ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ② ❡ ♠ ✱ ❤ ❡ ❖ ❚ ❋ ❝ ❛ ♥ ❜ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❞ ❜ ② ❤ ❡ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠
♦❢ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ♦❢ ❛ ♣ ♦✐ ♥ ♦ ✉ ❝ ❡✳ ❆ ♥ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦❢ ✉ ❝ ❤ ❛ ② ❡ ♠ ✐
❤ ❡ ❝ ❛ ♥ ♥✐ ♥ ❣ ❛ ♥ ♠✐ ✐ ♦ ♥ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✭ ❡ ❡ ✜ ❣ ✉ ❡ ✷✳ ✺✮✳ ❚ ❤ ❡ ❙ ❚ ❳ ▼ ✇ ♦ ❦ ❜ ②
✶ ✸ ✵ ❈ ❍ ❆ ❚ ❊ ❘ ✽✳ ■ ▼ ❆ ❈ ❚ ❖ ❋ ❘ ❆ ◆ ❉ ❖ ▼ ❖ ❙■ ❚■ ❖ ◆■ ◆ ● ❊ ❘ ❘ ❖ ❘ ❙
❝ ❛ ♥ ♥✐ ♥ ❣ ❛ ❛ ♠ ♣❧ ❡ ❤ ♦ ✉ ❣ ❤ ❛ ❢ ♦ ❝ ✉ ❡ ❞ ❳✲ ❛ ② ❜ ❡ ❛ ♠ ❛ ♥ ❞ ❞ ❡ ❡ ❝ ✐ ♥ ❣ ❤ ❡ ❧ ♦ ❝ ❛❧ ❝ ❤ ❛ ♥ ❣ ❡
✐ ♥ ❛ ♥ ♠✐ ✐ ♦ ♥✳ ■ ♥ ❣ ♦ ♦ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✱ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❙ ❚ ❳ ▼ ❝ ❛ ♥
❜ ❡ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ❜ ② ❤ ❡ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ❜❥ ❡ ❝ ❛ ♥ ♠✐ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ❋ ❩ ❢ ♦ ❝ ❛❧
✐ ♥ ❡ ♥ ✐ ② ❞✐ ✐ ❜ ✉ ✐ ♦ ♥✳
■ ♥ ♦ ✉ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ❛ ♥ ❛❧ ② ✐ ♦❢ ❤ ❡ ❋ ❩ ♣ ❡ ❢ ♦ ♠ ❛ ♥ ❝ ❡✱ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣ ♦ ✐ ❝ ❛❧ ❝ ✉❧ ❛ ❡ ❞
❜ ② ❞✐ ❝ ❡ ✐ ③✐ ♥ ❣ ❤ ❡ ❋ ❩ ♦ ♥ ❛ ♥ ❛ ❞ ❛ ♣ ❡ ❞ ♣ ♦❧ ❛ ❣ ✐ ❞ ❛ ♥ ❞ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧❧ ② ❡ ✈ ❛❧ ✉ ❛ ✐ ♥ ❣ ❤ ❡
❘ ❛ ②❧ ❡✐ ❣ ❤✲ ❙ ♦ ♠ ♠ ❡ ❢ ❡❧ ❞ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ✐ ♥ ❡ ❣ ❛❧ ✉ ✐ ♥ ❣ ❛ ♥ ❛ ❞ ❛ ♣ ❡ ❞ ❛❧ ❣ ♦ ✐ ❤ ♠ ❞ ❡ ❝ ✐ ❜ ❡ ❞
✐ ♥ ❬ ✺❪✳ ❋ ♦ ♠ ❤ ❡ ✐ ♥ ❡ ♥ ✐ ② ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣ ♦ ✱ ❤ ❡ ▼ ❚ ❋ ✐ ❝ ♦ ♠ ♣ ✉ ❡ ❞
✉ ✐ ♥ ❣ ❛ ▼ ❛ ❧ ❛ ❜ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❍ ❛ ♥ ❦ ❡❧ ❛ ♥ ❢ ♦ ♠ ❬ ✸ ✸❪✳ ❋✐ ❣ ✉ ❡ ✽✳ ✶✭ ❛✮ ❤ ♦ ✇
❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ❢ ♦ ❝ ❛❧ ✐ ♥ ❡ ♥ ✐ ② ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ❢ ♦ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ♥ ❛❧ ♦ ♣ ❞✐ ❛ ♠ ❡ ❡ ✳ ❆
❡ ① ♣ ❡ ❝ ❡ ❞✱ ❤ ❡ ✐ ❞ ❡ ❧ ♦ ❜ ❡ ✐ ♥ ❝ ❡ ❛ ❡ ✇ ❤✐❧ ❡ ❤ ❡ ❋ ❲ ❍ ▼ ♦❢ ❤ ❡ ❝ ❡ ♥ ❛❧ ♣ ❡ ❛ ❦ ❞ ❡ ❝ ❡ ❛ ❡
✇✐ ❤ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ❝ ❡ ♥ ❛❧ ♦ ♣ ✐ ③ ❡✳ ❋✐ ❣ ✉ ❡ ✽✳ ✶✭ ❜✮ ❤ ♦ ✇ ❤ ❡ ❡ ✛ ❡ ❝ ♦❢ ❤ ❡ ❝ ❡ ♥ ❛❧ ♦ ♣
♦ ♥ ❤ ❡ ▼ ❚ ❋✳ ◆ ♦ ❡ ❤ ❛ ❤ ❡ ▼ ❚ ❋ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ❞ ❡ ❝ ❡ ❛ ❡ ✐ ♥ ❤ ❡ ♣ ❛ ✐ ❛❧ ❢ ❡ ✉ ❡ ♥ ❝ ②
❛ ♥ ❣ ❡ ♦❢ 0 − 0 .1 3 n m − 1 ✇✐ ❤ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ❝ ❡ ♥ ❛❧ ♦ ♣ ✐ ③ ❡✳
❚ ❤ ❡ ❤ ❛ ♣ ❡ ♦❢ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣ ♦ ❛ ♥ ❞ ✐ ❡ ✉❧ ❛ ♥ ▼ ❚ ❋ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣
♣ ❡ ❢ ♦ ♠ ❛ ♥ ❝ ❡ ♦❢ ❛ ♥ ❙ ❚ ❳ ▼✳ ❙✐ ♥ ❝ ❡ ❤ ❡ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ✇✐ ❤ ❝ ❡ ♥ ❛❧ ♦ ♣ ❢ ♦ ♠ ❛
❢ ♦ ❝ ❛❧ ♣ ♦ ✇✐ ❤ ❧ ❛ ❣ ❡ ✐ ❞ ❡ ❧ ♦ ❜ ❡ ✱ ❤ ❡ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ❜❥ ❡ ❝ ❛ ♥ ♠✐ ✐ ♦ ♥ ❛ ♥ ❞ ❤ ❡
✐ ♥ ❡ ♥ ✐ ② ♦❢ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣ ♦ ❝ ❡ ❛ ❡ ❛ ❤ ❛❧ ♦ ❛ ♦ ✉ ♥ ❞ ❡ ❛ ❝ ❤ ♣ ♦✐ ♥ ✳ ❆ ❛ ❡ ✉❧ ✱ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣
♣ ♦ ❝ ❡ ✐ ♥ ♦ ❧ ♦ ♥ ❣ ❡ ❧✐ ♥ ❡ ❛ ✐ ♥ ✐ ♥ ❡ ♥ ✐ ✐ ❡ ❛ ♥ ❞ ❡ ✉✐ ❡ ❛ ❝ ❛ ❡❢ ✉❧ ✐ ♥ ❡ ♣ ❡ ❛ ✐ ♦ ♥ ♦❢
❤ ❡ ✐ ♠ ❛ ❣ ❡ ✳ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✉ ❝ ✉ ❡ ✇ ❤✐ ❝ ❤ ❛ ❡ ♠ ❛❧❧ ❡ ❤ ❛ ♥ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥
❝ ❡ ♥ ❛❧ ♣ ❡ ❛ ❦ ❛ ♥ ❞ ❤ ❡ ✜ ♠ ❛ ①✐ ♠ ✉ ♠ ♦❢ ❤ ❡ ✐ ❞ ❡ ❧ ♦ ❜ ❡ ❛ ❡ ❡ ✛ ❡ ❝ ✐ ✈ ❡❧ ② ❞ ♦ ✉ ❜❧ ❡ ❞ ❜ ② ❤✐
❤ ❛❧ ♦✳ ❋ ♦ ❧ ❡ ♥ ❡ ✇✐ ❤ ♦ ✉ ❛ ❝ ❡ ♥ ❛❧ ♦ ♣✱ ❤ ❡ ▼ ❚ ❋ ❞ ♦ ♣ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ❧ ② ❛ ❛ ❢ ✉ ♥ ❝ ✐ ♦ ♥
♦❢ ❤ ❡ ♣ ❛ ✐ ❛❧ ❢ ❡ ✉ ❡ ♥ ❝ ②✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ✇✐ ❤ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ❝ ❡ ♥ ❛❧ ♦ ♣ ✐ ③ ❡ ❤ ❡ ▼ ❚ ❋ ✐ ❡
❛ ❣ ❛✐ ♥ ❛ ♥ ❞ ❡ ❛ ❝ ❤ ❡ ✐ ♠ ❛ ①✐ ♠ ✉ ♠ ✈ ❛❧ ✉ ❡ ❝❧ ♦ ❡ ♦ ❤ ❡ ❝ ✉ ♦ ✛ ❢ ❡ ✉ ❡ ♥ ❝ ②✳ ◆ ♦ ❡ ❤ ❛ ❤✐
✐ ♥ ❝ ❡ ❛ ❡ ✐ ❛ ❝ ♦ ♥ ❡ ✉ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ❤ ❛❧ ♦ ❛ ♥ ❞ ❞ ♦ ❡ ♥ ♦ ♥ ❡ ❝ ❡ ❛ ✐❧ ② ❤ ❡❧ ♣ ♦ ✐ ♠ ♣ ♦ ✈ ❡ ❤ ❡
✈✐ ✐ ❜✐❧✐ ② ♦❢ ❤ ❡ ♦ ❜❥ ❡ ❝ ✉ ❝ ✉ ❡ ✳ ❋ ♦ ❋ ❩ ✇✐ ❤ ❛ ♥ ❞ ♦ ♠ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❡ ♦ ✱ ❤ ❡
✐ ✉ ❛ ✐ ♦ ♥ ✐ ❡ ✈ ❡ ♥ ♠ ♦ ❡ ❝ ♦ ♠ ♣❧ ❡ ①✳
✽✳ ✷ ❙✐ ♠ ✉❧ ❛ ✐ ♥ ❣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❊ ♦
❉ ❡ ♣ ❡ ♥ ❞✐ ♥ ❣ ♦ ♥ ❤ ❡ ❋ ❩ ♠ ❛ ♥ ✉❢ ❛ ❝ ✉ ✐ ♥ ❣ ♠ ❡ ❤ ♦ ❞✱ ❤ ❡ ③ ♦ ♥ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ♠✐ ❣ ❤ ❞ ❡ ✈✐ ❛ ❡
❢ ♦ ♠ ❤ ❡✐ ❡ ♣ ♦✐ ♥ ✳ ■ ✐ ❦ ♥ ♦ ✇ ♥ ❤ ❛ ❡ ♦ ✐ ♥ ❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ♦❢ ❤ ❡ ③ ♦ ♥ ❡
❡ ❞ ✉ ❝ ❡ ❤ ❡ ❡ ✣ ❝✐ ❡ ♥ ❝ ② ❛ ♥ ❞ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ♣ ♦ ♣ ❡ ✐ ❡ ❬ ✾ ✾✱ ✶ ✵ ✸❪✳ ■ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✱ ✇ ❡ ✇✐❧❧
❞ ❡ ❝ ✐ ❜ ❡ ❤ ❡ ❞ ♦ ♠✐ ♥ ❛ ✐ ♥ ❣ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❡ ♦ ♦ ❝ ❝ ✉ ✐ ♥ ❣ ✐ ♥ ❡✲ ❜ ❡ ❛ ♠ ❧✐ ❤ ♦ ❣ ❛ ♣ ❤ ② ❛ ♥ ❞ ✐ ♥
❤ ❡ ♣ ♦ ❞ ✉ ❝ ✐ ♦ ♥ ♦❢ ♣ ✉ ❡ ❡ ❞ ❧✐ ❝ ❡ ❞ ❋ ❩ ✬ ✳ ❚ ❤ ❡ ♠ ❛✐ ♥ ♦ ✉ ❝ ❡ ♦❢ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❡ ♦
✐ ♥ ❡✲ ❜ ❡ ❛ ♠ ❧✐ ❤ ♦ ❣ ❛ ♣ ❤ ② ❛ ❡ ❤ ❡ ♠ ❛❧ ❞ ✐❢ ✱ ❜ ❡ ❛ ♠ ♣ ♦ ✐ ✐ ♦ ♥ ❞ ✐❢ ❞ ✉ ❡ ♦ ❝ ❤ ❛ ❣✐ ♥ ❣✱ ♥ ♦ ♥✲
❧✐ ♥ ❡ ❛ ✐ ✐ ❡ ✐ ♥ ❤ ❡ ❞ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ✉ ♥✐ ❛ ♥ ❞ ✇ ✐ ❡ ✜ ❡❧ ❞ ❝ ❛❧✐ ❜ ❛ ✐ ♦ ♥ ❡ ♦ ✳ ■ ♥ ❛ ❡✲ ♦❢✲ ❤ ❡✲
❛ ❡✲ ❜ ❡ ❛ ♠ ② ❡ ♠ ✱ ❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❡ ♦ ✐ ❡ ① ♣ ❡ ❝ ❡ ❞ ♦ ❜ ❡ ❧ ❡ ❤ ❛ ♥ ✺ ♥ ♠ ❢ ♦ ❋ ❩ ✬
✇✐ ❤ ❞✐ ❛ ♠ ❡ ❡ ❜ ❡❧ ♦ ✇ ✷ ✺ ✵ ➭ ♠✳ ❚ ❤ ❡ ♥ ❛ ♥ ♦✲ ✉ ❝ ✉ ✐ ♥ ❣ ♣ ♦ ❝ ❡ ✱ ✇ ❤✐ ❝ ❤ ✐ ❡ ✉✐ ❡ ❞ ♦
❛ ♥ ❢ ❡ ❤ ❡ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ♣ ❛ ❡ ♥ ✐ ♥ ♦ ❛ ✉✐ ❛ ❜❧ ❡ ♠ ❛ ❡ ✐ ❛❧✱ ❝ ♦ ✉❧ ❞ ♣ ♦ ❡ ♥ ✐ ❛❧❧ ② ❝ ❛ ✉ ❡
✽✳ ✷✳ ❙■ ▼ ❯ ▲ ❆ ❚■ ◆ ● ❖ ❙■ ❚■ ❖ ◆■ ◆ ● ❊ ❘ ❘ ❖ ❘ ❙ ✶ ✸ ✶
❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❡ ♦ ✳ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❛ ❧ ♦ ❝ ❛❧ ❤✐❢ ♦❢ ❤ ❡ ③ ♦ ♥ ❡ ✉ ❝ ✉ ❡
❞ ✉ ❡ ♦ ✐ ♥ ✉ ✣ ❝✐ ❡ ♥ ❛ ❞ ❤ ❡ ✐ ♦ ♥ ♦❢ ❤ ❡ ③ ♦ ♥ ❡ ♦ ❤ ❡ ✉ ♥ ❞ ❡ ❧ ②✐ ♥ ❣ ♠ ❛ ❡ ✐ ❛❧ ❧ ❛ ② ❡ ❝ ♦ ✉❧ ❞
❜ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ✐ ♥ ✈ ❡ ② ♥ ❛ ♦ ✇ ③ ♦ ♥ ❡ ✉ ❝ ✉ ❡ ✇✐ ❤ ❤✐ ❣ ❤ ❛ ♣ ❡ ❝ ❛ ✐ ♦ ❞ ✉ ✐ ♥ ❣ ❤ ❡
❞ ❡ ✈ ❡❧ ♦ ♣ ♠ ❡ ♥ ♦ ❡❧ ❡ ❝ ♦ ♣❧ ❛ ✐ ♥ ❣ ♣ ♦ ❝ ❡ ❡ ✳ ❚ ❤✐ ❡ ♦ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❤ ❡ ❝ ❤ ♦ ❡ ♥ ♣ ♦ ❝ ❡ ✱
❤ ❡ ♠ ❛ ❡ ✐ ❛❧ ♣ ❛ ❛ ♠ ❡ ❡ ❛ ♥ ❞ ❤ ❡ ③ ♦ ♥ ❡ ✇✐ ❞ ❤✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ✐ ♥ ❛ ❡✲ ♦❢✲ ❤ ❡✲ ❛ ❋ ❩ ✬
❣ ❡ ♥ ❡ ❛ ❡ ❞ ❜ ② ❡❧ ❡ ❝ ♦ ♥ ❜ ❡ ❛ ♠ ❧✐ ❤ ♦ ❣ ❛ ♣ ❤ ②✱ ❤✐ ❡ ♦ ✐ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ❧ ❡ ❤ ❛ ♥ ❤ ❛❧❢ ♦❢
❤ ❡ ♦ ✉ ❡ ♠ ♦ ③ ♦ ♥ ❡ ✇✐ ❞ ❤ ✭ ❡ ❡ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡ ❙ ❊ ▼ ♠✐ ❝ ♦ ❣ ❛ ♣ ❤ ✐ ♥ ❬ ✼❪✮✳
❋✐ ❣ ✉ ❡ ✽✳ ✷✿ ■❧❧ ✉ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ② ♣ ❡ ♦❢ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❡ ♦ ✇ ❤✐ ❝ ❤ ❛ ❡
❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ✐ ♥ ❤✐ ❤ ❡ ✐ ✳ ❛✮ ❘ ❛ ♥ ❞ ♦ ♠ ✢ ✉ ❝ ✉ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❞ ❡ ♣ ♦ ✐ ❡ ❞ ③ ♦ ♥ ❡ ✇✐ ❞ ❤✳
❜✮ ❙ ② ❡ ♠ ❛ ✐ ❝ ❤✐❢ ♦❢ ❤ ❡ ③ ♦ ♥ ❡ ❞ ✉ ❡ ♦ ❛ ♥ ❡❧❧✐ ♣ ✐ ❝ ❛❧ ✇✐ ❡ ✉ ❜ ❛ ❡✳ ❝✮ ❘ ❛ ♥ ❞ ♦ ♠
♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❡ ♦ ❝ ❛ ✉ ❡ ❞ ❜ ② ❤ ❡ ♦ ✉ ❣ ❤ ♥ ❡ ♦❢ ❤ ❡ ✉ ❜ ❛ ❡✳ ❚ ❤ ❡ ❡ ♦ ♥ ❡ ♦ ✉ ❋ ❩
♣ ❛ ❡ ♥ ✐ ❤ ♦ ✇ ♥ ✐ ♥ ❝ ♦❧ ♦ ✳ ❚ ❤ ❡ ③ ♦ ♥ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ✐ ❞ ❡ ❛❧ ❋ ❩ ♣ ❛ ❡ ♥ ❛ ❡ ❛❧ ♦
✐ ♥ ❞✐ ❝ ❛ ❡ ❞ ✭ ❝ ♦ ✲ ❤ ❛ ❝ ❤ ❡ ❞✮✳
❚ ❤ ❡ ♠ ❛✐ ♥ ♦ ✉ ❝ ❡ ♦❢ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❡ ♦ ❢ ♦ ♣ ✉ ❡ ❡ ❞ ❧✐ ❝ ❡ ❞ ❋ ❩ ✬ ❛ ❡ ❤ ❡ ✉ ❜✲
❛ ❡ ❛ ♥ ❞ ❤ ❡ ❞ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ♣ ♦ ❝ ❡ ✳ ❚ ❤ ❡ ❛ ❝ ❝ ✉ ❛ ❝ ② ♦❢ ❤ ❡ ❋ ❩ ❛ ✇✐ ❤ ❤ ❡ ♦ ✉ ❣ ❤✲
♥ ❡ ❛ ♥ ❞ ♦ ✉ ♥ ❞ ♥ ❡ ♦❢ ❤ ❡ ♠✐ ❝ ♦✲ ✇✐ ❡ ✉ ❜ ❛ ❡ ❤ ❛ ✐ ✉ ❡ ❞✳ ❚ ❤ ❡ ❞ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ♣ ♦ ❝ ❡
✇✐ ❤ ✐ ♣ ♦ ❜ ❛ ❜✐❧✐ ✐ ❝ ♥ ❛ ✉ ❡ ❧ ❡ ❛ ❞ ♦ ✉ ♥ ❝ ❡ ❛✐ ♥ ✐ ❡ ✐ ♥ ❤✐ ❝ ❦ ♥ ❡ ❛ ♥ ❞ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡
❞ ❡ ♣ ♦ ✐ ❡ ❞ ♠ ❛ ❡ ✐ ❛❧ ✳ ■ ♥ ❝ ♦ ♥ ❛ ♦ ❤ ❡ ❡ ♦ ♦ ❝ ❝ ✉ ✐ ♥ ❣ ✐ ♥ ❡✲ ❜ ❡ ❛ ♠ ❧✐ ❤ ♦ ❣ ❛ ♣ ❤ ②✱
❤ ❡ ❡ ❡ ♦ ♣ ♦ ♣ ❛ ❣ ❛ ❡ ✇✐ ❤✐ ♥ ❤ ❡ ❋ ❩ ❧ ❛ ② ❡ ② ❡ ♠✳ ❲❡ ✐ ♠ ✉❧ ❛ ❡ ❤ ❡ ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ♦❢
❤ ❡ ❡ ❡ ♦ ♦ ♥ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ♣ ❡ ❢ ♦ ♠ ❛ ♥ ❝ ❡ ♦❢ ❛ ♥ ❙ ❚ ❳ ▼✳
❋ ♦ ❤ ❡ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✱ ✇ ❡ ❞✐ ❝ ❡ ✐ ③ ❡ ❤ ❡ ❋ ❩ ✇✐ ❤ ✐ ♣ ♦ ✐ ❜❧ ❡ ❡ ♦ ❛ ♥ ❞ ♣ ♦ ♣ ❛✲
❣ ❛ ❡ ✐ ♥ ♦ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣ ♦ ❜ ② ♥ ✉ ♠ ❡ ✐ ❝ ❛❧❧ ② ♦❧ ✈✐ ♥ ❣ ❤ ❡ ❘ ❛ ②❧ ❡✐ ❣ ❤✲ ❙ ♦ ♠ ♠ ❡ ❢ ❡❧ ❞ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥
✐ ♥ ❡ ❣ ❛❧✳ ❋ ♦ ❤✐ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ♦❧ ✉ ✐ ♦ ♥✱ ✐ ✐ ✐ ♠ ♣ ♦ ❛ ♥ ❤ ❛ ❡ ♦ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❤ ❡
❞✐ ❝ ❡ ✐ ③ ❛ ✐ ♦ ♥ ❛ ❡ ♥ ❡ ❣❧✐ ❣✐ ❜❧ ❡ ❝ ♦ ♠ ♣ ❛ ❡ ❞ ♦ ❤ ❡ ❛ ♠ ♣❧✐ ✉ ❞ ❡ ♦❢ ❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❡ ♦ ✳
❋✐ ❣ ✉ ❡ ✽✳ ✷ ❤ ♦ ✇ ❛ ♥ ♦ ✈ ❡ ✈✐ ❡ ✇ ♦❢ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ❡ ♦ ✇ ❤✐ ❝ ❤ ❛ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞ ✐ ♥ ❤✐
✇ ♦ ❦✳ ■❢ ❤ ❡ ③ ♦ ♥ ❡ ❛ ❡ ♣ ❡ ❢ ❡ ❝ ❧ ② ❝ ❡ ♥ ❡ ❡ ❞ ✐ ♥ ❣ ✇✐ ❤ ✈ ❛ ②✐ ♥ ❣ ✇✐ ❞ ❤✱ ❛ ❞✐ ❝ ❡ ✐ ③ ❛ ✐ ♦ ♥
♦ ♥ ❛ ♣ ♦❧ ❛ ❣ ✐ ❞ ✐ ❛ ❞ ✈✐ ❛ ❜❧ ❡ ✭ ❡ ❡ ✜ ❣ ✉ ❡ ✽✳ ✷✮✳ ❲❡ ✉ ❡ ❤✐ ② ♣ ❡ ♦❢ ❞✐ ❝ ❡ ✐ ③ ❛ ✐ ♦ ♥ ♦
✉ ❞ ② ❤ ❡ ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ♦ ♥ ❤ ❡ ▼ ❚ ❋ ♦❢ ❛ ♥ ❡ ♦ ♥ ❡ ♦ ✉ ❞ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ❛ ❡ ❝ ♦ ♠ ❜✐ ♥ ❡ ❞ ✇✐ ❤
❛ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ✉ ❢ ❛ ❝ ❡ ❡ ♦ ✳ ❲❡ ❛ ✉ ♠ ❡ ❤ ❛ ❤ ❡ ✢ ✉ ❝ ✉ ❛ ✐ ♦ ♥ ❛ ❡ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❛ ♥ ❞
✶ ✸ ✷ ❈ ❍ ❆ ❚ ❊ ❘ ✽✳ ■ ▼ ❆ ❈ ❚ ❖ ❋ ❘ ❆ ◆ ❉ ❖ ▼ ❖ ❙■ ❚■ ❖ ◆■ ◆ ● ❊ ❘ ❘ ❖ ❘ ❙
✐ ❞ ❡ ♥ ✐ ❝ ❛❧❧ ② ❞✐ ✐ ❜ ✉ ❡ ❞ ♦ ❤ ❛ ✇ ❡ ❝ ❛ ♥ ✐ ♠ ✉❧ ❛ ❡ ❤ ❡ ♠ ❜ ② ♥ ♦ ♠ ❛❧ ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ✳ ❋ ♦
❤✐ ② ♣ ❡ ♦❢ ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥✱ ❤ ❡ ❛ ♠ ❡ ❛❧ ❣ ♦ ✐ ❤ ♠ ❤ ❛ ✇ ❡ ✉ ❡ ❞ ♦ ❝ ♦ ♠ ♣ ✉ ❡ ❤ ❡ ❡ ✛ ❡ ❝
♦❢ ❤ ❡ ❝ ❡ ♥ ❛❧ ♦ ♣ ✐ ❛❧ ♦ ✉✐ ❛ ❜❧ ❡✳
❍ ♦ ✇ ❡ ✈ ❡ ✱ ✇ ❡ ❛❧ ♦ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ✛ ❡ ❝ ❤ ❛ ❛ ❡ ❜ ❡ ❡ ✉✐ ❡ ❞ ❢ ♦ ❞✐ ❝ ❡ ✐ ③ ❛ ✐ ♦ ♥ ♦ ♥
❛ ♥ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❣ ✐ ❞✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❤ ❡ ❡ ✛ ❡ ❝ ♦❢ ♥ ♦ ♥✲ ♣ ❡ ❢ ❡ ❝ ✇✐ ❡ ✉ ❜ ❛ ❡ ✭ ❡ ❡
✜ ❣ ✉ ❡ ✽✳ ✷✭ ❜✮✲✭ ❝✮✮✳ ❚ ❤ ❡ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✉ ❜ ❛ ❡ ❢ ♦ ♠ ✐ ♣ ❡ ❢ ❡ ❝ ❝✐ ❝ ✉❧ ❛ ❤ ❛ ♣ ❡
❝ ❛ ♥ ❜ ❡ ❞✐ ✈✐ ❞ ❡ ❞ ✐ ♥ ♦ ❛ ❧ ♦ ✇❧ ② ✈ ❛ ②✐ ♥ ❣ ❡❧❧✐ ♣ ✐ ❝ ❛❧ ✭ ✜ ❣ ✉ ❡ ✽✳ ✷✭ ❜✮✮ ❛ ♥ ❞ ❛ ❢ ❛ ♦ ❝✐❧❧ ❛ ✐ ♥ ❣
♦ ✉ ❣ ❤ ♥ ❡ ✭ ✜ ❣ ✉ ❡ ✽✳ ✷✭ ❝✮✮ ♣ ❛ ✳ ❲❡ ❛ ✉ ♠ ❡ ❤ ❛ ❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ♥✲ ❤ ③ ♦ ♥ ❡
✐ ❤✐❢ ❡ ❞ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧ ♦ ❤ ❡ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♠✐ ❝ ♦✲ ✇✐ ❡ ✉ ❜ ❛ ❡ ❞ ✉ ❡ ♦ ✐
♦ ✉ ❣ ❤ ♥ ❡ ✳ ❋ ✉ ❤ ❡ ♠ ♦ ❡✱ ✇ ❡ ✐ ♥ ❝❧ ✉ ❞ ❡ ❛ ❞ ❛ ♠ ♣✐ ♥ ❣ ♦❢ ❤✐ ❡ ♦ ♣ ♦ ♣ ♦ ✐ ♦ ♥ ❛❧❧ ② ♦ ❤ ❡
✐ ♥ ✈ ❡ ❡ ♦❢ ❤ ❡ ♠ ❡ ❛ ♥ ❛ ❞✐ ✉ ♦❢ ❤ ❡ ♥✲ ❤ ③ ♦ ♥ ❡✳ ❚ ❤✐ ❞ ❛ ♠ ♣✐ ♥ ❣ ✐ ♠ ✉❧ ❛ ❡ ❛ ♠ ♦ ♦ ❤✐ ♥ ❣
❜ ② ❤ ❡ ❞ ❡ ♣ ♦ ✐ ❡ ❞ ♠ ❛ ❡ ✐ ❛❧ ❛ ❝❧ ❛✐ ♠ ❡ ❞ ✐ ♥ ❬ ✶ ✺❪✳ ❚ ❤ ❡ ♦ ✉ ❣ ❤ ♥ ❡ ♦❢ ❤ ❡ ♣ ✉ ❡ ✐ ♥ ❣ ❜ ❛ ❡
✐ ✐ ♠ ✉❧ ❛ ❡ ❞ ❜ ② ❛ ❡ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦❢ ❛ ❛ ♥ ❞ ♦ ♠ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ♣ ♦ ✐ ✐ ♦ ♥ ✇ ❤✐ ❝ ❤ ✐
❜ ❛ ❡ ❞ ♦ ♥ ❛ ❛ ♥ ❞ ♦ ♠ ✇ ❛❧ ❦ ❛ ♥ ❞ ✐ ♥ ❝❧ ✉ ❞ ❡ ♦ ♠ ❡ ♠ ♦ ♦ ❤✐ ♥ ❣✳
❖ ♥ ❛ ♥ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❣ ✐ ❞✱ ❛ ❞✐ ✛ ❡ ❡ ♥ ❛❧ ❣ ♦ ✐ ❤ ♠ ✐ ❡ ✉✐ ❡ ❞ ❛ ♥ ❞ ♦ ✇ ❡ ❛ ❞ ❛ ♣ ❡ ❞
❛ ♥ ❛❧ ❣ ♦ ✐ ❤ ♠ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ✐ ♥ ❬ ✽ ✼❪✳ ■ ❛ ✉ ♠ ❡ ❤ ❛ ❛ ♠ ♦ ♥ ♦ ❝ ❤ ♦ ♠ ❛ ✐ ❝ ♣❧ ❛ ♥ ❡ ✇ ❛ ✈ ❡ ✐
✐ ♥ ❝✐ ❞ ❡ ♥ ♦ ♥ ❤ ❡ ❋ ❩ ✳ ❙✐ ♥ ❝ ❡ ❤ ❡ ❋ ❩ ❝ ♦ ♥ ✐ ♦❢ ③ ♦ ♥ ❡ ✇✐ ❤ ❞✐ ✛ ❡ ❡ ♥ ❡❢ ❛ ❝ ✐ ✈ ❡
✐ ♥ ❞✐ ❝ ❡ ✱ ❤ ❡ ✐ ♥ ❝✐ ❞ ❡ ♥ ✇ ❛ ✈ ❡ ✐ ♣ ❛ ✐ ❛❧❧ ② ❛ ❜ ♦ ❜ ❡ ❞ ❛ ♥ ❞ ♣ ❤ ❛ ❡ ❤✐❢ ❡ ❞✳ ❚ ❤ ❡ ❛❧ ❣ ♦ ✐ ❤ ♠
❛ ✉ ♠ ❡ ❤ ❛ ❤ ❡ ❋ ❩ ✐ ❛ ✷ ❉ ♣ ❛ ❡ ♥ ✇✐ ❤ ♦ ✉ ❡ ① ❡ ♥ ✐ ♦ ♥ ♦❢ ❤ ❡ ③ ♦ ♥ ❡ ❛❧ ♦ ♥ ❣ ❤ ❡
♦ ♣ ✐ ❝ ❛❧ ❛ ①✐ ✳ ❚ ❤✐ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✐ ✈ ❛❧✐ ❞ ❢ ♦ ♠ ♦ ❝ ✉ ❡ ♥ ❧ ② ✉ ❡ ❞ ❋ ❩ ✬ ✳ ❋ ♦ ❤✐ ❝ ❦
❋ ❩ ✬ ✇✐ ❤ ✈ ❡ ② ❤✐ ❣ ❤ ❛ ♣ ❡ ❝ ❛ ✐ ♦ ③ ♦ ♥ ❡ ✉ ❝ ✉ ❡ ✱ ❤ ❡ ❝ ❛❧ ❛ ✇ ❛ ✈ ❡ ❡ ✉ ❛ ✐ ♦ ♥ ❤ ❛
♦ ❜ ❡ ♦❧ ✈ ❡ ❞ ❛ ❦✐ ♥ ❣ ✈ ♦❧ ✉ ♠ ❡ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❡ ✛ ❡ ❝ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ❬ ✶ ✵ ✸✱ ✽ ✵❪✳ ■ ♥ ❤✐ ❝ ❛ ❡✱
❤ ❡ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❜ ❡ ❤ ❛ ✈✐ ♦ ♦❢ ❋ ❩ ✬ ✐ ♠ ✉ ❝ ❤ ♠ ♦ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ❛ ♥ ❞ ❝ ❛ ♥ ♥ ♦ ❜ ❡ ❞ ❡ ❝ ✐ ❜ ❡ ❞
❜ ② ❤ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ♠ ❡ ❤ ♦ ❞ ✳
❚ ❤ ❡ ✇ ❛ ✈ ❡ ✜ ❡❧ ❞ ❛ ♥ ❞ ❤ ❡ ❡ ✛ ❡ ❝ ♦❢ ❤ ❡ ❋ ❩ ❛ ❡ ❞✐ ❝ ❡ ✐ ③ ❡ ❞ ♦ ♥ ❛ ♥ ♦ ❤ ♦ ❣ ♦ ♥ ❛❧ ❣ ✐ ❞✳
❆ ❡ ❛ ❝ ❤ ✈ ❡ ❡ ①✱ ❛ ❝ ♦ ♠ ♣❧ ❡ ① ♥ ✉ ♠ ❜ ❡ ❡ ♣ ❡ ❡ ♥ ❤ ❡ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ✜ ❡❧ ❞ ❛ ❤ ❛ ♣ ♦✐ ♥ ✳
■❢ ❛ ✈ ❡ ❡ ① ❧✐ ❡ ✐ ♥ ❛ ♥ ♦ ♣ ❛ ✉ ❡ ③ ♦ ♥ ❡ ♦❢ ❤ ❡ ❋ ❩ ✱ ✇ ❡ ♠ ♦ ❞✐❢ ② ❤ ❡ ❝ ♦ ♠ ♣❧ ❡ ① ♥ ✉ ♠ ❜ ❡ ❛
❤ ❛ ✈ ❡ ❡ ① ♦ ❛❧❧ ♦ ✇ ❢ ♦ ❤ ❡ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ❛ ♥ ❞ ♣ ❤ ❛ ❡ ❤✐❢ ✐ ♥ ❣ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ❜ ② ❤ ❡ ③ ♦ ♥ ❡✳ ❆❧❧
❡ ① ❛ ♠ ♣❧ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❤ ❡ ❡ ❛ ❡ ❜ ❛ ❡ ❞ ♦ ♥ ♦ ❛❧❧ ② ♦ ♣ ❛ ✉ ❡✲ ❛ ♥ ❞✲ ❛ ♥ ♣ ❛ ❡ ♥ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ✳
❋✐ ♥ ❛❧❧ ②✱ ❤ ❡ ♠ ♦ ❞✐ ✜ ❡ ❞ ✇ ❛ ✈ ❡ ✐ ♣ ♦ ♣ ❛ ❣ ❛ ❡ ❞ ✐ ♥ ♦ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣❧ ❛ ♥ ❡ ❜ ② ✉ ✐ ♥ ❣ ❛ ❋ ❡ ♥ ❡❧
❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❜ ❛ ❡ ❞ ❛❧ ❣ ♦ ✐ ❤ ♠ ❬ ✽ ✼❪✳
❋ ♦ ❤ ❡ ❋ ❡ ♥ ❡❧ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❜ ❛ ❡ ❞ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✇ ❛ ✈ ❡ ✜ ❡❧ ❞ U [x, y, z ] ❢ ♦ ♠
❤ ❡ ♣❧ ❛ ♥ ❡ z = z 0 ♦ ❤ ❡ ♣❧ ❛ ♥ ❡ z = z 1 , ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ✉ ❛ ✐ ♦ ♥ ❤ ❛ ♦ ❜ ❡ ♦❧ ✈ ❡ ❞✿ ✭ ❡ ❡
❛❧ ♦ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✸✳ ✹✮ ✮





U [x 0 , y0 , z0 ] e x p i k (x 1 − x 0 )
2 + ( y 1 − y 0 ) 2
2 ( z 1 − z 0 ) d x 0 d y 0 .
✽✳ ✸✳ ❚ ❍ ❊ ■ ▼ ❆ ❈ ❚ ❖ ❋ ❉■ ❋ ❋ ❊ ❘ ❊ ◆ ❚ ❊ ❘ ❘ ❖ ❘ ❙ ✶ ✸ ✸
❆ ❣ ❛✐ ♥✱ λ ❞ ❡ ♥ ♦ ❡ ❤ ❡ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤ ❛ ♥ ❞ k = 2 πλ ❤ ❡ ✇ ❛ ✈ ❡ ♥ ✉ ♠ ❜ ❡ ✳ ◆ ♦ ❡ ❤ ❛ ❤✐❡ ✉ ❛ ✐ ♦ ♥ ✐ ❛ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ✇ ❛ ✈ ❡ ✐ ♥ ❤ ❡ z 0 ♣❧ ❛ ♥ ❡ ✇✐ ❤ ❤ ❡ ✭ ♣ ❛ ❛ ①✐ ❛❧✮ ✐ ♠ ♣ ✉❧ ❡
❡ ♣ ♦ ♥ ❡ ♦❢ ❢ ❡ ❡ ♣ ❛ ❝ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥✳ ❙✐ ♥ ❝ ❡ ❜ ♦ ❤ ♣❧ ❛ ♥ ❡ ♥ ❡ ❡ ❞ ♦ ❜ ❡ ❡ ♦❧ ✈ ❡ ❞ ✇✐ ❤ ✉ ❜
❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❧✐ ♠✐ ❡ ❞ ❛ ❝ ❝ ✉ ❛ ❝ ②✱ ❛ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ❜ ❛ ❡ ❞ ♦❧ ✉ ✐ ♦ ♥ ✐ ✉ ❡ ❞✳
❚ ❤ ❡ ▼ ❚ ❋ ♦❢ ❋ ❩ ✬ ✇✐ ❤ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❡ ♦ ✐ ❝ ❛❧ ❝ ✉❧ ❛ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣
❢ ♦ ❝ ❛❧ ♣ ♦ ✐ ♥ ❡ ♥ ✐ ② ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ❜ ② ❢ ❛ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ✭ ❋ ❋ ❚✮ ❛ ♥ ❞ ✜ ♥ ❛❧❧ ② ❜ ②
❛ ✈ ❡ ❛ ❣✐ ♥ ❣ ♦ ✈ ❡ ❝✐ ❝ ✉❧ ❛ ✐ ♥ ❣ ✐ ♥ ❤ ❡ ♣ ❛ ✐ ❛❧ ❢ ❡ ✉ ❡ ♥ ❝ ② ❞ ♦ ♠ ❛✐ ♥✳
✽✳ ✸ ❚ ❤ ❡ ■ ♠ ♣ ❛ ❝ ♦❢ ❉✐ ✛ ❡ ❡ ♥ ❊ ♦
❲❡ ❛❧ ❡ ❛ ❞ ② ✉ ❞✐ ❡ ❞ ❤ ❡ ✐ ♠ ♣ ❛ ❝ ♦❢ ❤ ❡ ❝ ❡ ♥ ❛❧ ♦ ♣ ❛ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✽✳ ✶✳ ❲✐ ❤
✐ ♥ ❝ ❡ ❛ ❡ ❞ ❞✐ ❛ ♠ ❡ ❡ ✱ ❤ ❡ ❝ ❡ ♥ ❛❧ ♦ ♣ ✉ ♣ ♣ ❡ ❡ ❝ ❡ ❛✐ ♥ ♣ ❛ ✐ ❛❧ ❢ ❡ ✉ ❡ ♥ ❝✐ ❡ ❀ ❤✐
❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ♣❧ ❛ ❡ ❛ ✉ ❡ ❡ ♥ ✐ ♥ ❤ ❡ ▼ ❚ ❋✳ ❙ ✉ ❝ ✉ ❡ ♦❢ ❤ ❡ ❡ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ✇✐❧❧
❛ ♣ ♣ ❡ ❛ ❜❧ ✉ ② ✐ ♥ ❤ ❡ ✐ ♠ ❛ ❣ ❡✳ ❍ ❡ ♥ ❝ ❡✱ ❤ ❡ ❞✐ ❛ ♠ ❡ ❡ ♦❢ ❤ ❡ ❝ ❡ ♥ ❛❧ ♦ ♣ ❤ ♦ ✉❧ ❞ ❜ ❡ ❧ ❡
❤ ❛ ♥ ✺ ✵ ✪ ♦❢ ❤ ❡ ♦ ❛❧ ❞✐ ❛ ♠ ❡ ❡ ♦❢ ❤ ❡ ❋ ❩ ✳
❚ ❤ ❡ ♠✐ ❝ ♦✲ ✇✐ ❡ ✉ ❜ ❛ ❡ ♦❢ ❛ ♣ ✉ ❡ ❡ ❞ ❧✐ ❝ ❡ ❞ ❋ ❩ ♠✐ ❣ ❤ ❞ ❡ ✈✐ ❛ ❡ ❢ ♦ ♠ ❤ ❡
♣ ❡ ❢ ❡ ❝ ❝✐ ❝ ✉❧ ❛ ❤ ❛ ♣ ❡✳ ❚ ❤ ❡ ✐ ♠ ♣ ❛ ❝ ♦❢ ❤ ❡ ♦ ✉ ❣ ❤ ♥ ❡ ♦❢ ❤ ❡ ✉ ❜ ❛ ❡ ♦ ♥ ❤ ❡ ❢ ♦ ❝ ❛❧
♣ ❛ ❡ ♥ ✐ ❤ ♦ ✇ ♥ ❢ ♦ ❞✐ ✛ ❡ ❡ ♥ ♠ ✈ ❛❧ ✉ ❡ ✐ ♥ ✜ ❣ ✉ ❡ ✽✳ ✸✳ ❚ ❤ ❡ ✐ ♥ ❝ ❡ ❛ ❡ ♦❢ ❤ ❡ ✐ ❞ ❡
❧ ♦ ❜ ❡ ✐ ♥ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣ ❛ ❡ ♥ ❛ ♥ ❧ ❛ ❡ ✐ ♥ ♦ ❛ ❞ ❡ ❝ ❡ ❛ ❡ ❞ ✐ ♠ ❛ ❣ ❡ ✉ ❛❧✐ ② ✭ ❡ ❡ ✜ ❣ ✉ ❡ ✽✳ ✸✱
♠✐ ❞ ❞❧ ❡ ♦ ✇✮✳ ❚ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ▼ ❚ ❋✬ ❛ ❡ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ✽✳ ✹✳ ❆ ❡ ① ♣ ❡ ❝ ❡ ❞✱ ❤ ❡ ▼ ❚ ❋
❞ ❡ ❝ ❡ ❛ ❡ ✇✐ ❤ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ♦ ✉ ❣ ❤ ♥ ❡ ♦❢ ❤ ❡ ✉ ❜ ❛ ❡✳ ■ ❛❧ ♦ ❤ ♦ ✇ ❤ ❛ ❤ ❡ ♠
♦ ✉ ❣ ❤ ♥ ❡ ♦❢ ❤ ❡ ✉ ❜ ❛ ❡ ❤ ♦ ✉❧ ❞ ❜ ❡ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ♠ ❛❧❧ ❡ ❤ ❛ ♥ d r N / 2 ♦ ❛ ✈ ♦✐ ❞ ❛
❞ ❡ ❣ ❛ ❞ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ▼ ❚ ❋ ❢ ♦ ❤✐ ❣ ❤ ♣ ❛ ✐ ❛❧ ❢ ❡ ✉ ❡ ♥ ❝✐ ❡ ✳ ❋ ✉ ❤ ❡ ♠ ♦ ❡✱ ❛ ♥ ❡❧❧✐ ♣ ✐ ❝ ❛❧
✉ ❜ ❛ ❡ ❛❧ ♦ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❛ ② ❡ ♠ ❛ ✐ ❝ ❤✐❢ ✐ ♥ ❤ ❡ ③ ♦ ♥ ❡ ❛ ♥ ❞ ❤ ❡ ♥ ❝ ❡ ❡ ✉❧ ✐ ♥ ❛ ♥
❋ ❩ ✇✐ ❤ ❛ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❛ ✐ ❣ ♠ ❛ ✐ ♠ ✭ ✜ ❣ ✉ ❡ ✽✳ ✷✭ ❜✮✱ ❡ ❡ ❛❧ ♦ ❬ ✾ ✾❪ ✮✳
■ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣✱ ❋ ❩ ✬ ✇✐ ❤ ♣ ♦ ❞ ✉ ❝ ✐ ♦ ♥ ❡ ♦ ❛ ❡ ✐ ♥ ✈ ❡ ✐ ❣ ❛ ❡ ❞✳ ❲❡ ❞✐ ✈✐ ❞ ❡
❤ ❡ ❋ ❩ ✬ ✐ ♥ ♦ ✇ ♦ ② ♣ ❡ ❛ ❝ ❝ ♦ ❞✐ ♥ ❣ ♦ ❤ ❡✐ ♠ ❛ ♥ ✉❢ ❛ ❝ ✉ ✐ ♥ ❣ ♣ ♦ ❝ ❡ ✿ ❞ ❡ ♣ ♦ ✐ ❡ ❞
❋ ❩ ✬ ✭ ❞✲ ❋ ❩ ✬ ✮ ✇✐ ❤ ❤ ❡✐ ♠✐ ❝ ♦✲ ✇✐ ❡ ✉ ❜ ❛ ❡ ❛ ♥ ❞ ❡✲ ❜ ❡ ❛ ♠ ❧✐ ❤ ♦ ❣ ❛ ♣ ❤ ② ❋ ❩ ✬
✭ ❡✲ ❋ ❩ ✬ ✮✳ ■ ♥ ❞✲ ❋ ❩ ✬ ✱ ❡ ♦ ♣ ♦ ♣ ❛ ❣ ❛ ❡ ♦ ✈ ❡ ❤ ❡ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ❧ ❛ ② ❡ ② ❡ ♠ ✇ ❤✐❧ ❡
❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❡ ♦ ❢ ♦ ♠ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ③ ♦ ♥ ❡ ✐ ♥ ❡✲ ❋ ❩ ✬ ❛ ❡ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ✳ ❍ ❡ ♥ ❝ ❡✱
❢ ♦ ❡✲ ❋ ❩ ✬ ✱ ❤ ❡ ❛ ❝ ❝ ❡ ♣ ❛ ❜❧ ❡ ❡ ♦ ✐ ❧ ❛ ❣ ❡❧ ② ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♦❢ ❤ ❡ ❞✐ ❛ ♠ ❡ ❡ ✇ ❤✐❧ ❡ ❤ ❡
❛ ❝ ❝ ❡ ♣ ❛ ❜❧ ❡ ❡ ♦ ♦❢ ❞✲ ❋ ❩ ✬ ♦ ♥ ❣❧ ② ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❤ ❡ ❞✐ ❛ ♠ ❡ ❡ ♦❢ ❤ ❡ ♦ ♣ ✐ ❝✳
❚ ❤ ❡ ✐ ♠ ♣ ❛ ❝ ♦❢ ❤ ❡ ✈ ❛ ✐ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ③ ♦ ♥ ❡ ✇✐ ❞ ❤ ✐ ❤ ♦ ✇ ♥ ✐ ♥ ✽✳ ✺✳ ❋ ♦ ❞✲ ❋ ❩ ✬ ✱
✇ ♦ ❡ ✛ ❡ ❝ ❛ ❡ ✐ ♥ ❝❧ ✉ ❞ ❡ ❞ ✐ ♥ ❤ ❡ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥✳ ❋✐ ✱ ❤ ❡ ❞ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ♠ ❛ ❡ ✐ ❛❧ ✐ ❛
❛ ♥ ❞ ♦ ♠ ♣ ♦ ❝ ❡ ✳ ❍ ❡ ♥ ❝ ❡✱ ❡ ❛ ❝ ❤ ③ ♦ ♥ ❡ ✇✐ ❞ ❤ ✐ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ✇✐ ❤ ❛ ♥ ✐ ♥ ❤ ❡ ❡ ♥ ✈ ❛ ✐ ❛ ✐ ♦ ♥✳
❙✐ ♥ ❝ ❡ ❡ ❛ ❝ ❤ ③ ♦ ♥ ❡ ❝ ♦ ♥ ✐ ♦❢ ♠ ❛ ♥ ② ❛ ♦ ♠✐ ❝ ❧ ❛ ② ❡ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❧ ② ❞ ❡ ♣ ♦ ✐ ❡ ❞ ♦ ♥ ♦ ❡ ❛ ❝ ❤
♦ ❤ ❡ ✱ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ③ ♦ ♥ ❡ ✇✐ ❞ ❤ ❡ ♦ ✐ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡❧ ② ♥ ♦ ♠ ❛❧❧ ② ❞✐ ✐ ❜ ✉ ❡ ❞ ✇✐ ❤
❛ ❛ ♥ ❞ ❛ ❞ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ ❡ ✉ ❛❧ ♦ ❤ ❡ ✉ ❛ ❡ ♦ ♦ ♦❢ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ❧ ❛ ② ❡ ✐ ♠ ❡ ❤ ❡
❛ ♥ ❞ ❛ ❞ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ (σ R ) ♦❢ ❤ ❡ ❤✐ ❝ ❦ ♥ ❡ ♦❢ ❛ ✐ ♥ ❣❧ ❡ ❧ ❛ ② ❡ ✳
❙ ❡ ❝ ♦ ♥ ❞✱ ❞ ✉ ❡ ♦ ❤ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ♦❢ ♠ ❛ ❡ ✐ ❛❧ ❛ ❡ ❛ ❝ ❤ ③ ♦ ♥ ❡ ✐ ♥ ❡ ❢ ❛ ❝ ❡✱ ❛ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧
✶ ✸ ✹ ❈ ❍ ❆ ❚ ❊ ❘ ✽✳ ■ ▼ ❆ ❈ ❚ ❖ ❋ ❘ ❆ ◆ ❉ ❖ ▼ ❖ ❙■ ❚■ ❖ ◆■ ◆ ● ❊ ❘ ❘ ❖ ❘ ❙
❋✐ ❣ ✉ ❡ ✽✳ ✸✿ ❙✐ ♠ ✉❧ ❛ ❡ ❞ ✐ ♠ ❛ ❣ ❡ ❤ ♦ ✇✐ ♥ ❣ ❤ ❡ ✐ ♠ ♣ ❛ ❝ ♦❢ ❤ ❡ ✉ ❜ ❛ ❡ ♦ ✉ ❣ ❤ ♥ ❡
✭ ✐ ❣ ❤ ❝ ♦❧ ✉ ♠ ♥✱ ❡ ❡ ❛❧ ♦ ✜ ❣ ✉ ❡ ✽✳ ✷ ✭ ❝ ✮ ✮ ♦ ♥ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣ ❛ ❡ ♥ ✭❧ ❡❢ ❝ ♦❧ ✉ ♠ ♥✮ ❛ ♥ ❞ ❤ ❡ ♥ ❝ ❡
❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ✭ ♠✐ ❞ ❞❧ ❡ ❝ ♦❧ ✉ ♠ ♥✮ ♦❢ ❤ ❡ ❙ ❚ ❳ ▼✳ ❚ ❤ ❡ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✇ ❛ ♣ ❡ ❢ ♦ ♠ ❡ ❞ ❢ ♦
❋ ❩ ✬ ✇✐ ❤ ❛ ♥ ♦ ✉ ❡ ♠ ♦ ③ ♦ ♥ ❡ ✇✐ ❞ ❤ ♦❢ d r N = ✺ ♥ ♠ ❛ ♥ ❞ ❛ ❞✐ ❛ ♠ ❡ ❡ ♦❢ ✶✳ ✺ ✾ ✹ ➭ ♠
❛ ❛ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤ ♦❢ ✵✳ ✶ ✺ ✼ ♥ ♠ ✭ ❡ ❡ ❛❧ ♦ ❬ ✶ ✺❪ ✮✳ ❛ ♥ ❡❧ ✭ ❛ ✮ ❤ ♦ ✇ ❤ ❡ ❡ ✉❧ ❢ ♦ ❛
♣ ❡ ❢ ❡ ❝ ❋ ❩ ✇✐ ❤ ♦ ✉ ❝ ❡ ♥ ❛❧ ♦ ♣✳ ❛ ♥ ❡❧ ✭ ❜ ✮ ✕ ✭ ❡ ✮ ❤ ♦ ✇ ❤ ❡ ❡ ✉❧ ❢ ♦ ❋ ❩ ✬
✇✐ ❤ ❝ ❡ ♥ ❛❧ ♦ ♣ ♦❢ ✵✳ ✾ ➭ ♠ ❛ ♥ ❞ ❞✐ ✛ ❡ ❡ ♥ ♠ ✲ ✈ ❛❧ ✉ ❡ ♦❢ ✵ ♥ ♠✱ ✸ ♥ ♠✱ ✻ ♥ ♠ ❛ ♥ ❞ ✶ ✵
♥ ♠✱ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✳
✽✳ ✸✳ ❚ ❍ ❊ ■ ▼ ❆ ❈ ❚ ❖ ❋ ❉■ ❋ ❋ ❊ ❘ ❊ ◆ ❚ ❊ ❘ ❘ ❖ ❘ ❙ ✶ ✸ ✺
❋✐ ❣ ✉ ❡ ✽✳ ✹✿ ❧ ♦ ❤ ♦ ✇✐ ♥ ❣ ❤ ❡ ♠ ❡ ❛ ♥ ▼ ❚ ❋ ♦❢ ❤ ❡ ❛ ♠ ❡ ❋ ❩ ❛ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣✲
✉ ❡ ✽✳ ✸✭ ❛✮✲✭ ❡✮✳ ❲✐ ❤ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ♠ ✲ ✈ ❛❧ ✉ ❡ ♦❢ ❤ ❡ ♠✐ ❝ ♦✲ ✇✐ ❡ ✉ ❜ ❛ ❡✱ ❤ ❡ ▼ ❚ ❋✬
❛❧ ❡ ❛ ❞ ② ❞ ❡ ❝ ❡ ❛ ❡ ♦ ♥ ❣❧ ② ❛ ♠ ♦ ❞ ❡ ❛ ❡ ♣ ❛ ✐ ❛❧ ❢ ❡ ✉ ❡ ♥ ❝✐ ❡ ✳ ◆ ♦ ❡ ❤ ❡ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣
❛ ♥ ❞ ❛ ❞ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ ✭ ❤ ❛ ❞ ❡ ❞✮ ✇✐ ❤ ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ♠ ✲ ✈ ❛❧ ✉ ❡ ✇ ❤✐ ❝ ❤ ✐ ❝ ❛ ✉ ❡ ❞ ❜ ② ❤ ❡
❛ ♥ ❣ ✉❧ ❛ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝ ② ♦❢ ❤ ❡ ▼ ❚ ❋ ♦❢ ♥ ♦ ♥✲ ❝✐ ❝ ✉❧ ❛ ❋ ❩ ✬ ✳
❡ ♦ ✐ ♣ ♦ ❞ ✉ ❝ ❡ ❞✳ ❋ ♦ ✐ ♠ ♣❧✐ ❝✐ ②✱ ❤✐ ✐ ♥ ❡ ❢ ❛ ❝ ❡ ❡ ♦ ✐ ❛❧ ♦ ❛ ✉ ♠ ❡ ❞ ♦ ❜ ❡ ♥ ♦ ✲
♠ ❛❧❧ ② ❞✐ ✐ ❜ ✉ ❡ ❞ ✇✐ ❤ ❛ ❛ ♥ ❞ ❛ ❞ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ σ N ✳ ❆ ❧ ♦ ♥ ❣ ❛ ❤ ❡ ❡ ① ♣ ❡ ❝ ❡ ❞ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥
♦❢ ❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ✉ ❡ ♠ ♦ ③ ♦ ♥ ❡ ✐ ♠ ❛❧❧ ❡ ❤ ❛ ♥ d r N / 2 ✱ ❛ ♥ ❛ ✈ ❡ ❛ ❣ ❡ ❞✲ ❋ ❩ ✇✐❧❧
♣ ♦ ❞ ✉ ❝ ❡ ❛ ♥ ❆✐ ② ♣ ❛ ❡ ♥ ❛ ❢ ♦ ❝ ❛❧ ♣ ♦ ✳ ■❢ ❤✐ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✐ ♥ ♦ ❛ ✐ ✜ ❡ ❞✱ ♦ ♠ ❡ ♦❢
❤ ❡ ♦ ✉ ❡ ♠ ♦ ③ ♦ ♥ ❡ ♠ ♦ ❧✐ ❦ ❡❧ ② ♥ ♦ ❧ ♦ ♥ ❣ ❡ ❛ ✐ ❢ ② ❤ ❡ ♥ ❡ ❝ ❡ ❛ ② ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❢ ♦ ❝ ♦ ♥✲
✉ ❝ ✐ ✈ ❡ ✐ ♥ ❡ ❢ ❡ ❡ ♥ ❝ ❡✳ ❚ ❤✐ ✐ ❞ ❡ ❛ ❧ ❡ ❛ ❞ ♦ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✏ ✉❧ ❡ ♦❢ ❤ ✉ ♠ ❜✑✿ ●✐ ✈ ❡ ♥ ❤ ❡
✇✐ ❞ ❤ ✭ d r N ✮ ♦❢ ❤ ❡ ♦ ✉ ❡ ♠ ♦ ③ ♦ ♥ ❡✱ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ✭N ✮ ♦❢ ③ ♦ ♥ ❡ ❛ ♥ ❞ ❤ ❡ ❛ ❞✐ ✉ ✭R ✮
❛ ✇ ❡❧❧ ❛ ❤ ❡ ❛ ♥ ❞ ❛ ❞ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ ♦❢ ❛ ✐ ♥ ❣❧ ❡ ③ ♦ ♥ ❡ ❜ ♦ ❛ ❞ ❡ σ N ✭✐ ♥ ♥ ♠ ♣ ❡ ❧ ❛ ② ❡ ✮
❛ ♥ ❞ ❤ ❡ ❛ ♥ ❞ ❛ ❞ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ σ R ✭✐ ♥ ♥ ♠ ♣ ❡ ∆ R ✮ ❢ ♦ ❛ ❞ ❡ ♣ ♦ ✐ ❡ ❞ ❞✐ ❛ ♥ ❝ ❡ ✭ ∆ R ✮✱ ❤ ❡
❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✐ ♥ ❡ ✉ ❛❧✐ ② ❤ ♦ ✉❧ ❞ ❜ ❡ ❛ ✐ ✜ ❡ ❞ ✶ ✿
d r N
2 > σ
2N N + σ 2R R∆ R .
❋ ♦ ❡✲ ❋ ❩ ✬ ✱ ✐ ✐ ✐ ♥ ❝❧ ✉ ❞ ❡ ❞ ❤ ❛ ❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❡ ❛ ❝ ❤ ✐ ♥ ❡ ❢ ❛ ❝ ❡ ✐ ♥ ♦ ♠ ❛❧❧ ②
✶ ❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❡ ✉ ❛ ✐ ♦ ♥ ✐ ♣ ♦ ❜ ❛ ❜❧ ② ♠ ♦ ❡ ❝ ♦ ♥ ✈ ❡ ♥✐ ❡ ♥ ❢ ♦ ♣ ❛ ❝ ✐ ❝ ❛❧ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✳ ❋ ♦ ♠ R ≈√ N f λ ❛ ♥ ❞ f ≈ 2 R d r Nλ , ❤ ❡ ✐ ♥ ❡ ✉ ❛❧✐ ② ❝ ❛ ♥ ❜ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❞ ❜ ② d r
4
Nf λ > σ 2N + σ 2d r N . ❍ ❡ ❡✱ σ d r N ✐❤ ❡ ❛ ♥ ❞ ❛ ❞ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ ❢ ♦ ❛ ❧ ❛ ② ❡ ❤✐ ❝ ❦ ♥ ❡ ❡ ✉ ❛❧ ♦ ❤ ❡ ♦ ✉ ❡ ♠ ♦ ③ ♦ ♥ ❡ ✇✐ ❞ ❤✳
✶ ✸ ✻ ❈ ❍ ❆ ❚ ❊ ❘ ✽✳ ■ ▼ ❆ ❈ ❚ ❖ ❋ ❘ ❆ ◆ ❉ ❖ ▼ ❖ ❙■ ❚■ ❖ ◆■ ◆ ● ❊ ❘ ❘ ❖ ❘ ❙
❋✐ ❣ ✉ ❡ ✽✳ ✺✿ ❧ ♦ ❤ ♦ ✇✐ ♥ ❣ ❤ ❡ ▼ ❚ ❋ ♦❢ ❞✲ ❋ ❩ ✬ ❛ ♥ ❞ ❡✲ ❋ ❩ ✬ ❢ ♦ ❞✐ ✛ ❡ ❡ ♥ ♣ ♦ ❞ ✉ ❝✲
✐ ♦ ♥ ♣ ❛ ❛ ♠ ❡ ❡ ✳ ❚ ❤ ❡ ❋ ❩ ✬ ❛ ❡ ❛ ✉ ♠ ❡ ❞ ♦ ❝ ♦ ♥ ✐ ♦❢ ♣ ❡ ❢ ❡ ❝ ❧ ② ❝✐ ❝ ✉❧ ❛ ✱ ❝ ♦ ♥ ❝ ❡ ♥✲
✐ ❝ ✐ ♥ ❣ ❤ ❛ ❛ ❡ ❛❧ ❡ ♥ ❛ ❡❧ ② ♦ ♣ ❛ ✉ ❡ ❛ ♥ ❞ ❛ ♥ ♣ ❛ ❡ ♥ ✳ ❆❧❧ ❋ ❩ ✬ ❤ ❛ ✈ ❡ ❛ ❞✐ ❛ ♠ ❡ ❡
♦❢ ✺ ✵ ➭ ♠✳ ❚ ❤ ❡ ❜ ♦ ❞ ❡ ♦❢ ❡ ❛ ❝ ❤ ✐ ♥ ❣ ✐ ♣ ❡ ✉ ❜ ❡ ❞ ❛ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ✐ ♥ ❤ ❡ ❡ ① ✳ ❚ ❤ ❡
♣ ❡ ❝ ❡ ♥ ❛ ❣ ❡ ♦❢ ❤ ❡ ❋ ❩ ❛ ❡ ❛ ♦ ❜ ❝ ✉ ❡ ❞ ❜ ② ❤ ❡ ♠✐ ❝ ♦✲ ✇✐ ❡ ✉ ❜ ❛ ❡ ✐ ❞ ❡ ♥ ♦ ❡ ❞ ❜ ②
❆✳ ■ ♥ ❤ ❡ ❧ ❡❢ ♣❧ ♦ ✭ ❛ ✮ ✱ ❤ ❡ ❛ ♥ ❞ ❛ ❞ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❡ ♦ ✈ ❛ ✐ ❡ ❞
❜ ❡ ✇ ❡ ❡ ♥ ✵✳ ✵ ✷ ❛ ♥ ❞ ✵✳ ✵ ✺ ♥ ♠ ♣ ❡ ❡ ❛ ❝ ❤ ♥ ♠ ❞ ❡ ♣ ♦ ✐ ❡ ❞✳ ■ ♥ ❤✐ ❝ ❛ ❡✱ ❤ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥
d r N2 > σ 2R R∆ R = 0 .0 5 ♥ ♠ · 8 6 .6 ≈ 4 .3 3 ♥ ♠ ✐ ♥ ♦ ❛ ✐ ✜ ❡ ❞ ❢ ♦ σ R = ✵✳ ✵ ✺ ♥ ♠ ✭ ✈✐ ♦❧ ❡
❣ ❛ ♣ ❤✮✳ ■ ♥ ❤ ❡ ❣ ❡ ❡ ♥ ❣ ❛ ♣ ❤✱ ❤ ❡ ❛ ♥ ❞ ❛ ❞ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ ✐ σ R = ✵✳ ✵ ✷ ♥ ♠ ❛ ✐ ❢ ②✐ ♥ ❣ ❤ ❡
❝ ♦ ♥ ❞✐ ✐ ♦ ♥ d r N2 > σ 2R R∆ R = 0 .0 2 ♥ ♠ · 8 6 .6 ≈ 1 .7 3 ♥ ♠✳ ❚ ❤ ❡ ❜ ♦ ✇ ♥ ❧✐ ♥ ❡ ❝ ♦ ❡ ♣ ♦ ♥ ❞
♦ ❛ ♣ ❡ ❢ ❡ ❝ ❋ ❩ ✳ ❚ ❤ ❡ ✐ ❣ ❤ ♣❧ ♦ ✭ ❜ ✮ ❤ ♦ ✇ ❤ ❡ ▼ ❚ ❋ ♦❢ ❛ ♥ ❡✲ ❋ ❩ ❛ ♥ ❞ ✇ ♦ ❞✲ ❋ ❩ ✬ ✳
❚ ❤ ❡ ❋ ❩ ✲ ♣ ❛ ❛ ♠ ❡ ❡ ❢ ♦ ❤ ❡ ❋ ❩ ✹✮ ❛ ♥ ❞ ✺✮ ❛ ❡ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧✱ ❜ ✉ ❤ ❡ ✐ ♠ ✉❧ ❛ ❡ ❞ ♣ ♦ ✐✲
✐ ♦ ♥✐ ♥ ❣ ❡ ♦ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❛ ❞✲ ❋ ❩ ✐ ♥ ✹✮ ❛ ♥ ❞ ❛ ♥ ❡✲ ❋ ❩ ✐ ♥ ✺✮✳ ❚ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ❤ ❡
❞✲ ❋ ❩ ✻✮ ❞ ♦ ❡ ♥ ♦ ❛ ✐ ❢ ② ❤ ❡ ❛ ❜ ♦ ✈ ❡ ❣✐ ✈ ❡ ♥ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛ ♥ ❞ ❤ ❛ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧❧ ② ❛ ❧ ❛ ❣ ❡
❝ ❡ ♥ ❛❧ ✇✐ ❡ ❡ ❞ ✉ ❝ ❡ ❤ ❡ ▼ ❚ ❋ ❜ ❡❧ ♦ ✇ ❤ ❡ ❧ ❡ ✈ ❡❧ ♦❢ ❤ ❡ ❋ ❩ ✹✮ ❛ ♥ ❞ ✺✮ ❢ ♦ ❛ ❧ ❛ ❣ ❡ ♣ ❛
♦❢ ❤ ❡ ❢ ❡ ✉ ❡ ♥ ❝ ② ❛ ♥ ❣ ❡✳
❞✐ ✐ ❜ ✉ ❡ ❞ ❛ ♦ ✉ ♥ ❞ ✐ ♣ ❡ ❝ ✐ ❜ ❡ ❞ ♣ ♦ ✐ ✐ ♦ ♥✳ ❆ ❧ ♦ ♥ ❣ ❛ ❤ ❡ ❛ ♥ ❞ ❛ ❞ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ ♦❢
❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❡ ♦ (σ e ) ✐ ♠ ❛❧❧ ❡ ❤ ❛ ♥ ❤ ❡ ♦ ✉ ❡ ♠ ♦ ③ ♦ ♥ ❡ ✇✐ ❞ ❤ ❞ ◆ ✱ ♠ ♦ ♦❢ ❤ ❡
♦ ✉ ❡ ♠ ♦ ③ ♦ ♥ ❡ ♠ ♦ ❧✐ ❦ ❡❧ ② ❛ ✐ ❢ ② ❤ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❢ ♦ ❝ ♦ ♥ ✉ ❝ ✐ ✈ ❡ ✐ ♥ ❡ ❢ ❡ ❡ ♥ ❝ ❡✳ ❋ ♦
❡❧ ❛ ✐ ✈ ❡❧ ② ♠ ❛❧❧ ❞✲ ❋ ❩ ✬ ✉ ❝ ❤ ❛ ❤ ❡ ♦ ♥ ❡ ✉ ❡ ❞ ♦ ✐ ♠ ✉❧ ❛ ❡ ❤ ❡ ❡ ✛ ❡ ❝ ♦❢ ❤ ❡ ♦ ✉ ❣ ❤ ♥ ❡ ✱
❤ ❡ ❛ ❜ ❡ ❛ ✐ ♦ ♥ ❞ ✉ ❡ ♦ σ N ❛ ♥ ❞ σ R ❛ ❡ ♥ ❡ ❣❧✐ ❣✐ ❜❧ ❡✳ ❖ ✉ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ❤ ♦ ✇ ❤ ❛ ✉ ♥ ❞ ❡
❤ ❡ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✱ ❤ ❡ ♠ ❛✐ ♥ ❡ ♦ ❛ ✐ ❡ ❢ ♦ ♠ ❤ ❡ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✉ ❜ ❛ ❡ ❢ ♦ ♠ ❛
♣ ❡ ❢ ❡ ❝ ❝ ②❧✐ ♥ ❞ ✐ ❝ ❛❧ ❣ ❡ ♦ ♠ ❡ ②✳ ■ ♥ ♦ ✉ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✱ ❤✐ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ ❤ ❛ ❞ ♦ ❜ ❡ ♠ ❛❧❧ ❡
✽✳ ✸✳ ❚ ❍ ❊ ■ ▼ ❆ ❈ ❚ ❖ ❋ ❉■ ❋ ❋ ❊ ❘ ❊ ◆ ❚ ❊ ❘ ❘ ❖ ❘ ❙ ✶ ✸ ✼
❤ ❛ ♥ ❤ ❡ ✇✐ ❞ ❤ ♦❢ ❤ ❡ ♦ ✉ ❡ ♠ ♦ ③ ♦ ♥ ❡ ✐ ♥ ♦ ❞ ❡ ♦ ♣ ♦ ❞ ✉ ❝ ❡ ❛ ❢ ♦ ❝ ❛❧ ♣ ♦ ❝❧ ♦ ❡ ♦ ❛ ♥
❆✐ ② ♣ ❛ ❡ ♥✳
❋ ♦ ♣ ❛ ❝ ✐ ❝ ❛❧ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✐ ♥ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ②✱ ❤ ❡ ✇ ♦ ❦✐ ♥ ❣ ❞✐ ❛ ♥ ❝ ❡ ♦❢ ❤ ❡ ❋ ❩
❳✲ ❛ ② ♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ♣❧ ❛ ② ❛ ♥ ✐ ♠ ♣ ♦ ❛ ♥ ♦❧ ❡✳ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥
❡ ✉✐ ❡ ✐❧ ✐ ♥ ❣ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡ ✐ ♥ ❤ ❡ ❳✲ ❛ ② ❜ ❡ ❛ ♠✳ ❚ ♦ ♠✐ ♥✐ ♠✐ ③ ❡ ❤ ❡ ♠✐ ✐ ♥ ❣ ✇ ❡ ❞ ❣ ❡
❡ ✛ ❡ ❝ ✐ ♥ ❤ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥✱ ✐❧ ❛ ♥ ❣❧ ❡ ≥ 6 0 ◦ ❛ ❡ ❡ ✉✐ ❡ ❞✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ✐ ♥ ♣ ❛ ❝ ✐ ❝ ❡✱
❤ ❡ ❢ ♦ ❝ ❛❧ ❧ ❡ ♥ ❣ ❤ ♦❢ ❤ ❡ ❋ ❩ ❤ ♦ ✉❧ ❞ ❜ ❡ ❛ ❧ ❡ ❛ ✵✳ ✺ ♠ ♠✳ ❆ ✉ ♠✐ ♥ ❣ ❋ ❩ ✬ ✇✐ ❤
d r N = ✺ ♥ ♠ ❝ ♦ ♥ ❛✐ ♥✐ ♥ ❣ ❛ ♠✐ ❝ ♦✲ ✇✐ ❡ ✇✐ ❤ ❤ ❛❧❢ ❤ ❡ ❞✐ ❛ ♠ ❡ ❡ ♦❢ ❤ ❡ ❋ ❩ ❞✐ ❛ ♠ ❡ ❡ ✱
♦ ♣ ❡ ❛ ✐ ♥ ❣ ❛ ✶✱ ✹ ♦ ✽ ❦ ❡ ❱ ♣ ❤ ♦ ♦ ♥ ❡ ♥ ❡ ❣ ②✱ ❤ ❡ ❡ ✉✐ ❡ ❞ ♥ ✉ ♠ ❜ ❡ ♦❢ ❞ ❡ ♣ ♦ ✐ ❡ ❞ ③ ♦ ♥ ❡
❛ ❡ ✹ ✼ ✵ ✵✱ ✶ ✶ ✻ ✹ ❛ ♥ ❞ ✺ ✽ ✷✱ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✳ ❚ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ❞ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ❛ ♥ ❞ ❛ ❞ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥
σ R ❛ ❡ ✵✳ ✵ ✶ ✹✱ ✵✳ ✵ ✷ ✽ ❛ ♥ ❞ ✵✳ ✵ ✹ ✵ ♥ ♠✳ ■ ♥ ♦ ❤ ❡ ✇ ♦ ❞ ✱ ❤ ❡ ❡ ✉✐ ❡ ❞ ❞ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ❛ ❝ ❝ ✉✲
❛ ❝✐ ❡ ❢ ♦ ❛ ♥ ✐ ♥ ♥ ❡ ③ ♦ ♥ ❡ ♦❢ ✾ ♥ ♠ ✇✐ ❞ ❤ ❛ ❡ ✵✳ ✵ ✹ ✷✱ ✵✳ ✵ ✽ ✹ ❛ ♥ ❞ ✵✳ ✶ ✷ ♥ ♠ ❛ ✶✱ ✹ ❛ ♥ ❞ ✽
❦ ❡ ❱✱ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✳
❊ ✈ ❡ ♥ ❢ ♦ ❞✲ ❋ ❩ ✬ ✇ ❤✐ ❝ ❤ ❛ ❡ ✐ ❞ ❡ ❛❧❧ ② ♠ ❛ ♥ ✉❢ ❛ ❝ ✉ ❡ ❞✱ ❤ ❡✐ ✉ ✐❧✐ ② ❢ ♦ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥
❞ ❡ ♣ ❡ ♥ ❞ ❤ ❡ ❛ ✈✐❧ ② ♦ ♥ ❤ ❡ ♣ ❤ ♦ ♦ ♥ ❡ ♥ ❡ ❣ ② ✉ ❡ ❞✳ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ✐ ♥ ❤ ❡ ♦❢ ❳✲ ❛ ② ❡✲
❣✐ ♦ ♥✱ ❤ ❡ ❡ ✣ ❝✐ ❡ ♥ ❝ ② ♦❢ ❞✲ ❋ ❩ ✬ ✐ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ❧ ♦ ✇ ❡ ❡ ❞ ❜ ② ❤ ❡ ♠ ❛❧❧ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡
✐ ♥ ❤ ❡ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ❛ ♥ ❞ ♣ ❤ ❛ ❡ ❤✐❢ ♦❢ ❤ ❡ ✇ ♦ ❛❧ ❡ ♥ ❛ ✐ ♥ ❣ ③ ♦ ♥ ❡ ♠ ❛ ❡ ✐ ❛❧ ❝ ♦ ♠ ♣ ❛ ❡ ❞
♦ ❡✲ ❋ ❩ ✬ ✇✐ ❤ ❤ ❡✐ ✈ ❛ ❝ ✉ ✉ ♠ ❛ ❣ ❛✐ ♥ ③ ♦ ♥ ❡ ♠ ❛ ❡ ✐ ❛❧ ❝ ♦ ♥ ❛ ✳ ❆ ❞ ❞✐ ✐ ♦ ♥ ❛❧❧ ②✱ ❤✐ ❣ ❤
❡ ✣ ❝✐ ❡ ♥ ❝ ② ♦❢ ❳✲ ❛ ② ♦ ♣ ✐ ❝ ✇✐ ❤ d r N ≤ 1 0 ♥ ♠ ❡ ✉✐ ❡ ✐❧ ❡ ❞ ③ ♦ ♥ ❡ ✉ ❝ ✉ ❡ ✇✐ ❤
❛ ❞✐ ❛❧❧ ② ✐ ♥ ❝ ❡ ❛ ✐ ♥ ❣ ✐❧ ❛ ♥ ❣❧ ❡ ✭ ❡ ❡ ❬ ✶ ✵ ✸✱ ✽ ✵❪✮✳ ❙ ♦ ❢ ❛ ✱ ♥ ♦ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❡ ①✐ ♦ ♠ ❛ ♥ ✉✲
❢ ❛ ❝ ✉ ❡ ✉ ❝ ❤ ❞✲ ❋ ❩ ♦ ♣ ✐ ❝ ✳
❋ ♦ ❤ ❛ ❞ ❳✲ ❛ ② ✱ ❡ ✣ ❝✐ ❡ ♥ ❋ ❩ ✬ ❡ ✉✐ ❡ ✈ ❡ ② ❤✐ ❣ ❤ ❛ ♣ ❡ ❝ ❛ ✐ ♦ ✱ ❜ ✉ ③ ♦ ♥ ❡ ✐❧ ✐ ♥ ❣
✐ ❧ ❡ ✐ ♠ ♣ ♦ ❛ ♥ ❞ ✉ ❡ ♦ ❤ ❡ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ❧ ♦ ✇ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ♣ ❡ ✉ ❡ ✳ ❋ ✉ ❤ ❡ ♠ ♦ ❡✱
❤ ❡ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ✇✐ ❤✐ ♥ ❤ ❡ ❋ ❩ ✐ ♠ ✉ ❝ ❤ ❧ ♦ ✇ ❡ ❤ ❛ ♥ ❢ ♦ ♦❢ ❳✲ ❛ ② ❛ ♥ ❞ ♦✱ ♣ ❤ ❛ ❡
❤✐❢ ✐ ❞ ♦ ♠✐ ♥ ❛ ♥ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❢ ♦ ♠ ♦ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✱ ❤ ❡ ❢ ♦ ❝ ❛❧ ❧ ❡ ♥ ❣ ❤ ♦❢ ❝ ✉ ❡ ♥ ❧ ②
♣ ♦ ❞ ✉ ❝ ❡ ❞ ❞✲ ❋ ❩ ✬ ✐ ✐❧❧ ♦ ♦ ❤ ♦ ✳ ❋ ♦ ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ❞✲ ❋ ❩ ✬ ✇✐ ❤ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ②
❧ ❛ ❣ ❡ ✇ ♦ ❦✐ ♥ ❣ ❞✐ ❛ ♥ ❝ ❡ ✱ ♠ ❛ ♥ ② ♠ ♦ ❡ ③ ♦ ♥ ❡ ❛ ❡ ❡ ✉✐ ❡ ❞ ✇ ❤✐ ❝ ❤ ♠ ❛ ❦ ❡ ❤ ❡ ♣ ♦ ✐✲
✐ ♦ ♥ ❛ ❝ ❝ ✉ ❛ ❝ ② ♣ ♦ ❣ ❡ ✐ ✈ ❡❧ ② ✇ ♦ ❡✳ ◆ ❡ ✈ ❡ ❤ ❡❧ ❡ ✱ ❞✲ ❋ ❩ ✬ ❛ ❡ ✐ ❞ ❡ ❛❧ ❝ ❛ ♥ ❞✐ ❞ ❛ ❡ ❢ ♦
♥ ❛ ♥ ♦ ❝ ❛❧ ❡ ❤ ❛ ❞ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ❜ ✉ ♦ ♥❧ ② ✐❢ ❡✐ ❤ ❡ ❤ ❡ ❞ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ❛ ❝ ❝ ✉ ❛ ❝ ② ❝ ❛ ♥ ❜ ❡
❡ ① ❡ ♠ ❡❧ ② ✇ ❡❧❧ ❝ ♦ ♥ ♦❧❧ ❡ ❞ ♦ ❤ ❡ ❛ ❝ ✉ ❛❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ❞✐ ❛ ♠ ❡ ❡ ❝ ❛ ♥ ❜ ❡ ♠ ❡ ❛ ✉ ❡ ❞ ❛ ♥ ❞
❝ ♦ ❡ ❝ ❡ ❞ ❞ ✉ ✐ ♥ ❣ ❤ ❡ ❢ ❛ ❜ ✐ ❝ ❛ ✐ ♦ ♥ ♣ ♦ ❝ ❡ ✳
❙ ✉ ♠ ♠ ❛ ②
❖ ✉ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ❛ ♥ ❛❧ ② ✐ ♦❢ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ♠ ❛ ♥ ✉❢ ❛ ❝ ✉ ❡ ❞ ❜ ② ❞ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ❡ ❝ ❤ ♥✐ ✉ ❡
❤ ♦ ✇ ❤ ❡ ✐ ♠ ♣ ❛ ❝ ♦❢ ❤ ❡ ♠✐ ❝ ♦✲ ✇✐ ❡ ✉ ❜ ❛ ❡ ✉ ❛❧✐ ② ❛ ♥ ❞ ❤ ❡ ❞ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ❛ ❝ ❝ ✉ ❛ ❝ ②
♦ ♥ ❤ ❡ ❛ ❝ ❤✐ ❡ ✈ ❛ ❜❧ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ♣ ❡ ❢ ♦ ♠ ❛ ♥ ❝ ❡✳ ❚ ❤ ❡ ✉ ❜ ❛ ❡ ❤ ♦ ✉❧ ❞ ❜ ❡ ❡ ① ❛ ❝ ❧ ② ❝✐ ❝ ✉❧ ❛
❛ ♥ ❞ ✈ ❡ ② ♠ ♦ ♦ ❤✱ ✇ ❤✐ ❝ ❤ ✐ ♥ ❡ ❛ ❧ ② ❢ ✉❧ ✜❧❧ ❡ ❞ ❢ ♦ ❣❧ ❛ ✇✐ ❡ ✉ ❜ ❛ ❡ ❬ ✶ ✻❪✳ ❚ ❤ ❡ ❞✐ ❛ ♠✲
❡ ❡ ♦❢ ❤ ❡ ✇✐ ❡ ✉ ❜ ❛ ❡ ❤ ♦ ✉❧ ❞ ❜ ❡ ♠ ❛❧❧ ❡ ❤ ❛ ♥ ✺ ✵ ✪ ♦❢ ❤ ❡ ❋ ❩ ❞✐ ❛ ♠ ❡ ❡ ♦ ❛ ✈ ♦✐ ❞
♥ ❡ ❣ ❛ ✐ ✈ ❡ ❡ ✛ ❡ ❝ ♦ ♥ ❤ ❡ ▼ ❚ ❋✳ ❲❡ ❛❧ ♦ ✉ ❞✐ ❡ ❞ ❤ ❡ ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ❞ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ❛ ❝ ❝ ✉✲
✶ ✸ ✽ ❈ ❍ ❆ ❚ ❊ ❘ ✽✳ ■ ▼ ❆ ❈ ❚ ❖ ❋ ❘ ❆ ◆ ❉ ❖ ▼ ❖ ❙■ ❚■ ❖ ◆■ ◆ ● ❊ ❘ ❘ ❖ ❘ ❙
❛ ❝ ② ♦ ♥ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣ ♦ ✳ ❲❡ ✜ ♥ ❞ ❤ ❛ ❤ ❡ ❞ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ❛ ❝ ❝ ✉ ❛ ❝ ② ❢ ♦ ❋ ❩ ✇✐ ❤ ✉ ❡❢ ✉❧
❢ ♦ ❝ ❛❧ ❧ ❡ ♥ ❣ ❤ ❢ ♦ ♣ ❛ ❝ ✐ ❝ ❛❧ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✐ ❛ ♠ ❛❥ ♦ ❝ ❤ ❛❧❧ ❡ ♥ ❣ ❡✳ ❚ ❤✐ ❝ ❤ ❛❧❧ ❡ ♥ ❣ ❡ ❝ ♦ ✉❧ ❞
❜ ❡ ♦ ✈ ❡ ❝ ♦ ♠ ❡ ❜ ② ✐ ♥✲ ✐ ✉ ♠ ❡ ❛ ✉ ❡ ♠ ❡ ♥ ♦❢ ❤ ❡ ❞ ❡ ♣ ♦ ✐ ❡ ❞ ❧ ❛ ② ❡ ❤✐ ❝ ❦ ♥ ❡ ❞ ✉ ✐ ♥ ❣ ❤ ❡
♠ ❛ ♥ ✉❢ ❛ ❝ ✉ ✐ ♥ ❣ ♣ ♦ ❝ ❡ ✳ ■ ♥ ❤✐ ❝ ❛ ❡✱ ❤ ❡ ③ ♦ ♥ ❡ ❤✐ ❝ ❦ ♥ ❡ ❝ ❛ ♥ ❜ ❡ ❝ ♦ ❡ ❝ ❡ ❞ ❞ ✉ ✐ ♥ ❣ ❤ ❡
❢ ❛ ❜ ✐ ❝ ❛ ✐ ♦ ♥ ♣ ♦ ❝ ❡ ✇ ❤✐ ❝ ❤ ❤ ❡❧ ♣ ♦ ✉ ♣ ♣ ❡ ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♥ ❣ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❡ ♦ ❛ ♥ ❞
❡❧ ❛ ① ❡ ❤ ❡ ❞ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ❛ ❡ ❛ ❝ ❝ ✉ ❛ ❝ ②✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ❡ ❛ ❝ ❝ ✉ ❛ ❝ ② ♦❢ ❤ ❡ ♠ ❡ ❛ ✉ ❡ ♠ ❡ ♥ ♦❢
❤ ❡ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ❧ ❛ ② ❡ ❤✐ ❝ ❦ ♥ ❡ ♥ ❡ ❡ ❞ ♦ ❜ ❡ ❛ ❧ ❡ ❛ ❤ ❛❧❢ ❤ ❡ ♦ ✉ ❡ ♠ ♦ ③ ♦ ♥ ❡ ✇✐ ❞ ❤✳
■ ♥ ❬ ✶ ✼❪ ✐ ✇ ❛ ❞ ❡ ♠ ♦ ♥ ❛ ❡ ❞ ❤ ❛ ❤ ❡ ✐ ♥✲ ✐ ✉ ♠ ❡ ❛ ✉ ❡ ♠ ❡ ♥ ♦❢ ❤ ❡ ❧ ❛ ② ❡ ❤✐ ❝ ❦ ♥ ❡
❝ ❛ ♥ ❜ ❡ ♣ ❡ ❢ ♦ ♠ ❡ ❞ ✐ ♥ ❞✐ ❡ ❝ ❧ ② ❜ ② ♠ ❡ ❛ ✉ ✐ ♥ ❣ ❤ ❡ ❤✐ ❝ ❦ ♥ ❡ ♦ ♥ ❛ ♣❧ ❛✐ ♥ ✉ ❜ ❛ ❡✳
❚ ❤ ❡ ❛ ♥ ❛❧ ② ✐ ♦❢ ❤ ❡ ❡✲ ❜ ❡ ❛ ♠ ❜ ❛ ❡ ❞ ♠ ❛ ♥ ✉❢ ❛ ❝ ✉ ✐ ♥ ❣ ♣ ♦ ❝ ❡ ❤ ♦ ✇ ❡ ❞ ❤ ❛ ❝ ♦ ♠ ♣ ❛ ❡ ❞
♦ ♣ ✉ ❡ ✐ ♥ ❣✲ ❜ ❛ ❡ ❞ ③ ♦ ♥ ❡✲ ♣❧ ❛ ❡ ♠ ❛ ♥ ✉❢ ❛ ❝ ✉ ❡✱ ❛ ❧ ❛ ❣ ❡ ❛ ♥ ❞ ❛ ❞ ❞ ❡ ✈✐ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡
❧ ♦ ❝ ❛❧ ③ ♦ ♥ ❡ ❤✐ ❝ ❦ ♥ ❡ ✐ ♦❧ ❡ ❛ ❜❧ ❡ ❢ ♦ ❡✲ ❜ ❡ ❛ ♠ ♠ ❛ ♥ ✉❢ ❛ ❝ ✉ ❡ ♦❢ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ✱ ✐ ♥ ❝ ❡ ❤ ❡
❧ ♦ ❝ ❛❧ ③ ♦ ♥ ❡ ✇✐ ❞ ❤ ❡ ♦ ❞ ♦ ♥ ♦ ♣ ♦ ♣ ❛ ❣ ❛ ❡ ❢ ♦ ♠ ❧ ❛ ② ❡ ♦ ❧ ❛ ② ❡ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ❡ ❧ ♦ ❝ ❛❧
♣ ❡ ❝✐ ✐ ♦ ♥ ♦❢ ❡ ❛ ❝ ❤ ③ ♦ ♥ ❡ ❤ ❛ ♦ ❜ ❡ ❜ ❡ ❡ ❤ ❛ ♥ ❤ ❛❧❢ ❤ ❡ ♦ ✉ ❡ ♠ ♦ ③ ♦ ♥ ❡ ✇✐ ❞ ❤✳ ❋ ♦
❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ✇✐ ❤ ❝ ❡ ♥ ❛❧ ♦ ♣ ✇ ❤✐ ❝ ❤ ❛ ❡ ✉ ❡ ❞ ❢ ♦ ✐ ♠ ❛ ❣✐ ♥ ❣✱ ❤ ❡ ❞✐ ❛ ♠ ❡ ❡ ♦❢
❤ ❡ ❝ ❡ ♥ ❛❧ ♦ ♣ ❤ ♦ ✉❧ ❞ ❜ ❡ ❧ ❡ ❤ ❛ ♥ ✺ ✵ ✪ ♦❢ ❤ ❡ ❋ ❩ ❞✐ ❛ ♠ ❡ ❡ ✳ ❆ ✉ ♥✐ ✉ ❡ ❢ ❡ ❛ ✉ ❡
♦❢ ❡✲ ❜ ❡ ❛ ♠ ❧✐ ❤ ♦ ❣ ❛ ♣ ❤ ② ✐ ❤ ❛ ♦ ♥ ❡ ❝ ❛ ♥ ❛❧ ♦ ♠ ❛ ♥ ✉❢ ❛ ❝ ✉ ❡ ❣ ❡ ♥ ❡ ❛❧ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ✐ ❝ ❛❧
❡❧ ❡ ♠ ❡ ♥ ✳
❈ ❤ ❛ ♣ ❡ ✾
❙ ✉ ♠ ♠ ❛ ② ❛ ♥ ❞ ❖ ✉ ❧ ♦ ♦ ❦
◆ ❛ ♥ ♦ ❝ ❛❧ ❡ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ♣ ♦ ✈✐ ❞ ❡ ✉ ♥ ♣ ❡ ❝ ❡ ❞ ❡ ♥ ❡ ❞ ✈✐ ❡ ✇ ✐ ♥ ♦ ♠ ❛ ❡ ✳ ❋ ♦ ♠ ❛ ♥ ② ❝✐✲
❡ ♥ ✐ ✜ ❝ ❛ ❡ ❛ ✱ ✉ ❝ ❤ ❛ ❧✐❢ ❡ ❛ ♥ ❞ ♠ ❛ ❡ ✐ ❛❧ ❝✐ ❡ ♥ ❝ ❡✱ ✸ ❉ ✈✐ ❡ ✇ ✐ ♥ ♦ ❝ ♦ ♠ ♣❧ ❡ ① ✉ ❝ ✉ ❡
❛ ❡ ❡ ❡ ♥ ✐ ❛❧✳ ❚ ❤ ❡ ❛✐ ♠ ♦❢ ❤✐ ❤ ❡ ✐ ✇ ❛ ❤ ❡ ✉ ♥ ❞ ❡ ❛ ♥ ❞✐ ♥ ❣ ♦❢ ❤ ❡ ✸ ❉ ♥ ❛ ♥ ♦ ❝ ❛❧ ❡
✐ ♠ ❛ ❣ ❡ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✇✐ ❤ ♦❢ ❳✲ ❛ ② ✳ ❘ ❡ ❛❧ ♣ ❛ ❝ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ❡ ❤ ♦ ❞ ❧✐ ❦ ❡ ❤ ❡ ❛ ♥ ♠✐ ✲
✐ ♦ ♥ ♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ♦ ❤ ❡ ❝ ❛ ♥ ♥✐ ♥ ❣ ❛ ♥ ♠✐ ✐ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ❞✐ ❡ ❝ ❧ ② ❢ ♦ ♠
❤ ❡ ✐ ♠ ❛ ❣ ❡ ♦❢ ❛ ❛ ♠ ♣❧ ❡✱ ✇ ❤✐❧ ❡ ❡ ❝✐ ♣ ♦ ❝ ❛❧ ♣ ❛ ❝ ❡ ♠ ❡ ❤ ♦ ❞ ❧✐ ❦ ❡ ❝ ♦ ❤ ❡ ❡ ♥ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥
✐ ♠ ❛ ❣✐ ♥ ❣✱ ♣ ② ❝ ❤ ♦ ❣ ❛ ♣ ❤ ② ❛ ♥ ❞ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❡ ✉✐ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ♠ ❡ ❤ ♦ ❞ ♦ ❣ ❡ ♥ ❡ ❛ ❡ ❤ ❡
✐ ♠ ❛ ❣ ❡✳
❋ ✉❧❧✲ ✜ ❡❧ ❞ ♦❢ ❳✲ ❛ ② ❛ ♥ ♠✐ ✐ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ✐ ♥ ❝ ♦ ♠ ❜✐ ♥ ❛ ✐ ♦ ♥ ✇✐ ❤ ♦ ♠ ♦ ❣ ❛ ♣ ❤ ②
✐ ❝ ✉ ❡ ♥ ❧ ② ❤ ❡ ♠ ♦ ✉ ❝ ❝ ❡ ❢ ✉❧ ♦❢ ❳✲ ❛ ② ❜ ❛ ❡ ❞ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❢ ♦ ✸ ❉ ✐ ♠ ❛ ❣✐ ♥ ❣ ♦❢ ❜✐✲
♦❧ ♦ ❣✐ ❝ ❛❧ ❝ ❡❧❧ ✳ ❚ ❤✐ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✐ ❜ ❛ ❡ ❞ ♦ ♥ ❤ ❡ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ❤ ❛ ❤ ❡ ❚ ❳ ▼ ✐ ♠ ❛ ❣ ❡
❡ ♣ ❡ ❡ ♥ ♠ ❛ ❣ ♥✐ ✜ ❡ ❞ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡ ❢ ♦ ❡ ❛ ❝ ❤ ✐❧ ❛ ♥ ❣❧ ❡✳ ❚ ❤ ❡ ✸ ❉ ✐ ♠ ❛ ❣✐ ♥ ❣
♠ ♦ ❞ ❡ ❜ ② ♦ ♠ ♦ ❣ ❛ ♣ ❤ ② ✐ ❜ ❛ ❡ ❞ ♦ ♥ ❤ ❡ ✐ ♥ ✈ ❡ ❡ ❘ ❛ ❞ ♦ ♥ ❛ ♥ ❢ ♦ ♠✳ ❋ ♦ ❤✐ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱
✐ ✐ ❛ ✉ ♠ ❡ ❞ ❤ ❛ ❤ ❡ ❚ ❳ ▼ ✐ ♠ ❛ ❣ ❡ ❡ ♣ ❡ ❡ ♥ ❛ ❡ ❛ ❝ ❤ ✐❧ ❛ ♥ ❣❧ ❡ ❤ ❡ ✐ ♥ ❡ ❣ ❛ ❡ ❞
❧ ♦ ❝ ❛❧ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ❛❧ ♦ ♥ ❣ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ♣ ♦❥ ❡ ❝ ✐ ♦ ♥✳ ❊ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❞ ❛ ❛
❤ ♦ ✇ ❤ ❛ ❤✐ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ✐ ♥ ♦ ❧ ♦ ♥ ❣ ❡ ✈ ❛❧✐ ❞ ❢ ♦ ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❳✲ ❛ ② ♦ ♣ ✐ ❝ ✳
■ ❞ ❡ ❛❧❧ ②✱ ❤ ❡ ✐❧ ❛ ♥ ❣ ❡ ✐ ♥ ♦ ♠ ♦ ❣ ❛ ♣ ❤ ② ❤ ❛ ♦ ❝ ♦ ✈ ❡ ❤ ❛❧❢ ❛ ♦ ❛ ✐ ♦ ♥ ✭ ✶ ✽ ✵➦✮✳ ❍ ♦ ✇✲
❡ ✈ ❡ ✱ ✐ ♥ ♣ ❛ ❝ ✐ ❝ ❡✱ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❝ ♦ ♥ ❛✐ ♥ ♦❢ ❡ ♥ ❧✐ ♠✐ ❤ ❡ ♠ ❛ ①✐ ♠ ❛❧ ✐❧ ♦ ✈ ❛❧ ✉ ❡ ♦❢
± ✻ ✵ ➦✲ ± ✼ ✵ ➦✳ ❙ ♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✱ ✉ ❝ ❤ ❛ ❤ ❡ ❇ ❊ ❙ ❙ ❨ ■■ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡✱ ✇ ♦ ❦ ✐ ♥ ❛
♣ ❛ ✐ ❛❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥ ❡ ❣✐ ♠ ❡ ✇ ❤✐ ❝ ❤ ❛❧ ♦ ❤ ❛ ❛ ♦ ♥ ❣ ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ♦ ♥ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ❢ ♦ ♠ ❛ ✐ ♦ ♥
♣ ♦ ❝ ❡ ✳ ■ ♥ ❤✐ ❤ ❡ ✐ ✱ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ♦❢ ❤ ❡ ❚ ❳ ▼ ❛ ❤ ❡ ❡❧ ❡ ❝ ♦ ♥ ♦ ❛ ❣ ❡
✐ ♥ ❣ ❇ ❊ ❙ ❙ ❨ ■■ ✇ ❡ ❡ ❞ ❡ ✈ ❡❧ ♦ ♣ ❡ ❞ ♦ ✉ ❞ ② ❛❧❧ ❤ ❡ ❡ ❡ ✛ ❡ ❝ ✇ ❤✐ ❝ ❤ ♣ ♦ ❡ ♥ ✐ ❛❧❧ ② ❛ ✐ ❡ ❢ ♦ ♠
✈✐ ♦❧ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ♦❢ ♦ ♠ ♦ ❣ ❛ ♣ ❤ ②✳ ❙✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ❛ ❦✐ ♥ ❣ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥ ❤ ❡
♣ ❛ ✐ ❛❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥ ♦ ❜❥ ❡ ❝ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥✱ ❤ ❡ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ❛ ♥ ❞ ❤ ❡ ❧✐ ♠✐ ❡ ❞ ✐❧ ❛ ♥ ❣ ❡
✇ ❡ ❡ ❝ ♦ ♠ ♣ ❛ ❡ ❞ ♦ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❞ ❛ ❛✳ ❚ ❤ ❡ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ❝ ♦ ♠ ♣ ✉ ❡ ❞ ❜ ②
✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ❜ ❛ ❡ ❞ ♦ ♥ ♣ ❛ ✐ ❛❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥ ❛ ♥ ❞ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ✐ ♠ ❛ ❣ ❡ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ❤ ♦ ✇ ❡ ❞
❤ ❛ ❤ ❡ ♣ ❛ ✐ ❛❧ ❝ ♦ ❤ ❡ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ♦ ❜❥ ❡ ❝ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ❤ ❛ ♦ ❜ ❡ ❛ ❦ ❡ ♥ ✐ ♥ ♦ ❛ ❝ ❝ ♦ ✉ ♥
♦ ❝ ♦ ❡ ❝ ❧ ② ✐ ♠ ✉❧ ❛ ❡ ❤ ❡ ❚ ❳ ▼ ✐ ♠ ❛ ❣ ❡ ✳ ■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ✇ ❡ ✉ ❞✐ ❡ ❞ ❤ ❡ ❧✐ ♠✐ ✐ ♥ ❣ ❡ ✛ ❡ ❝
✶ ✸ ✾
✶ ✹ ✵ ❈ ❍ ❆ ❚ ❊ ❘ ✾✳ ❙ ❯ ▼ ▼ ❆ ❘ ❨ ❆ ◆ ❉ ❖ ❯ ❚ ▲ ❖ ❖ ❑
❢ ♦ ♦❢ ❳✲ ❛ ② ❛ ♥ ♠✐ ✐ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ✉ ✐ ♥ ❣ ❛ ♥ ❡ ① ❡ ♥ ❞ ❡ ❞ ❝ ❡❧❧✲❧✐ ❦ ❡ ✸ ❉ ♣ ❤ ❛ ♥ ♦ ♠✳
❆ ❡ ① ♣ ❡ ❝ ❡ ❞✱ ✇ ❡ ♦ ❜ ❡ ✈ ❡ ❞ ❤ ❛ ❛ ♥ ✐ ♥ ❝ ❡ ❛ ❡ ❞ ❧ ❛ ❡ ❛❧ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡
♣❧ ❛ ❡ ❞ ❡ ❝ ❡ ❛ ❡ ❤ ❡ ❢ ❛ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠ ❤ ❛ ✐ ✐ ♠ ❛ ❣ ❡ ❞ ✇✐ ❤ ♦ ✉ ❜❧ ✉ ✐ ♥ ❣✱ ❡✲
✢ ❡ ❝ ✐ ♥ ❣ ❤ ❡ ❡ ❞ ✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ✇✐ ❤ ✐ ♥ ❝ ❡ ❛ ❡ ❞ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ♣ ❡ ✉ ❡ ♦❢
❤ ❡ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡✳ ❚ ❤✐ ❛❧ ♦ ❛ ✛ ❡ ❝ ❤ ❡ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝ ✸ ❉ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥✳ ❲❡ ❢ ♦ ✉ ♥ ❞ ❤ ❛
♦ ♥❧ ② ❛ ❝ ②❧✐ ♥ ❞ ❡ ❛ ♦ ✉ ♥ ❞ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ❛❧ ❛ ①✐ ✐ ❡ ♦❧ ✈ ❡ ❞ ✇✐ ❤ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ♣ ♦ ✈✐ ❞ ❡ ❞
❜ ② ❤ ❡ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡✳ ❚ ❤ ❡ ❞✐ ❛ ♠ ❡ ❡ ♦❢ ❤ ❡ ❝ ②❧✐ ♥ ❞ ❡ ✐ ♦❢ ❤ ❡ ❛ ♠ ❡ ♦ ❞ ❡ ❛ ❤ ❡
❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ✳ ❋ ♦ ❛ ♠ ♣❧ ❡ ❤ ❛ ❛ ❡ ❧ ❛ ❣ ❡ ❤ ❛ ♥ ❤ ❡ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ✱ ✇ ❡ ♦ ❜ ❡ ✈ ❡ ❞
❤ ❛ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ❞ ❡ ❣ ❛ ❞ ❡ ❛ ♥ ❞ ❡ ✈ ❡ ❡ ❛ ✐❢ ❛ ❝ ❛ ♣ ♣ ❡ ❛ ✇✐ ❤ ✐ ♥ ❝ ❡ ❛ ❡ ❞ ❞✐ ❛ ♥ ❝ ❡
❢ ♦ ♠ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ❛❧ ❛ ①✐ ✳ ■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ❤ ❡ ♣ ❛ ✐ ❛❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ❧ ❡ ❛ ❞ ♦
❛ ✈✐ ♦❧ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ♦❢ ❛ ♣ ✉ ❡❧ ② ❛ ❜ ♦ ♣ ✐ ♦ ♥ ❝ ♦ ♥ ❛ ❜ ❛ ❡ ❞ ✐ ♠ ❛ ❣ ❡ ❢ ♦ ♠ ❛✲
✐ ♦ ♥✳ ■ ♥ ♣ ❛ ❝ ✐ ❝ ❡✱ ❛❧❧ ❤ ❡ ❡ ❛ ✐❢ ❛ ❝ ❛ ❡ ♠✐ ① ❡ ❞ ✇✐ ❤ ❤ ❡ ♠✐ ✐ ♥ ❣ ✇ ❡ ❞ ❣ ❡ ❛ ✐❢ ❛ ❝ ✳
❚ ❤ ❡ ❧ ❛ ❡ ❡ ✉❧ ❢ ♦ ♠ ❛ ❧✐ ♠✐ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐❧ ❛ ♥ ❣❧ ❡✳ ❋ ♦ ♠ ❤ ❡ ♦ ❜ ❡ ✈ ❡ ❞ ❡ ✛ ❡ ❝ ✱ ✇ ❡
❝ ♦ ♥ ❝❧ ✉ ❞ ❡ ❤ ❛ ♥ ❡ ✇ ♦ ♠ ♦ ❣ ❛ ♣ ❤ ② ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❡ ❛ ❡ ♥ ❡ ❝ ❡ ❛ ② ♦ ❛ ❝ ❤✐ ❡ ✈ ❡ ❛ ♥ ✐ ♦ ♦ ♣✐ ❝
❡ ♦❧ ✉ ✐ ♦ ♥ ❝❧ ♦ ❡ ♦ ✶ ✵ ♥ ♠ ❢ ♦ ❡ ① ❡ ♥ ❞ ❡ ❞ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ❛ ♠ ♣❧ ❡ ✳ ♦ ❡ ♥ ✐ ❛❧ ♦❧ ✉ ✐ ♦ ♥ ❝ ❛ ♥
❜ ❡ ❞✐ ✈✐ ❞ ❡ ❞ ✐ ♥ ♦ ✇ ♦ ❝ ❛ ❡ ❣ ♦ ✐ ❡ ✳
❚ ❤ ❡ ✜ ❝ ❛ ❡ ❣ ♦ ② ❝ ♦ ♥ ❛✐ ♥ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❡ ❤ ❛ ❡ ① ❡ ♥ ❞ ❤ ❡ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ❡✐ ❤ ❡ ❜ ②
❞ ❡ ✈ ❡❧ ♦ ♣✐ ♥ ❣ ♥ ❡ ✇ ❛ ❞ ✈ ❛ ♥ ❝ ❡ ❞ ❛❧ ❣ ♦ ✐ ❤ ♠ ❢ ♦ ♦ ♠ ♦ ❣ ❛ ♣ ❤ ②✱ ❢ ♦ ❡ ① ❛ ♠ ♣❧ ❡ ❜ ② ✉ ✐ ♥ ❣ ❢ ♦ ❝ ❛❧
❡ ✐ ❡ ❛ ♥ ❞ ❞ ❡ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ♦ ✐ ♥ ❝ ❡ ❛ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧❧ ② ❤ ❡ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ✱ ♦ ❤ ❡ ✉ ❡
♦❢ ❤✐ ❣ ❤ ❡ ♣ ❤ ♦ ♦ ♥ ❡ ♥ ❡ ❣✐ ❡ ✳ ❚ ❤ ❡ ❧ ❛ ❡ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ♦❧ ✈ ❡ ❤ ❡ ♣ ♦ ❜❧ ❡ ♠ ❡❧ ❛ ❡ ❞ ♦ ❤ ❡
❧✐ ♠✐ ❡ ❞ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ✱ ❜ ❡ ❝ ❛ ✉ ❡ ❤ ❡ ❞ ❡ ♣ ❤ ♦❢ ❢ ♦ ❝ ✉ ✐ ♥ ❝ ❡ ❛ ❡ ❧✐ ♥ ❡ ❛ ❧ ② ✇✐ ❤ ❤ ❡ ♣ ❤ ♦ ♦ ♥
❡ ♥ ❡ ❣ ②✳ ❯ ♥❢ ♦ ✉ ♥ ❛ ❡❧ ②✱ ❤ ❡ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ❝ ♦ ♥ ❛ ❜ ❡ ✇ ❡ ❡ ♥ ✇ ❛ ❡ ❛ ♥ ❞ ♦ ❣ ❛ ♥✐ ❝ ♠ ❛ ❡ ✐ ❛❧
✐ ❡ ① ❡ ♠ ❡❧ ② ✇ ❡ ❛ ❦ ❢ ♦ ♣ ❤ ♦ ♦ ♥ ❡ ♥ ❡ ❣✐ ❡ ❛ ❜ ♦ ✈ ❡ ❤ ❡ ✇ ❛ ❡ ✇✐ ♥ ❞ ♦ ✇✱ ✇ ❤✐ ❝ ❤ ❧ ❡ ❛ ❞ ♦ ❛
✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ✐ ♥ ❝ ❡ ❛ ❡ ♦❢ ❤ ❡ ❞ ♦ ❡ ❡ ✉✐ ❡ ❞ ❢ ♦ ✐ ♠ ❛ ❣✐ ♥ ❣ ♦❢ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ♠ ❛ ❡ ✐ ❛❧✳ ❋ ♦ ❤✐ ❣ ❤
❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♠ ❛ ❣✐ ♥ ❣ ❤✐ ♣ ♦ ❡ ❛ ❡ ✈ ❡ ❡ ♣ ♦ ❜❧ ❡ ♠ ✐ ♥ ❝ ❡ ❤ ❡ ❞ ♦ ❡ ✐ ❡ ❢ ❛ ❜ ❡ ② ♦ ♥ ❞ ❤ ❡
❞ ♦ ❡ ✐ ♥ ❞ ✉ ❝ ❡ ❞ ❞ ❛ ♠ ❛ ❣ ❡ ❤ ❡ ❤ ♦❧ ❞ ♦❢ ✉ ❝ ❤ ❛ ♠ ♣❧ ❡ ✳ ❤ ❛ ❡ ❝ ♦ ♥ ❛ ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ❛✐ ♥❧ ②
♦ ✈ ❡ ❝ ♦ ♠ ❡ ❤ ❡ ❡ ❝ ♦ ♥ ❛ ❡❧ ❛ ❡ ❞ ♣ ♦ ❜❧ ❡ ♠ ✳ ❩ ❡ ♥✐ ❦ ❡ ♣ ❤ ❛ ❡ ❝ ♦ ♥ ❛ ❤ ❛ ❜ ❡ ❡ ♥ ❤ ♦ ✇ ♥
♦ ✇ ♦ ❦ ✇ ❡❧❧ ❢ ♦ ❳✲ ❛ ② ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ✉ ❝ ❤ ✐ ♠ ❛ ❣ ❡ ♥ ♦ ❧ ♦ ♥ ❣ ❡ ❡ ♣ ❡ ❡ ♥ ❤ ❡ ❧✐ ♥ ❡ ❛ ❧ ♦ ❝ ❛❧
❛ ❜ ♦ ♣ ✐ ♦ ♥ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✳ ■ ♥ ❡ ❛ ❞ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ❡ ♣ ❡ ❡ ♥ ❛ ♣ ❤ ❛ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ✐ ❣ ♥ ❛❧✳
❈ ✉ ❡ ♥ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛❧ ❡ ✉ ♣ ✉ ❡ ❛ ♣ ❤ ❛ ❡ ✐ ♥ ❣ ✐ ♥ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡
♦ ❣ ❡ ♥ ❡ ❛ ❡ ❩ ❡ ♥✐ ❦ ❡ ♣ ❤ ❛ ❡ ❝ ♦ ♥ ❛ ✳ ❚ ❤✐ ✐ ♥ ❣ ✐ ❡❧ ❛ ✐ ✈ ❡❧ ② ❧ ❛ ❣ ❡ ✇ ❤✐ ❝ ❤ ❡ ✉❧ ✐ ♥
❛ ♣ ❛ ✐ ❛❧ ❢ ❡ ✉ ❡ ♥ ❝ ② ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ♠✐ ① ♦❢ ❩ ❡ ♥✐ ❦ ❡ ♣ ❤ ❛ ❡ ❛ ♥ ❞ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ❝ ♦ ♥ ❛ ✳ ■ ♥
❤✐ ❤ ❡ ✐ ✱ ❛ ♥ ❡ ✇ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ✭ ❉ ❖ ❊✮ ❜ ❛ ❡ ❞ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ❡ ✉ ♣ ✇ ❛
♣ ♦ ♣ ♦ ❡ ❞ ✇ ❤✐ ❝ ❤ ❤ ❛ ❤ ❡ ♣ ♦ ❡ ♥ ✐ ❛❧ ♦ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ❡ ❞ ✉ ❝ ❡ ❤ ❡ ♣ ❛ ✐ ❛❧ ❢ ❡ ✉ ❡ ♥ ❝ ②
❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝ ② ♦❢ ❤ ❡ ❝ ♦ ♥ ❛ ✳ ■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ✐ ♣ ❡ ♠✐ ✉ ❡ ♦❢ ❛ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ❧ ❛ ❣ ❡
❢ ❛ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♥ ❝✐ ❞ ❡ ♥ ❳✲ ❛ ② ❢ ♦ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ❢ ♦ ♠ ❛ ✐ ♦ ♥✳
❙ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❝ ❛ ❡ ❣ ♦ ② ❝ ♦ ♥ ✐ ♦❢ ♥ ♦ ✈ ❡❧ ♦❢ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ❡ ❤ ♦ ❞
✇ ❤✐ ❝ ❤ ♦ ✈ ❡ ❝ ♦ ♠ ❡ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ❧ ② ♠ ❡ ♥ ✐ ♦ ♥ ❡ ❞ ❧✐ ♠✐ ❛ ✐ ♦ ♥ ✳ ■ ♥ ❤✐ ❤ ❡ ✐ ✱ ♦ ♥ ❡ ❛ ♣ ♣ ♦ ❛ ❝ ❤
❢ ♦ ✉ ❝ ❤ ❛ ♦❧ ✉ ✐ ♦ ♥✱ ✇ ❤✐ ❝ ❤ ✐ ✐ ♥ ♣✐ ❡ ❞ ❜ ② ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❧✐ ❣ ❤ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ✇ ❛ ✐ ♥ ✈ ❡ ✐ ❣ ❛ ❡ ❞✳
❈ ♦ ♥❢ ♦ ❝ ❛❧ ❛ ♥ ♠✐ ✐ ♦ ♥ ♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ② ✐ ❛ ♥ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❢ ♦ ❞✐ ❡ ❝ ✸ ❉ ✐ ♠ ❛ ❣✲
✶ ✹ ✶
✐ ♥ ❣ ❜ ② ♦ ♣ ✐ ❝ ❛❧ ❡ ❝ ✐ ♦ ♥✐ ♥ ❣✳ ❚ ❤ ❡ ♣ ❡ ❢ ♦ ♠ ❛ ♥ ❝ ❡ ♦❢ ❤✐ ♥ ♦ ✈ ❡❧ ♦ ♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ②
❡ ✉ ♣ ✇ ❛ ✉ ❞✐ ❡ ❞ ❜ ② ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ❛ ♥ ❞ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ♠ ❡ ❛ ♥ ✳ ■ ♥ ❧✐ ❣ ❤ ♠✐ ❝ ♦ ❝ ♦ ♣ ②✱ ❤ ❡
❝ ♦ ♥❢ ♦ ❝ ❛❧ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✐ ❜ ❛ ❡ ❞ ♦ ♥ ✢ ✉ ♦ ❡ ❝ ❡ ♥ ❞ ② ❡ ✳ ❙✐ ♥ ❝ ❡ ✐ ♥ ❞✐ ✈✐ ❞ ✉ ❛❧ ❞ ② ❡ ♠ ♦❧ ❡ ❝ ✉❧ ❡
❡ ♠✐ ❤ ❡ ✢ ✉ ♦ ❡ ❝ ❡ ♥ ❧✐ ❣ ❤ ✐ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❧ ②✱ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ♣ ♦ ❝ ❡ ✐ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ✳
❍ ♦ ✇ ❡ ✈ ❡ ✱ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ② ❝ ❛ ♥ ♥ ♦ ❜ ❡ ❜ ❛ ❡ ❞ ♦ ♥ ✢ ✉ ♦ ❡ ❝ ❡ ♥ ❝ ❡ ❞ ✉ ❡ ♦
❞ ♦ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❛ ✐ ♦ ♥ ✳ ❚ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❝ ❛ ♥ ♥✐ ♥ ❣ ❛ ♥ ♠✐ ✐ ♦ ♥
♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✐ ❜ ❛ ❡ ❞ ♦ ♥ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥✱ ✇ ❤✐ ❝ ❤ ❞ ♦ ❡ ♥ ♦ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❛ ♥ ✐ ♥ ❝ ♦✲
❤ ❡ ❡ ♥ ❡ ♣ ❞ ✉ ✐ ♥ ❣ ✐ ♠ ❛ ❣ ❡ ❢ ♦ ♠ ❛ ✐ ♦ ♥✳ ❲❡ ❤ ♦ ✇ ❡ ❞ ❤ ❛ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡
❝ ♦ ♥❢ ♦ ❝ ❛❧ ❛ ♥ ♠✐ ✐ ♦ ♥ ♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ❡ ✉✐ ❡ ❛ ❝ ♦ ❤ ❡ ❡ ♥ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥✳ ❲❡
❢ ♦ ✉ ♥ ❞ ❤ ❛ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✐ ❛ ♥✐ ♦ ♦ ♣✐ ❝ ❢ ♦
❜ ♦ ❤ ❤ ❡ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ❛ ✇ ❡❧❧ ❛ ❤ ❡ ❝ ♦ ❤ ❡ ❡ ♥ ❝ ❛ ❡✳ ■ ♥ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦ ❤ ❡ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥
❝ ❛ ❡✱ ❤ ❡ ❞ ❡ ♣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ❞ ❡ ❝ ❡ ❛ ❡ ❡ ✈ ❡ ♥ ❢ ✉ ❤ ❡ ✐ ♥ ❤ ❡ ❝ ♦ ❤ ❡ ❡ ♥ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❝ ❛ ♥ ♥✐ ♥ ❣
♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡✳ ❲❡ ❛❧ ♦ ❝ ♦ ♠ ♣ ❛ ❡ ❞ ❤ ❡ ♣ ❡ ❞✐ ❝ ❡ ❞ ✐ ♠ ❛ ❣ ❡ ♦❢ ❛ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❛ ♥ ❞ ❛
❢ ✉❧❧✲ ✜ ❡❧ ❞ ❛ ♥ ♠✐ ✐ ♦ ♥ ♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡✳ ❋ ♦ ♠ ❤ ❡ ❡ ✉❧ ✱ ✐ ✐ ❝ ♦ ♥ ❝❧ ✉ ❞ ❡ ❞ ❤ ❛
❤ ❡ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ② ❡ ♠ ❞ ♦ ❡ ♥ ♦ ❡ ① ❤✐ ❜✐ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ♦ ✈ ❡ ❚ ❳ ▼ ✐ ♠ ❛ ❣✐ ♥ ❣ ❢ ♦
❡ ① ❡ ♥ ❞ ❡ ❞ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ❛ ♠ ♣❧ ❡ ✳
❆❧❧ ♣ ❡ ✈✐ ♦ ✉ ❧ ② ✉ ❞✐ ❡ ❞ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ❡ ❤ ♦ ❞ ❤ ❛ ✈ ❡ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ❡ ✐ ❝ ✐ ♦ ♥
✐ ♥ ❤ ❡✐ ❛ ❝ ❤✐ ❡ ✈ ❛ ❜❧ ❡ ✸ ❉ ❡ ♦❧ ✉ ✐ ♦ ♥✳ ■ ♥ ❤ ❡ ❡ ❛ ❝ ❤ ❢ ♦ ❛ ♥ ❳✲ ❛ ② ❜ ❛ ❡ ❞ ♠✐ ❝ ♦ ❝ ♦ ♣ ②
♠ ❡ ❤ ♦ ❞ ❤ ❛ ❝ ❛ ♥ ♣ ♦ ✈✐ ❞ ❡ ✐ ♦ ♦ ♣✐ ❝ ♥ ❛ ♥ ♦ ❝ ❛❧ ❡ ✸ ❉ ❡ ♦❧ ✉ ✐ ♦ ♥✱ ✇ ❡ ✉ ❞✐ ❡ ❞ ❛ ♥ ♦ ✈ ❡❧
❝ ♦ ♠ ❜✐ ♥ ❛ ✐ ♦ ♥ ❜ ❛ ❡ ❞ ♦ ♥ ❝ ❛ ♥ ♥✐ ♥ ❣ ♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ② ✭ ❙ ❳ ▼✮ ✇✐ ❤ ♣ ❤ ♦ ♦ ❡❧ ❡ ❝ ♦ ♥
❞ ❡ ❡ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ❤✐ ❣ ❤ ♣ ❡ ❝✐ ✐ ♦ ♥ ✉ ❢ ❛ ❝ ❡ ❡ ♠ ♦ ✈ ❛❧ ❜ ② ❢ ♦ ❝ ✉ ❡ ❞ ✐ ♦ ♥ ❜ ❡ ❛ ♠ ✭ ❋■ ❇✮ ♠✐❧❧✐ ♥ ❣✳
■ ♥ ❤✐ ♦✲ ❝ ❛❧❧ ❡ ❞ ❧✐ ❝ ❡ ❛ ♥ ❞ ✈✐ ❡ ✇ ♠ ❡ ❤ ♦ ❞✱ ❛ ♥ ❛ ♥ ♦ ❝ ❛❧ ❡ ♦❢ ❳✲ ❛ ② ❢ ♦ ❝ ❛❧ ♣ ♦ ✐ ❝ ❛ ♥ ♥ ❡ ❞
♦ ✈ ❡ ❤ ❡ ✉ ❢ ❛ ❝ ❡ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡ ❛ ♥ ❞ ❤ ❡ ❧ ♦ ❝ ❛❧❧ ② ❡ ♠✐ ❡ ❞ ❡❧ ❡ ❝ ♦ ♥ ❛ ❡ ❞ ❡ ❡ ❝ ❡ ❞✳ ■ ♥
❤ ❡ ♦❢ ❳✲ ❛ ② ♣ ❤ ♦ ♦ ♥ ❡ ♥ ❡ ❣ ② ❛ ♥ ❣ ❡ ♣ ❤ ♦ ♦ ❡❧ ❡ ❝ ♦ ♥ ❛ ❡ ♠ ❛✐ ♥❧ ② ❣ ❡ ♥ ❡ ❛ ❡ ❞ ❜ ② ❤ ❡
❳✲ ❛ ② ❛ ❜ ♦ ♣ ✐ ♦ ♥ ♣ ♦ ❝ ❡ ✳ ❉ ✉ ❡ ♦ ❤ ❡ ❡❧ ❛ ✐ ✈ ❡❧ ② ❧ ♦ ✇ ♣ ❤ ♦ ♦ ♥ ❡ ♥ ❡ ❣ ②✱ ❤ ❡ ❣ ❡ ♥ ❡ ❛ ❡ ❞
♣ ❤ ♦ ♦ ❡❧ ❡ ❝ ♦ ♥ ❡ ❝ ❛ ♣ ❡ ❢ ♦ ♠ ❛ ❤✐ ♥ ✉ ❢ ❛ ❝ ❡ ❧ ❛ ② ❡ ♦❢ ✸ ✲ ✽ ♥ ♠✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤✐ ♠ ❡ ❤ ♦ ❞
♣ ♦ ✈✐ ❞ ❡ ❛ ♥ ❡ ① ❝ ❡❧❧ ❡ ♥ ❞ ❡ ♣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ❣✐ ✈ ❡ ♥ ❜ ② ❤ ❡ ❡ ❝ ❛ ♣ ❡ ❞ ❡ ♣ ❤ ♦❢ ❤ ❡ ❡❧ ❡ ❝ ♦ ♥ ✳
❚ ❤ ❡ ❧ ❛ ❡ ❛❧ ❡ ♦❧ ✉ ✐ ♦ ♥ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥❧ ② ♦ ♥ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡
♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❞ ❤ ❡ ❝ ♦ ❤ ❡ ❡ ♥ ❝ ❡ ♦❢ ❤ ❡ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥✳ ■ ♥ ♣ ❛ ❝ ✐ ❝ ❡✱ ❝ ✉ ❡ ♥ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡
♣❧ ❛ ❡ ♣ ♦ ✈✐ ❞ ❡ ❢ ♦ ❝ ❛❧ ♣ ♦ ♦❢ ✶ ✵ ♥ ♠✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ♥ ❡ ✇ ❋■ ❇✲ ❙ ❳ ▼ ✸ ❉ ✐ ♠ ❛ ❣✐ ♥ ❣
♠ ❡ ❤ ♦ ❞ ♣ ♦ ❡ ♥ ✐ ❛❧❧ ② ♣ ♦ ✈✐ ❞ ❡ ❛ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❛ ❧ ❡ ❛ ✶ ✵ ♥ ♠ ✐ ♥ ❛❧❧ ❞✐ ❡ ❝ ✐ ♦ ♥ ✳
❖ ❣ ❛ ♥✐ ❝ ♠ ❛ ❡ ✐ ❛❧ ✐ ✈ ❡ ② ❛ ❞✐ ❛ ✐ ♦ ♥ ❡ ♥ ✐ ✐ ✈ ❡✱ ❤ ❡ ❡❢ ♦ ❡✱ ✇ ❡ ❛❧ ♦ ✐ ♥ ✈ ❡ ✐ ❣ ❛ ❡ ❞ ❤ ❡
❡ ✉✐ ❡ ❞ ❞ ♦ ❡ ❢ ♦ ✐ ♠ ❛ ❣✐ ♥ ❣ ♦❢ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ♠ ❛ ❡ ✐ ❛❧ ✐ ♥ ❤ ❡ ❋■ ❇✲ ❙ ❳ ▼ ♠ ♦ ❞ ❡✳ ❆ ❛
❡ ✉❧ ✱ ✇ ❡ ❢ ♦ ✉ ♥ ❞ ❤ ❛ ❤✐ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ❤ ❛ ❤ ❡ ♣ ♦ ❡ ♥ ✐ ❛❧ ♦ ❡ ❞ ✉ ❝ ❡ ❤ ❡ ❞ ♦ ❡ ❜ ② ❤ ❡ ❡
♦ ❞ ❡ ♦❢ ♠ ❛ ❣ ♥✐ ✉ ❞ ❡ ❝ ♦ ♠ ♣ ❛ ❡ ❞ ♦ ❜ ♦ ❤ ❤ ❡ ❛ ♥ ♠✐ ✐ ♦ ♥ ♠ ♦ ❞ ❡ ✐ ♥ ❤ ❡ ❚ ❳ ▼ ❛ ♥ ❞
❧ ❡ ♥ ✲❧ ❡ ♠ ❡ ❤ ♦ ❞ ✳ ❚ ❤ ❡ ❞ ♦ ❡ ❡ ❞ ✉ ❝ ✐ ♦ ♥ ✐ ♠ ❛✐ ♥❧ ② ❞ ✉ ❡ ♦ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ❤ ❡ ❝ ♦ ♥ ❛
♦❢ ❤ ❡ ♣ ❤ ♦ ♦ ❡❧ ❡ ❝ ♦ ♥ ✐ ❣ ♥ ❛❧ ❡ ♣ ❡ ❡ ♥ ❤ ❡ ❡❧ ❛ ✐ ✈ ❡❧ ② ❧ ❛ ❣ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ✐ ♥ ❤ ❡ ❧ ♦ ❝ ❛❧
❛ ❜ ♦ ♣ ✐ ♦ ♥ ❝ ♦ ❡ ✣ ❝✐ ❡ ♥ ✱ ✇ ❤✐❧ ❡ ❤ ❡ ❛ ♥ ♠✐ ✐ ♦ ♥ ❜ ❛ ❡ ❞ ♦❢ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ❡ ❤ ♦ ❞
❞ ❡ ❡ ❝ ❤ ❡ ✈ ❡ ② ♠ ❛❧❧ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ✐ ♥ ❤ ❡ ❧ ♦ ❝ ❛❧ ❛ ♥ ♠✐ ✐ ♦ ♥ ♦❢ ✇ ❛ ❡ ❛ ♥ ❞ ❤ ❡ ♦ ❣ ❛ ♥✐ ❝
❝ ❡❧❧ ✉❧ ❛ ✉ ❝ ✉ ❡ ✳ ❚ ❤ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ❡ ✈ ❡ ❛❧ ❡ ❞ ❤ ❛ ❋■ ❇✲ ❙ ❳ ▼ ✐ ♠ ♣ ♦ ✈ ❡
✶ ✹ ✷ ❈ ❍ ❆ ❚ ❊ ❘ ✾✳ ❙ ❯ ▼ ▼ ❆ ❘ ❨ ❆ ◆ ❉ ❖ ❯ ❚ ▲ ❖ ❖ ❑
✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ❤ ❡ ✸ ❉ ✐ ♠ ❛ ❣ ❡ ✉ ❛❧✐ ② ❢ ♦ ❜✐ ♦❧ ♦ ❣✐ ❝ ❛❧ ❝ ❡❧❧ ✐ ♥ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦ ❤ ❡ ❝ ✉ ❡ ♥ ❧ ②
✉ ❡ ❞ ❚ ❳ ▼ ❜ ❛ ❡ ❞ ♦ ♠ ♦ ❣ ❛ ♣ ❤ ②✳ ■ ♣ ♦ ❡ ♥ ✐ ❛❧❧ ② ❛ ❝ ❤✐ ❡ ✈ ❡ ❛ ♥ ✐ ♦ ♦ ♣✐ ❝ ✸ ❉ ❡ ♦❧ ✉ ✐ ♦ ♥
❜ ❡❧ ♦ ✇ ✶ ✵ ♥ ♠ ❛ ❛ ✐ ❣ ♥ ❛❧ ♦ ♥ ♦✐ ❡ ❧ ❡ ✈ ❡❧ ❛ ❜ ♦ ✈ ❡ ❤ ❡ ❘ ♦ ❡ ❝ ✐ ❡ ✐ ♦ ♥✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤✐
♠ ❡ ❤ ♦ ❞ ♣ ♦ ❡ ♥ ✐ ❛❧❧ ② ♦❧ ✈ ❡ ❛ ❢ ✉ ♥ ❞ ❛ ♠ ❡ ♥ ❛❧ ✸ ❉ ❡ ♦❧ ✉ ✐ ♦ ♥ ♣ ♦ ❜❧ ❡ ♠ ✐ ♥ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣✳
❆ ✐ ❞ ❡ ❢ ♦ ♠ ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ✸ ❉ ✐ ♠ ❛ ❣✐ ♥ ❣✱ ✐ ♥ ❤✐ ❤ ❡ ✐ ♥ ❡ ✇ ❡ ✉ ♣ ❢ ♦ ❤✐ ❣ ❤ ❡ ✲
♦❧ ✉ ✐ ♦ ♥ ✷ ❉ ✐ ♠ ❛ ❣✐ ♥ ❣ ✇✐ ❤ ✉❧ ❛✲ ❤ ♦ ❳✲ ❛ ② ♣ ✉❧ ❡ ✇ ❡ ❡ ✐ ♥ ✈ ❡ ✐ ❣ ❛ ❡ ❞✳ ❚ ♦ ❞ ❛ ② ❢ ❡ ❡
❡❧ ❡ ❝ ♦ ♥ ❧ ❛ ❡ ♣ ♦ ✈✐ ❞ ❡ ♣ ❛ ✐ ❛❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥ ✱ ❤✐ ❣ ❤ ♣ ❤ ♦ ♦ ♥ ✢ ✉ ① ♣ ✉❧ ❡ ✇✐ ❤ ❢ ❡ ♠ ♦ ❡ ❝✲
♦ ♥ ❞ ❞ ✉ ❛ ✐ ♦ ♥✳ ❙ ✉ ❝ ❤ ♣ ✉❧ ❡ ♣ ♦ ❡ ♥ ✐ ❛❧❧ ② ❛❧❧ ♦ ✇ ✐ ♠ ❛ ❣✐ ♥ ❣ ✉❧ ❛✲❢ ❛ ♣ ♦ ❝ ❡ ❡ ✐ ♥ ❝ ♦ ♠✲
♣❧ ❡ ① ❛ ♠ ♣❧ ❡ ✇✐ ❤ ♥ ❛ ♥ ♦ ❝ ❛❧ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ❢ ✉❧❧✲ ✜ ❡❧ ❞ ✐ ♠ ❛ ❣✐ ♥ ❣
✇✐ ❤ ❤ ♦ ♣ ✉❧ ❡ ✐ ✐❧❧ ❛ ♥ ✉ ♥ ♦❧ ✈ ❡ ❞ ♣ ♦ ❜❧ ❡ ♠✳ ❆ ❛ ♦❧ ✉ ✐ ♦ ♥✱ ✇ ❡ ♣ ♦ ♣ ♦ ❡ ❛ ♥ ♦ ✈ ❡❧
❛ ♣ ♣ ♦ ❛ ❝ ❤ ❜ ❛ ❡ ❞ ♦ ♥ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ②✱ ✇ ❤✐ ❝ ❤ ✐ ❜ ❛ ❡ ❞ ♦ ♥ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡
♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ✳ ■ ♥ ❤✐ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ❤ ❡ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ✐❧❧ ✉ ♠✐ ♥ ❛ ❡ ❤ ❡
❛ ♠ ♣❧ ❡ ❛ ♥ ❞ ✐ ♠ ✉❧ ❛ ♥ ❡ ♦ ✉ ❧ ② ❣ ❡ ♥ ❡ ❛ ❡ ❤ ❡ ❡❢ ❡ ❡ ♥ ❝ ❡ ✇ ❛ ✈ ❡✳ ■ ♥ ✜ ♣ ♦ ♦❢ ♦❢ ❝ ♦ ♥✲
❝ ❡ ♣ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛ ❤ ❡ ❡❧ ❡ ❝ ♦ ♥ ♦ ❛ ❣ ❡ ✐ ♥ ❣ ❇ ❊ ❙ ❙ ❨ ■■✱ ✇ ❡ ❤ ♦ ✇ ❡ ❞ ❤ ❛ ❋ ♦ ✉ ✐ ❡
❛ ♥ ❢ ♦ ♠ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❜ ❛ ❡ ❞ ♦ ♥ ❤ ❡ ♥ ♦ ✈ ❡❧ ❉ ❖ ❊ ♥ ❡ ❛ ❧ ② ❛ ❝ ❝ ♦ ♠ ♣❧✐ ❤ ❡ ❤ ❡ ❡ ① ♣ ❡ ❝ ❡ ❞
✐ ♠ ❛ ❣✐ ♥ ❣ ♣ ❡ ❢ ♦ ♠ ❛ ♥ ❝ ❡✳ ■ ❝ ❛ ♥ ❡ ✈ ❡ ♥ ❜ ❡ ✉ ❡ ❞ ♦ ✐ ♠ ❛ ❣ ❡ ❧ ❛ ❣ ❡ ❛ ♠ ♣❧ ❡ ❛ ❡ ❛ ❜ ② ✐ ❝ ❤✲
✐ ♥ ❣ ♦❢ ♦ ✈ ❡ ❧ ❛ ♣ ♣✐ ♥ ❣ ✐ ♠ ❛ ❣ ❡ ✳ ❆❧ ❤ ♦ ✉ ❣ ❤✱ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ✐ ✐❧❧ ✐ ❣ ♥✐❢✲
✐ ❝ ❛ ♥ ❧ ② ❧ ♦ ✇ ❡ ❤ ❛ ♥ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ❛ ❝ ❤✐ ❡ ✈ ❛ ❜❧ ❡ ✇✐ ❤ ❛ ❚ ❳ ▼✱ ✐ ❞ ♦ ❡ ♣ ❡ ♠✐ ✉ ❡ ♦❢
❤ ♦ ❳✲ ❛ ② ♣ ✉❧ ❡ ❢ ♦ ✐ ♠ ❡✲ ❡ ♦❧ ✈ ❡ ❞ ✐ ♠ ❛ ❣✐ ♥ ❣✳ ■ ♥ ❤ ❡ ❢ ✉ ✉ ❡✱ ❤ ❡ ❡ ❝ ❡ ♥ ❧ ② ❞ ❡ ✈ ❡❧ ♦ ♣ ❡ ❞
❛❧ ❣ ♦ ✐ ❤ ♠ ♣ ♦ ♣ ♦ ❡ ❞ ✐ ♥ ❤✐ ❤ ❡ ✐ ❝ ♦ ✉❧ ❞ ❜ ❡ ❛ ♣ ♣❧✐ ❡ ❞ ♦ ❞ ❡ ✐ ❣ ♥ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ✐ ❝ ❛❧
❡❧ ❡ ♠ ❡ ♥ ♦ ♣ ✐ ♠✐ ③ ❡ ❞ ❢ ♦ ❤✐ ❣ ❤ ❡ ♦ ❞ ❡ ♦❢ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥✱ ✇ ❤✐ ❝ ❤ ✐ ♥ ❝ ❡ ❛ ❡ ❤ ❡ ❡ ✛ ❡ ❝ ✐ ✈ ❡
♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ♣ ❡ ✉ ❡ ❧ ❡ ❛ ❞✐ ♥ ❣ ♦ ❤✐ ❣ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥✳ ❙✐ ♥ ❝ ❡ ❤ ❡ ♦ ✉ ❡ ♠ ♦ ③ ♦ ♥ ❡ ✇✐ ❞ ❤
✐ ❝ ✉ ❡ ♥ ❧ ② ❤ ❡ ❧✐ ♠✐ ✐ ♥ ❣ ❢ ❛ ❝ ♦ ❢ ♦ ❤ ❡ ❢ ❛ ❜ ✐ ❝ ❛ ✐ ♦ ♥ ♦❢ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ❜ ②
❡✲ ❜ ❡ ❛ ♠ ❧✐ ❤ ♦ ❣ ❛ ♣ ❤ ②✱ ❤ ❡ ✉ ❡ ♦❢ ❤✐ ❣ ❤ ❡ ♦ ❞ ❡ ♦❢ ❞✐ ✛ ❛ ❝ ✐ ♦ ♥ ❜ ❛ ❡ ❞ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ✐✲
❝ ❛❧ ❡❧ ❡ ♠ ❡ ♥ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ✐ ♠ ♣ ♦ ✈ ❡ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ✳ ♦ ❡ ♥ ✐ ❛❧❧ ② ❤✐ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ② ❡ ✉ ♣
❣ ❡ ♥ ❡ ❛ ❡ ✐ ♠ ❡✲ ❡ ♦❧ ✈ ❡ ❞ ✐ ♠ ❛ ❣ ❡ ✇✐ ❤ ✐ ♥ ❣❧ ❡ ❤ ♦ ❛ ♣ ❛ ✐ ❛❧ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♠✐❧ ❛ ♦
❝ ✉ ❡ ♥ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ❛ ❡❧ ❡ ❝ ♦ ♥ ♦ ❛ ❣ ❡ ✐ ♥ ❣ ✇✐ ❤ ❤ ❡✐ ❡ ① ♣ ♦ ✉ ❡ ✐ ♠ ❡ ✐ ♥
❤ ❡ ❡ ❝ ♦ ♥ ❞ ❛ ♥ ❣ ❡✳
■ ♥ ✉ ♠ ♠ ❛ ②✱ ✐ ♥ ❤✐ ❤ ❡ ✐ ❞✐ ✛ ❡ ❡ ♥ ❳✲ ❛ ② ♦ ♣ ✐ ❝ ❛❧ ❡ ✉ ♣ ❢ ♦ ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥
✸ ❉ ✐ ♠ ❛ ❣✐ ♥ ❣ ✇ ❡ ❡ ✐ ♥ ✈ ❡ ✐ ❣ ❛ ❡ ❞✳ ❋ ♦ ♠ ❛❧❧ ❤ ❡ ✐ ♥ ✈ ❡ ✐ ❣ ❛ ❡ ❞ ♠ ❡ ❤ ♦ ❞ ✱ ❤ ❡ ♥ ♦ ✈ ❡❧ ❋■ ❇✲
❙ ❳ ▼ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✐ ❤ ❡ ♠ ♦ ♣ ♦ ♠✐ ✐ ♥ ❣ ❝ ❛ ♥ ❞✐ ❞ ❛ ❡ ❢ ♦ ♥ ❛ ♥ ♦ ❝ ❛❧ ❡ ✸ ❉ ✐ ♠ ❛ ❣✐ ♥ ❣✳ ❋■ ❇✲
❙ ❳ ▼ ✐ ♠ ❛ ❣✐ ♥ ❣ ♣ ♦ ♠✐ ❡ ♦ ♣ ♦ ✈✐ ❞ ❡ ❤✐ ❣ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ✸ ❉ ✐ ♠ ❛ ❣ ❡ ❤ ❛ ♥ ♦ ❤ ❡ ❳✲
❛ ② ♠ ❡ ❤ ♦ ❞ ✳ ■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ❛ ✐❢ ❛ ❝ ❤ ❛ ❛ ❡ ❝ ✉ ❡ ♥ ❧ ② ❧✐ ♠✐ ✐ ♥ ❣ ♦ ❤ ❡ ♦ ♠ ♦ ❣ ❛ ♣ ❤ ②
❜ ❛ ❡ ❞ ♦❢ ❳✲ ❛ ② ♠ ❡ ❤ ♦ ❞ ❛ ❡ ❡ ♠ ♦ ✈ ❡ ❞✳ ◆ ❡ ✈ ❡ ❤ ❡❧ ❡ ✱ ✐ ♠ ♣ ♦ ✈ ❡ ♠ ❡ ♥ ♦❢ ❤ ❡ ✈ ❛ ✐ ♦ ✉
❚ ❳ ▼ ✐ ♠ ❛ ❣✐ ♥ ❣ ♠ ♦ ❞ ❡ ✐ ❛❧ ♦ ✐ ♠ ♣ ♦ ❛ ♥ ✱ ✐ ♥ ❝ ❡ ❋■ ❇✲ ❙ ❳ ▼ ❝ ❛ ♥ ♦ ♥❧ ② ❜ ❡ ❛ ♣ ♣❧✐ ❡ ❞ ♦
❡❧ ❛ ✐ ✈ ❡❧ ② ♠ ❛❧❧ ❛ ♠ ♣❧ ❡ ❡ ❣✐ ♦ ♥ ✐ ♥ ❝ ❡ ✐ ✐ ❛ ❛ ❡ ❝ ❛ ♥ ♥✐ ♥ ❣ ♠ ❡ ❤ ♦ ❞✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱
❛ ✇ ♦ ❦ ✢ ♦ ✇ ❤ ❛ ✐ ♥ ❝❧ ✉ ❞ ❡ ❛ ❧ ♦ ✇ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ♣ ❡❧✐ ♠✐ ♥ ❛ ② ✉ ❞ ② ♦❢ ✸ ❉ ❛ ♠ ♣❧ ❡ ❜ ②
❚ ❳ ▼ ♦ ♠ ♦ ❣ ❛ ♣ ❤ ② ✐ ❛ ❞ ✈✐ ❛ ❜❧ ❡ ♦ ❧ ♦ ❝ ❛ ❡ ❤ ❡ ❡ ❣✐ ♦ ♥ ♦❢ ✐ ♥ ❡ ❡ ✳ ❋ ♦ ❤ ❡ ♣ ❡❧✐ ♠✐ ♥ ❛ ②
✉ ❞✐ ❡ ♦❢ ✇ ❤ ♦❧ ❡ ❝ ❡❧❧ ✐ ♥ ❤ ❡ ❚ ❳ ▼✱ ❤ ❡ ♥ ❡ ✇ ❡ ✉ ♣ ❢ ♦ ❩ ❡ ♥✐ ❦ ❡ ♣ ❤ ❛ ❡ ❝ ♦ ♥ ❛ ❛ ♥ ❞
❞ ❛ ❦ ✜ ❡❧ ❞ ✐ ♠ ❛ ❣✐ ♥ ❣ ♠✐ ❣ ❤ ♣ ♦ ✈✐ ❞ ❡ ❛ ❢ ✉ ❤ ❡ ✐ ♠ ♣ ♦ ✈ ❡ ♠ ❡ ♥ ❡ ♣✳ ■ ♥ ❣ ❡ ♥ ❡ ❛❧✱ ❳✲
✶ ✹ ✸
❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ♦ ✛ ❡ ❛ ❧ ❛ ❣ ❡ ♣ ❡ ♥ ❡ ❛ ✐ ♦ ♥ ❞ ❡ ♣ ❤✱ ❣ ♦ ♦ ❞ ❡❧ ❡ ♠ ❡ ♥ ❝ ♦ ♥ ❛ ❛ ♥ ❞ ❤ ♦
✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤ ❢ ♦ ♠✐ ❝ ♦ ❝ ♦ ♣ ②✳ ■ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥✱ ♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ② ❜ ✐ ❞ ❣ ❡ ❤ ❡ ❣ ❛ ♣ ✐ ♥
❡ ♦❧ ✉ ✐ ♦ ♥ ❛ ♥ ❞ ♣ ❡ ♠✐ ❡ ❞ ❛ ♠ ♣❧ ❡ ❤✐ ❝ ❦ ♥ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ♦ ♣ ✐ ❝ ❛❧ ♠✐ ❝ ♦ ❝ ♦ ♣ ② ❛ ♥ ❞ ❡❧ ❡ ❝ ♦ ♥
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✉ ❝ ✉ ❡ ❞ ♦ ♥✲ ❝ ❤✐ ♣ ❛ ❝ ❦ ❡ ❞ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ❢ ♦ ♥ ❛ ♥ ♦ ❝ ❛❧ ❡ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ✇✐ ❤ ❤✐ ❣ ❤
❡ ✣ ❝✐ ❡ ♥ ❝ ②✳ ◆ ❛ ♥ ♦ ❘ ❡ ❡ ❛ ❝ ❤ ✱ ✼✭ ✹✮✿ ✺ ✷ ✽ ✕ ✺ ✸ ✺✱ ❆ ❘ ✷ ✵ ✶ ✹✳ ■ ❙ ❙ ◆ ✶ ✾ ✾ ✽✲ ✵ ✶ ✷ ✹✳ ❞ ♦✐✿
✶ ✵✳ ✶ ✵ ✵ ✼ ✴ ✶ ✷ ✷ ✼ ✹✲ ✵ ✶ ✹✲ ✵ ✹ ✶ ✾✲ ①✳
✶ ✺ ✽ ❇■ ❇ ▲■ ❖ ● ❘ ❆ ❍ ❨
❬ ✶ ✵ ✹❪ ❙✳ ❲✐❧ ❤ ❡❧ ♠✱ ❇✳ ● ❜❧ ❡ ✱ ▼✳ ●❧ ✉ ❝ ❤✱ ❛ ♥ ❞ ❍✳ ❍ ❡✐ ♥ ③✳ ❈ ♦ ♥❢ ♦ ❝ ❛❧ ▲ ❛ ❡ ❙ ❝ ❛ ♥ ♥✐ ♥ ❣
▼✐ ❝ ♦ ❝ ♦ ♣ ② ✳ ❩ ❡✐ ❏ ❡ ♥ ❛✱ ✷ ✵ ✵ ✻✳
❬ ✶ ✵ ✺❪ ●✳ ❏✳ ❲✐❧❧✐ ❛ ♠ ✱ ❊✳ ❍ ❛ ♥ ❡ ♥✱ ❆✳ ●✳ ❡ ❡❧ ❡✱ ▼✳ ❆✳ ❢ ❡✐❢ ❡ ✱ ❏✳ ❈❧ ❛ ❦✱ ❇✳ ❆ ❜ ❜ ❡ ②✱
●✳ ❈ ❛ ❞ ❡ ♥ ❛ ③ ③✐✱ ▼✳ ❉✳ ❞ ❡ ❏ ♦ ♥ ❣ ❡✱ ❙✳ ❱ ♦ ❣ ✱ ▲✳ ❚✐❧❧ ❡ ②✱ ❛ ♥ ❞ ❑✳ ❆✳ ◆ ✉ ❣ ❡ ♥ ✳ ❍✐ ❣ ❤✲
❡ ♦❧ ✉ ✐ ♦ ♥ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣ ♦❢ ♣❧ ❛ ♠ ♦ ❞✐ ✉ ♠ ❢ ❛❧ ❝✐ ♣ ❛ ✉ ♠✲✐ ♥❢ ❡ ❝ ❡ ❞ ❡ ❞ ❜❧ ♦ ♦ ❞ ❝ ❡❧❧ ✳
❈ ② ♦ ♠ ❡ ② ❛ ❆ ✱ ✼ ✸ ❆✭ ✶ ✵✮✿ ✾ ✹ ✾ ✕ ✾ ✺ ✼✱ ❖ ❈ ❚ ✷ ✵ ✵ ✽✳ ■ ❙ ❙ ◆ ✶ ✺ ✺ ✷✲ ✹ ✾ ✷ ✷✳ ❞ ♦✐✿ ✶ ✵✳
✶ ✵ ✵ ✷ ✴ ❝ ② ♦✳ ❛✳ ✷ ✵ ✻ ✶ ✻✳
❬ ✶ ✵ ✻❪ ❏✳ ❲✐ ♥ ❤ ♦ ♣ ❛ ♥ ❞ ❈✳ ❲ ♦ ❤✐ ♥ ❣ ♦ ♥✳ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ② ❜ ② ✉ ❝ ❝ ❡ ✐ ✈ ❡ ❋ ♦ ✉ ✐ ❡
❛ ♥ ❢ ♦ ♠ ❛ ✐ ♦ ♥✳ ❤ ② ✐ ❝ ▲ ❡ ❡ ✱ ✶ ✺✭ ✷✮✿ ✶ ✷ ✹ ✰✱ ✶ ✾ ✻ ✺✳ ❞ ♦✐✿ ✶ ✵✳ ✶ ✵ ✶ ✻ ✴
✵ ✸ ✼ ✺✲ ✾ ✻ ✵ ✶✭ ✻ ✺✮ ✾ ✵ ✷ ✶ ✶✲ ✷✳
❬ ✶ ✵ ✼❪ ❍✳ ❲ ♦❧ ❡ ✳ ❙ ♣✐ ❡ ❣ ❡❧ ② ❡ ♠ ❡ ❡✐❢ ❡ ♥ ❞ ❡ ♥ ❊✐ ♥❢ ❛❧❧ ❛❧ ❛ ❜ ❜✐❧ ❞ ❡ ♥ ❞ ❡ ❖ ♣ ✐ ❦ ❡ ♥ ❢
❘ ♥ ❣ ❡ ♥ ❛ ❤❧ ❡ ♥✳ ❆ ♥ ♥ ❛❧ ❡ ♥ ❞ ❡ ❤ ② ✐ ❦✱ ✹ ✹ ✺✭ ✶✲ ✷✮✿ ✾ ✹ ✕ ✶ ✶ ✹✱ ✶ ✾ ✺ ✷✳ ■ ❙ ❙ ◆ ✶ ✺ ✷ ✶✲
✸ ✽ ✽ ✾✳ ❞ ♦✐✿ ✶ ✵✳ ✶ ✵ ✵ ✷ ✴ ❛ ♥ ❞ ♣✳ ✶ ✾ ✺ ✷ ✹ ✹ ✺ ✵ ✶ ✵ ✽✳
❬ ✶ ✵ ✽❪ ❋✳ ❲ ② ♦ ✇ ❦✐ ❛ ♥ ❞ ❖✳ ❇ ② ♥ ❣ ❞ ❛ ❤❧✳ ■ ❡ ❛ ✐ ✈ ❡ ❢ ♦ ✉ ✐ ❡ ✲ ❛ ♥ ❢ ♦ ♠ ❛❧ ❣ ♦ ✐ ❤ ♠ ❛ ♣✲
♣❧✐ ❡ ❞ ♦ ❝ ♦ ♠ ♣ ✉ ❡ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤ ②✳ ❏ ♦ ✉ ♥ ❛❧ ♦❢ ❤ ❡ ❖ ♣ ✐ ❝ ❛❧ ❙ ♦ ❝✐ ❡ ② ♦❢ ❆ ♠ ❡ ✲
✐ ❝ ❛ ❆✲ ♦ ♣ ✐ ❝ ■ ♠ ❛ ❣ ❡ ❙ ❝✐ ❡ ♥ ❝ ❡ ❛ ♥ ❞ ❱✐ ✐ ♦ ♥✱ ✺✭ ✼✮✿ ✶ ✵ ✺ ✽ ✕ ✶ ✵ ✻ ✺✱ ❏ ✉❧ ② ✶ ✾ ✽ ✽✳ ❞ ♦✐✿
✶ ✵✳ ✶ ✸ ✻ ✹ ✴ ❏ ❖ ❙ ❆ ❆✳ ✺✳ ✵ ✵ ✶ ✵ ✺ ✽✳
❬ ✶ ✵ ✾❪ ❋✳ ❩ ❡ ♥✐ ❦ ❡✳ ❉ ❛ ❤ ❛ ❡ ♥ ❦ ♦ ♥ ❛ ✈ ❡ ❢ ❛ ❤ ❡ ♥ ❜ ❡✐ ❞ ❡ ♠✐ ❦ ♦ ❦ ♦ ♣✐ ❝ ❤ ❡ ♥ ❇ ❡ ♦ ❜ ❛ ❝ ❤✲
✉ ♥ ❣✳ ❩ ❡✐ ❝ ❤ ✐❢ ❢ ❚❡ ❝ ❤ ♥✐ ❝ ❤ ❡ ❤ ② ✐ ❦✱ ✶ ✻✿ ✹ ✺ ✹ ✕ ✹ ✺ ✼✱ ✶ ✾ ✸ ✺✳
❆ ♣ ♣ ❡ ♥ ❞✐ ① ❆
♦ ♣ ❛ ❣ ❛ ♦ ❛ ♥ ❞ ❈ ♦ ♠ ♠ ❡ ♥ ♦ ❤ ❡
♦ ❣ ❛ ♠ ♠✐ ♥ ❣
❆✳ ✶ ♦ ♣ ❛ ❣ ❛ ♦
❚ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ❝ ❤ ❛ ♣ ❡ ✹ ♥ ❛ ✉ ❛❧❧ ② ❧ ❡ ❛ ❞ ♦ ❞✐ ✛ ❡ ❡ ♥ ✐ ♠✲
♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ♦ ♥ ✳ ❍ ❡ ❡✱ ♦ ♠ ❡ ♦❢ ❤ ❡ ♠ ♦ ♦❢ ❡ ♥ ✉ ❡ ❞ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ♦ ♥ ❛ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞
❛ ♥ ❞ ❝ ♦ ♠ ♠ ❡ ♥ ❡ ❞✳
❆✳ ✶✳ ✶ ❆ ♥ ❣ ✉❧ ❛ ❙ ♣ ❡ ❝ ✉ ♠ ▼ ❡ ❤ ♦ ❞ ❇ ❛ ❡ ❞ ♦ ♣ ❛ ❣ ❛ ♦
❚ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ♣ ❡ ❝ ✉ ♠ ♠ ❡ ❤ ♦ ❞ ✐ ✉✐ ❡ ❧ ♦ ✇ ❛ ♥ ❞ ❛ ✇ ❦ ✇ ❛ ❞ ♦ ✉ ❡✳ ❇ ✉ ✐ ❞ ♦ ❡ ♥ ♦
✉ ✛ ❡ ❢ ♦ ♠ ❤ ❡ ♣ ❛ ❛ ①✐ ❛❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✳ ■ ✇ ❛ ❤ ❡ ❡❢ ♦ ❡ ✉ ❡ ❞ ♦ ✈ ❡ ✐❢ ② ❤ ❡ ❡ ✉❧
♦❢ ❤ ❡ ♦ ❤ ❡ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ♦ ♥ ✳
❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❤ ❡ ✐ ❡ ❛ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ♦ ♣ ✐ ♠✐ ③ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❞✐ ✛ ❛ ❝ ✐ ✈ ❡ ♦ ♣ ✐ ❝ ❛❧ ❡❧✲
❡ ♠ ❡ ♥ ❢ ♦ ❤ ❡ ❋ ❚ ❍✲ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ✉ ❡ ❛ ♣ ♦ ♣ ❛ ❣ ❛ ♦ ❢ ♦ ♠ ❤ ❡ ♥ ❡ ❛ ❛ ♥ ❞ ❢ ❛ ✜ ❡❧ ❞
❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✳ ❚ ❤ ❡ ✜ ♥ ❛❧ ❜✐ ♥ ❛ ② ♠ ❛ ❦ ✇ ❛ ❡ ❡ ❞ ✉ ✐ ♥ ❣ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ♣ ❡ ❝ ✉ ♠
♠ ❡ ❤ ♦ ❞✳ ❉ ✉ ❡ ♦ ❤ ❡ ✐ ③ ❡ ♦❢ ❛ ❢ ❡ ✇ ❤ ✉ ♥ ❞ ❡ ❞ ♠✐ ❝ ♦ ♠ ❡ ❡ ❛ ♥ ❞ ❤ ❡ ♦ ✉ ❡ ♠ ♦ ✉ ❝✲
✉ ❡ ✇✐ ❞ ❤ ♦❢ ✜❢ ② ♥ ❛ ♥ ♦ ♠ ❡ ❡ ✱ ❤✐ ✐ ❛❧ ❡ ❛ ❞ ② ❛ ❝ ❤ ❛❧❧ ❡ ♥ ❣✐ ♥ ❣ ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥ ❢ ♦ ❛
❞ ❡ ❦ ♦ ♣ ❝ ♦ ♠ ♣ ✉ ❡ ✳
❈ ♦ ♠ ♠ ❡ ♥ ❡ ❞ ♦ ❣ ❛ ♠
❚ ❤ ❡ ♠ ❛ ❧ ❛ ❜ ♣ ♦ ❣ ❛ ♠ ♦ ♥ ♣ ❛ ❣ ❡ ✶ ✻ ✶ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❡ ✉ ❛ ✐ ♦ ♥ ✸✳ ✷✳
✶ ✺ ✾
✶ ✻ ✵ ❆ ❊ ◆ ❉■ ❳ ❆✳ ❘ ❖ ❆ ● ❆ ❚ ❖ ❘ ❙ ❆ ◆ ❉ ❈ ❖ ▼ ▼ ❊ ◆ ❚ ❙ ❚ ❖ ❚ ❍ ❊ ❘ ❖ ● ❘ ❆ ▼ ▼■ ◆ ●





U [x 0 , y0 , z0 ]
(z 1 − z 0 ) ·
e x p i k (z 1 − z 0 ) 2 + ( x 1 − x 0 ) 2 + ( y 1 − y 0 ) 2
(z 1 − z 0 ) 2 + ( x 1 − x 0 ) 2 + ( y 1 − y 0 ) 2 d x 0 d y 0
❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♥ ♦ ❛ ✐ ♦ ♥ ❛ ❡ ✉ ❡ ❞ ✐ ♥ ❤ ❡ ♣ ♦ ❣ ❛ ♠✳
❯ ✶ ✐ ❤ ❡ ❞✐ ❝ ❡ ✐ ❡ ❞ ✈ ❡ ✐ ♦ ♥ ♦❢ U [x 1 , y1 , z1 ]✳
❯ ✵ ✐ ❤ ❡ ❞✐ ❝ ❡ ✐ ❡ ❞ ✈ ❡ ✐ ♦ ♥ ♦❢ U [x 0 , y0 , z0 ]✳
❞ ① ❛ ❡ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ❜ ♦ ❤ ♣❧ ❛ ♥ ❡ ✳
❧ ❛ ♠ ❜ ❞ ❛ ✐ ❤ ❡ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤✳
❞ ✐ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❜ ♦ ❤ ♣❧ ❛ ♥ ❡ ✳
❋ ❖ ❱ ❴ ♠✐ ♥ ✐ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ✜ ❡❧ ❞ ♦❢ ✈✐ ❡ ✇ ✇ ❤✐ ❝ ❤ ❤ ♦ ✉❧ ❞ ❜ ❡ ✈✐ ✐ ❜❧ ❡ ✐ ♥ ❤ ❡ ♦ ✉ ♣ ✉
♣❧ ❛ ♥ ❡✳
▲✐ ♥ ❡ ✶ ❝ ♦ ♥ ❛✐ ♥ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❤ ❡ ❛ ❞ ❡ ✳
▲✐ ♥ ❡ ✷ ❞ ❡ ✜ ♥ ❡ ❤ ❡ ❣❧ ♦ ❜ ❛❧ ✈ ❛ ✐ ❛ ❜❧ ❡ ❝ ❛❧❢ ❛ ❦ ♦ ✱ ❧ ❛ ♠ ❜ ❞ ❛ ❛ ♥ ❞ ❦ ✳
▲✐ ♥ ❡ ✸ ♦ ✻ ✐ ♥✐ ✐ ❛❧✐ ③ ❡ ♦ ♠ ❡ ❝ ♦ ♥ ❛ ♥ ✳
▲✐ ♥ ❡ ✼ ❛ ♥ ❞ ✾ ❝ ♦ ♠ ♣ ✉ ❡ ❤ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ❢ ♦ ❤ ❡ ♣ ❛ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♥ ♣ ✉ ✜ ❡❧ ❞✱ ♦ ❤ ❛
❤ ❡ ✜ ❡❧ ❞ ♦❢ ✈✐ ❡ ✇ ❤ ❛ ❤ ❡ ❝ ♦ ❡ ❝ ✐ ③ ❡✳
▲✐ ♥ ❡ ✶ ✵ ❞ ❡ ✜ ♥ ❡ ❤ ❡ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ❦ ❡ ♥ ❡❧ ✇ ❤✐ ❝ ❤ ❝ ♦ ❡ ♣ ♦ ♥ ❞ ♦ ❤ ❡ ❡ ❞ ♣ ❛

 (z 1 − z 0 ) ·
e x p i k (z 1 − z 0 ) 2 + ( x 1 − x 0 ) 2 + ( y 1 − y 0 ) 2
(z 1 − z 0 ) 2 + ( x 1 − x 0 ) 2 + ( y 1 − y 0 ) 2

 .
▲✐ ♥ ❡ ✶ ✶ ❛ ♥ ❞ ✶ ✷ ✐ ♥✐ ✐ ❛❧✐ ③ ❡ ♦ ♠ ❡ ❝ ♦ ♥ ❛ ♥ ❛ ♥ ❞ ✈ ❛ ✐ ❛ ❜❧ ❡ ✳
▲✐ ♥ ❡ ✶ ✸ ❛ ♥ ❞ ✶ ✹ ❛ ❤ ❡ ✐ ❡ ❛ ✐ ♦ ♥ ♦ ✈ ❡ ❛❧❧ ✉ ❜✲ ♣ ❛ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♥ ♣ ✉ ✜ ❡❧ ❞✳
▲✐ ♥ ❡ ✶ ✺ ♣ ✐ ♥ ❤ ❡ ❝ ✉ ❡ ♥ ♣ ♦ ✐ ✐ ♦ ♥ ♦ ♥ ♦ ❤ ❡ ❝ ❡ ❡ ♥✳
▲✐ ♥ ❡ ✶ ✻ ✉ ❡ ❛ ✉ ❜✲ ♦ ✉ ✐ ♥ ❡ ♦ ❝ ♦ ♠ ♣ ✉ ❡ ❤ ❡ ❝ ✉ ❡ ♥ ♣ ♦ ✐ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ✉ ❜✲ ♣ ❛ ✐ ✐ ♦ ♥✳
▲✐ ♥ ❡ ✶ ✼ ♦ ✶ ✾ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❝ ✉ ❡ ♥ ✉ ❜✲ ♣ ❛ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ❦ ❡ ♥ ❡❧✳
▲✐ ♥ ❡ ✷ ✵ ❝ ✉ ♦ ✉ ❤ ❡ ❝ ♦ ❡ ❝ ✉ ❜✲ ♣ ❛ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♥ ♠✐ ✐ ♦ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥✳
▲✐ ♥ ❡ ✷ ✶ ❝ ♦ ♠ ♣ ✉ ❡ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ♦ ✉ ♣ ✉ ✜ ❡❧ ❞ ♦❢ ❤ ❡ ✉ ❜✲ ♣ ❛ ✐ ✐ ♦ ♥ ❜ ② ❝ ♦ ♥ ✈ ♦❧ ✈✐ ♥ ❣ ❤ ❡
♣ ♦ ❞ ✉ ❝ ♦❢ ❤ ❡ ✐ ♥ ❜ ♦ ✉ ♥ ❞ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ❛ ♥ ♠✐ ✐ ♦ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ✉ ✐ ♥ ❣ ❛
✉ ❜ ♦ ✉ ✐ ♥ ❡ ♦ ❝ ♦ ♠ ♣ ✉ ❡ ❤ ❡ ❝ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ✉❧ ✇✐ ❤ ❤ ❡ ❝ ✉ ❡ ♥ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥
❦ ❡ ♥ ❡❧✳
▲✐ ♥ ❡ ✷ ✷ ✉ ♣ ❞ ❛ ❡ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ♦ ✉ ♣ ✉ ✜ ❡❧ ❞✳
❆✳ ✶✳ ❘ ❖ ❆ ● ❆ ❚ ❖ ❘ ❙ ✶ ✻ ✶
■ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ♦ ❢ ♦ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ♣ ❡ ❝ ✉ ♠
✶✳ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❬ ❯ ✶ ❪ ❂ ❈ ✷ ✵ ✶ ✻ ✵ ✶ ✵ ✷ ❴ ❉ ✐ ✐ ❜ ✉ ❡ ❞ ❴ ❢ ❢ ❴ ❆ ❙ ▼ ✭ ❯ ✵ ✱ ❞ ① ✱ ❞ ✱ ❧ ❛ ♠ ❜ ❞ ❛ ✶ ✱ ❋ ❖ ❱ ❴ ♠ ✐ ♥ ✮
✷✳ ❣ ❧ ♦ ❜ ❛ ❧ ❝ ❛ ❧ ❢ ❛ ❦ ♦ ❧ ❛ ♠ ❜ ❞ ❛ ❦
✸✳ ❧ ❛ ♠ ❜ ❞ ❛ ❂ ❧ ❛ ♠ ❜ ❞ ❛ ✶ ❀
✹✳ ❦ ❂ ✷ ✯ ♣ ✐ ✴ ❧ ❛ ♠ ❜ ❞ ❛ ❀
✺✳ ❝ ❛ ❧ ❢ ❛ ❦ ♦ ❂ ❞ ① ❀
✻✳ ▲ ❂ ✐ ③ ❡ ✭ ❯ ✵ ✱ ✶ ✮ ❀
✼✳ ❲ ❂ ❝ ❡ ✐ ❧ ✭ ✭ ✭ ❋ ❖ ❱ ❴ ♠ ✐ ♥ ✮ ✴ ❞ ① ✮ ✮ ❀
✽✳ ◆ ❂ ✷ ❫ ♦ ✉ ♥ ❞ ✭ ❧ ♦ ❣ ✷ ✭ ▲ ✴ ❲ ✮ ✮ ❀
✾✳ ❲ ❂ ▲ ✴ ◆ ❀
✶ ✵✳ ♣ ♦ ♣ ❂ ❅ ✭ ✐ ① ✱ ❞ ✮ ✉ ❡ ❡ ③ ❡ ✭ ❞ ✳ ✴ ✭ ❞ ✳ ❫ ✷ ✰ ✐ ① ✭ ✶ ✱ ✿ ✱ ✿ ✮ ✳ ❫ ✷ ✰ ✐ ① ✭ ✷ ✱ ✿ ✱ ✿ ✮ ✳ ❫ ✷ ✮ ✳ ✯ ✳ ✳ ✳
❡ ① ♣ ✭ ✶ ✐ ✯ ❦ ✯ ✭ ✭ ❞ ✳ ❫ ✷ ✰ ✐ ① ✭ ✶ ✱ ✿ ✱ ✿ ✮ ✳ ❫ ✷ ✰ ✐ ① ✭ ✷ ✱ ✿ ✱ ✿ ✮ ✳ ❫ ✷ ✮ ✮ ✮ ✮ ❀
✶ ✶✳ ❯ ✶ ❂ ③ ❡ ♦ ✭ ❲ ✮ ❀
✶ ✷✳ ❩ ✷ ❂ ✵ ❀ ♦ ❢ ❢ ❡ ❂ ✵ ❀
✶ ✸✳ ❢ ♦ ❱ ◆ ❂ ✶ ✿ ◆
✶ ✹✳ ❢ ♦ ❱ ▼ ❂ ✶ ✿ ◆
✶ ✺✳ ❬ ❱ ◆ ✱ ❱ ▼ ❪
✶ ✻✳ ❖ ✉ ❂ ✭ ■ ♥ ❞ ✷ ❑ ♦ ❞ ✭ ✭ ✶ ✲ ❲ ✮ ✿ ✭ ✷ ✯ ❲ ✮ ✱ ✭ ✶ ✲ ❲ ✮ ✿ ✭ ✷ ✯ ❲ ✮ ✱ ❱ ◆ ✱ ❱ ▼ ✱ ▲ ✱ ◆ ✱ ❲ ✮ ✮ ❀
✶ ✼✳ ❖ ✉ ✭ ✶ ✱ ✿ ✱ ✿ ✮ ❂ ♦ ✾ ✵ ✭ ✉ ❡ ❡ ③ ❡ ✭ ❖ ✉ ✭ ✶ ✱ ✿ ✱ ✿ ✮ ✮ ✱ ✷ ✮ ❀
✶ ✽✳ ❖ ✉ ✭ ✷ ✱ ✿ ✱ ✿ ✮ ❂ ♦ ✾ ✵ ✭ ✉ ❡ ❡ ③ ❡ ✭ ❖ ✉ ✭ ✷ ✱ ✿ ✱ ✿ ✮ ✮ ✱ ✷ ✮ ❀
✶ ✾✳ ♣ ♦ ♣ ❛ ❣ ❛ ❂ ✭ ♣ ♦ ♣ ✭ ❖ ✉ ✱ ❞ ✮ ✮ ❀
✷ ✵✳ ❩ ✷ ❂ ❯ ✵ ✭ ❲ ✯ ✭ ❱ ◆ ✲ ✶ ✮ ✰ ✭ ✶ ✿ ❲ ✮ ✱ ❲ ✯ ✭ ❱ ▼ ✲ ✶ ✮ ✰ ✭ ✶ ✿ ❲ ✮ ✮ ❀
✷ ✶✳ ❩ ✶ ❂ ❋ ❛ ❧ ❡ ✭ ✭ ❩ ✷ ✱ ♣ ♦ ♣ ❛ ❣ ❛ ✮ ❀
✷ ✷✳ ❯ ✶ ❂ ✭ ❯ ✶ ✰ ❩ ✶ ✮ ❀
✷ ✸✳ ❡ ♥ ❞
✷ ✹✳ ❡ ♥ ❞
✷ ✺✳ ❡ ♥ ❞
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Sub-functions for the propagator for the angular spectrum method. 
1. function Out=Ind2Kord(IX,IY,IN,IM,L, N, W)
















A.1.2 Fresnel Approximation Based Propagators
Commented Program 
The program on the next p age implements the equation (3.4). 
exp [i k z] 
[ 
xf + yf 
] 
100 100 
� . ). 
exp ik 
( ) 
U [xo, Yo, Zo] 
'/, Z 2 Z1 - Zo -oo -oo 
[.k x5+y5 ] [ .k x1xo+ Y1Yo] exp i ---- exp -i ----- dxody0.
2 (z1 - zo) (z1 - zo) 
The following notations are used in the program. 
❆✳ ✶✳ ❘ ❖ ❆ ● ❆ ❚ ❖ ❘ ❙ ✶ ✻ ✸
❯ ③ ✐ ❤ ❡ ❞✐ ❝ ❡ ✐ ❡ ❞ ✈ ❡ ✐ ♦ ♥ ♦❢ U [x 1 , y1 , z1 ]✳
❞ ③ ✶ ✴ ❞ ③ ✷ ❛ ❡ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ❤ ❡ z 1 ♣❧ ❛ ♥ ❡✳
❯ ✵ ✐ ❤ ❡ ❞✐ ❝ ❡ ✐ ❡ ❞ ✈ ❡ ✐ ♦ ♥ ♦❢ U [x 0 , y0 , z0 ]✳
❞ ✶ ✴ ❞ ✷ ❛ ❡ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ❤ ❡ z 0 ♣❧ ❛ ♥ ❡✳
❧ ❛ ♠ ❜ ❞ ❛ ✐ ❤ ❡ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤✳
③ ✐ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ✇ ♦ ♣❧ ❛ ♥ ❡ ✳
▲✐ ♥ ❡ ✶ ♦ ✹ ❝ ♦ ♥ ❛✐ ♥ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♥ ❛ ♠ ❡ ❛ ♥ ❞ ❛ ♠ ❛❧❧ ❡ ① ♣❧ ❛ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✈ ❛ ✐ ❛ ❜❧ ❡
♥ ❛ ♠ ❡ ✉ ❡ ❞✳
▲✐ ♥ ❡ ✺ ❞ ❡ ✜ ♥ ❡ ❦ ❛ ❤ ❡ ✇ ❛ ✈ ❡ ♥ ✉ ♠ ❜ ❡ ✳
▲✐ ♥ ❡ ✻ ❛ ♥ ❞ ✼ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ (N 1 , N2) ♦❢ ❤ ❡ ✐ ♥ ♣ ✉ ✜ ❡❧ ❞ (U z ) ❛❧ ♦ ♥ ❣
❞✐ ❡ ❝ ✐ ♦ ♥ ♦ ♥ ❡ ❛ ♥ ❞ ✇ ♦✳
▲✐ ♥ ❡ ✽ ❛ ♥ ❞ ✾ ❝ ♦ ♠ ♣ ✉ ❡ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ✉ ♣ ✉ ✜ ❡❧ ❞✳ ❚ ❤ ❡ ❡ ❡ ♦❧ ✉✲
✐ ♦ ♥ ❡ ✉❧ ❢ ♦ ♠ ❤ ❡ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ❢ ❛ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠✳
▲✐ ♥ ❡ ✶ ✵ ♦ ✶ ✻ ❣ ❡ ♥ ❡ ❛ ❡ ✇ ♦ ❛ ❛ ② ✇ ❤✐ ❝ ❤ ❝ ♦ ♥ ❛✐ ♥ ❤ ❡ ✐ ♥ ❞ ❡ ① ❛❧ ♦ ♥ ❣ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦ ♥ ❡
❛ ♥ ❞ ✇ ♦✳
▲✐ ♥ ❡ ✶ ✼ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❤ ❡ ❡ ❞ ♣ ❛ U [x 0 , y0 , z0 ] e x p i k x 20 + y 202 ( z 1 − z 0 ) ♦❢ ❤ ❡ ❋ ❡ ♥ ❡❧ ❛ ♣✲♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✳
▲✐ ♥ ❡ ✶ ✽ ❝ ♦ ♠ ♣ ✉ ❡ ✜ ❤ ❡ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ♦❢ ❤ ❡ ❡ ❞ ♣ ❛ ❛ ♥ ❞ ❤ ❡ ♥ ♠ ✉❧ ✐ ♣❧✐ ❡ ❤ ❡
❡ ✉❧ ✇✐ ❤ ❤ ❡ ❜❧ ✉ ❡ ♣ ❛ e x p[ i k z ]i λ z e x p i k x
21 + y 212 ( z 1 − z 0 ) ♦❢ ❤ ❡ ❋ ❡ ♥ ❡❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✳
■ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ♦ ❢ ♦ ❤ ❡ ❋ ❡ ♥ ❡❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✳
✶✳ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❬ ❯ ③ ✱ ❞ ③ ✶ ✱ ❞ ③ ✷ ❪ ❂ ❈ ✷ ✵ ✶ ✸ ✶ ✷ ✶ ✼ ❴ ❋ ❋ ❚ ❋ ❡ ♥ ❡ ❧ ✭ ❯ ✵ ✱ ③ ✱ ❧ ❛ ♠ ❜ ❞ ❛ ✱ ❞ ✶ ✱ ❞ ✷ ✮
✷✳ ✪ ❋ ❋ ❚ ❋ ❡ ♥ ❡ ❧ ♣ ♦ ♣ ❛ ❣ ❛ ♦
✸✳ ✪ ❯ ✵ ❂ ✐ ♥ ♣ ✉ ❢ ✐ ❡ ❧ ❞ ✱ ③ ❂ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❞ ✐ ❛ ♥ ❝ ❡ ✱ ❧ ❛ ♠ ❜ ❞ ❛ ❂ ✇ ❛ ✈ ❡ ❧ ❡ ♥ ❣ ❤ ✱
✹✳ ✪ ❞ ✶ ❂ ❡ ♦ ❧ ✉ ✐ ♦ ♥ ❛ ❧ ♦ ♥ ❣ ❞ ✐ ❡ ❝ ✐ ♦ ♥ ✶ ✱ ❞ ✷ ❂ ❡ ♦ ❧ ✉ ✐ ♦ ♥ ❛ ❧ ♦ ♥ ❣ ❞ ✐ ❡ ❝ ✐ ♦ ♥ ✷
✺✳ ❦ ❂ ✷ ✯ ♣ ✐ ✴ ❧ ❛ ♠ ❜ ❞ ❛ ❀
✻✳ ◆ ✶ ❂ ✐ ③ ❡ ✭ ❯ ✵ ✱ ✶ ✮ ❀
✼✳ ◆ ✷ ❂ ✐ ③ ❡ ✭ ❯ ✵ ✱ ✷ ✮ ❀
✽✳ ❞ ③ ✶ ❂ ❧ ❛ ♠ ❜ ❞ ❛ ✯ ③ ✴ ✭ ❞ ✶ ✯ ◆ ✶ ✮ ❀
✾✳ ❞ ③ ✷ ❂ ❧ ❛ ♠ ❜ ❞ ❛ ✯ ③ ✴ ✭ ❞ ✷ ✯ ◆ ✷ ✮ ❀
✶ ✵✳ ❯ ◆ ✶ ❂ ✲ ✭ ❝ ❡ ✐ ❧ ✭ ◆ ✶ ✴ ✷ ✰ ✵ ✳ ✺ ✮ ✲ ✶ ✮ ❀
✶ ✻ ✹ ❆ ❊ ◆ ❉■ ❳ ❆✳ ❘ ❖ ❆ ● ❆ ❚ ❖ ❘ ❙ ❆ ◆ ❉ ❈ ❖ ▼ ▼ ❊ ◆ ❚ ❙ ❚ ❖ ❚ ❍ ❊ ❘ ❖ ● ❘ ❆ ▼ ▼■ ◆ ●
✶ ✶✳ ❖ ◆ ✶ ❂ ✭ ❢ ❧ ♦ ♦ ✭ ◆ ✶ ✴ ✷ ✰ ✵ ✳ ✺ ✮ ✲ ✶ ✮ ❀
✶ ✷✳ ❯ ◆ ✷ ❂ ✲ ✭ ❝ ❡ ✐ ❧ ✭ ◆ ✷ ✴ ✷ ✰ ✵ ✳ ✺ ✮ ✲ ✶ ✮ ❀
✶ ✸✳ ❖ ◆ ✷ ❂ ✭ ❢ ❧ ♦ ♦ ✭ ◆ ✷ ✴ ✷ ✰ ✵ ✳ ✺ ✮ ✲ ✶ ✮ ❀
✶ ✹✳ ❱ ✶ ❂ ✭ ❯ ◆ ✶ ✿ ❖ ◆ ✶ ✮ ❀
✶ ✺✳ ❱ ✷ ❂ ✭ ❯ ◆ ✷ ✿ ❖ ◆ ✷ ✮ ❀
✶ ✻✳ ❬ ▼ ❡ ❤ ✶ ✱ ▼ ❡ ❤ ✷ ❪ ❂ ♠ ❡ ❤ ❣ ✐ ❞ ✭ ❱ ✶ ✱ ❱ ✷ ✮ ❀
✶ ✼✳ ❯ ✵ ❂ ❯ ✵ ✳ ✯ ❡ ① ♣ ✭ ✶ ✐ ✯ ❦ ✴ ✭ ✷ ✯ ③ ✮ ✳ ✯ ✭ ✭ ❞ ✶ ✯ ▼ ❡ ❤ ✶ ✬ ✮ ✳ ❫ ✷ ✰ ✭ ❞ ✷ ✯ ▼ ❡ ❤ ✷ ✬ ✮ ✳ ❫ ✷ ✮ ✮ ❀
✶ ✽✳ ❯ ③ ❂ ❡ ① ♣ ✭ ✶ ✐ ✯ ❦ ✯ ③ ✮ ✴ ✭ ✶ ✐ ✯ ❧ ❛ ♠ ❜ ❞ ❛ ✯ ③ ✮ ✳ ✯ ❡ ① ♣ ✭ ✶ ✐ ✯ ❦ ✴ ✭ ✷ ✯ ③ ✮ ✯ ✳ ✳ ✳
✭ ✭ ❞ ③ ✶ ✯ ▼ ❡ ❤ ✶ ✬ ✮ ✳ ❫ ✷ ✰ ✭ ❞ ③ ✷ ✯ ▼ ❡ ❤ ✷ ✬ ✮ ✳ ❫ ✷ ✮ ✮ ✯ ❞ ✶ ✯ ❞ ✷ ✳ ✯ ✳ ✳ ✳
❢ ❢ ❤ ✐ ❢ ✭ ❢ ❢ ✷ ✭ ❢ ❢ ❤ ✐ ❢ ✭ ❯ ✵ ✮ ✮ ✮ ❀
✶ ✾✳ ❡ ♥ ❞
❈ ❤ ❛ ♥ ❣ ❡ ❢ ♦ ❊ ❡ ♥ ✐ ❛❧❧ ② ❈ ♦ ♥ ✈ ❡ ❣✐ ♥ ❣ ❋✐ ❡❧ ❞
■ ♥ ❤ ❡ ❝ ❛ ❡ ❤ ❛ ❤ ❡ ✐ ♥ ♣ ✉ ✜ ❡❧ ❞ ♣ ♦ ❞ ✉ ❝ ❡ ❛ ♥ ♦ ✉ ♣ ✉ ✜ ❡❧ ❞ ✇✐ ❤ ♠ ✉ ❝ ❤ ♠ ❛❧❧ ❡ ❡ ①✲
❡ ♥ ✐ ♦ ♥ ✱ ✐ ✐ ♠ ♦ ❡ ❝ ♦ ♥ ✈ ❡ ♥✐ ❡ ♥ ♦ ✐ ♥ ❝❧ ✉ ❞ ❡ ❛ ❝ ♦ ♥ ✈ ❡ ❣✐ ♥ ❣ ✇ ❛ ✈ ❡ ❢ ❛ ❝ ♦ ✐ ♥ ♦ ❤ ❡ ♣ ♦✲
❣ ❛ ♠ ♠✐ ♥ ❣✳ ❙ ❡ ✐ ♥ ❣ U d [x 0 , y0 , z0 ] : = U [x 0 , y0 , z0 ] · e x p i k x 20 + y 202 ( z 1 − z 0 ) ❝ ❡ ❛ ❡ ❛ ❧ ♦ ✇ ❡♦ ❝✐❧❧ ❛ ✐ ♥ ❣ ✜ ❡❧ ❞ ✇ ❤✐ ❝ ❤ ❛❧❧ ♦ ✇ ❛ ❝ ♦ ❛ ❡ ❛ ♠ ♣❧✐ ♥ ❣ ♦❢ ❤ ❡ ✐ ♥ ♣ ✉ ✳ ❋ ♦ ❤✐ ✜ ❡❧ ❞✱ ❡ ✉ ❛✲
✐ ♦ ♥ ✭ ✸✳ ✹✮ ❝ ❤ ❛ ♥ ❣ ❡ ♦
U [x 1 , y1 , z1 ] ≈ e x p [ i k z]i λ z e x p i k
x 21 + y 21





U d [x 0 , y0 , z0 ] e x p − i k x 1 x 0 + y 1 y 0(z 1 − z 0 ) d x 0 d y 0 .
❚ ❤✐ ❢ ♦ ♠ ✉❧ ❛ ✐ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❡ ❞ ✐ ♥ ❤ ❡ ♣ ♦ ❣ ❛ ♠ ♦ ♥ ❤✐ ♣ ❛ ❣ ❡ ✇ ❤✐ ❝ ❤ ✐ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ♦ ❤ ❡
♣ ♦ ❣ ❛ ♠ ♦ ♥ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ♣ ❛ ❣ ❡ ❡ ① ❝ ❡ ♣ ❢ ♦ ❤ ❡ ❡ ♠ ♦ ✈ ❛❧ ♦❢ ❧✐ ♥ ❡ ✶ ✼ ❛ ♥ ❞ ❤ ❛
❯ ✵ ✐ ❤ ❡ ❞✐ ❝ ❡ ✐ ❡ ❞ ✈ ❡ ✐ ♦ ♥ ♦❢ U d [x 0 , y0 , z0 ] = U [x 0 , y0 , z0 ] · e x p i k x 20 + y 202 ( z 1 − z 0 ) ✳
♦ ❣ ❛ ♠ ❢ ♦ ❤ ❡ ❋ ❡ ♥ ❡❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❢ ♦ ❡ ❡ ♥ ✐ ❛❧❧ ② ❝ ♦ ♥ ✈ ❡ ❣✐ ♥ ❣ ✜ ❡❧ ❞ ✳
✶✳ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❬ ❯ ③ ✱ ❞ ③ ✶ ✱ ❞ ③ ✷ ❪ ❂ ❈ ✷ ✵ ✶ ✸ ✶ ✷ ✶ ✼ ❴ ❋ ❋ ❚ ❋ ❡ ♥ ❡ ❧ ❴ ❧ ♦ ✇ ✭ ❯ ✵ ✱ ③ ✱ ❧ ❛ ♠ ❜ ❞ ❛ ✱ ❞ ✶ ✱ ❞ ✷ ✮
✷✳ ✪ ❋ ❋ ❚ ❋ ❡ ♥ ❡ ❧ ♣ ♦ ♣ ❛ ❣ ❛ ♦ ❢ ♦ ❜ ✐ ❣ ✐ ♥ ♣ ✉ ❛ ♥ ❞ ♠ ❛ ❧ ❧ ♦ ✉ ♣ ✉
✸✳ ✪ ❯ ✵ ❂ ✐ ♥ ♣ ✉ ❢ ✐ ❡ ❧ ❞ ✱ ③ ❂ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❞ ✐ ❛ ♥ ❝ ❡ ✱ ❧ ❛ ♠ ❜ ❞ ❛ ❂ ✇ ❛ ✈ ❡ ❧ ❡ ♥ ❣ ❤ ✱
✹✳ ✪ ❞ ✶ ❂ ❡ ♦ ❧ ✉ ✐ ♦ ♥ ❛ ❧ ♦ ♥ ❣ ❞ ✐ ❡ ❝ ✐ ♦ ♥ ✶ ✱ ❞ ✷ ❂ ❡ ♦ ❧ ✉ ✐ ♦ ♥ ❛ ❧ ♦ ♥ ❣ ❞ ✐ ❡ ❝ ✐ ♦ ♥ ✷
❆✳ ✶✳ ❘ ❖ ❆ ● ❆ ❚ ❖ ❘ ❙ ✶ ✻ ✺
✺✳ ❦ ❂ ✷ ✯ ♣ ✐ ✴ ❧ ❛ ♠ ❜ ❞ ❛ ❀
✻✳ ◆ ✶ ❂ ✐ ③ ❡ ✭ ❯ ✵ ✱ ✶ ✮ ❀
✼✳ ◆ ✷ ❂ ✐ ③ ❡ ✭ ❯ ✵ ✱ ✷ ✮ ❀
✽✳ ❞ ③ ✶ ❂ ❧ ❛ ♠ ❜ ❞ ❛ ✯ ③ ✴ ✭ ❞ ✶ ✯ ◆ ✶ ✮ ❀
✾✳ ❞ ③ ✷ ❂ ❧ ❛ ♠ ❜ ❞ ❛ ✯ ③ ✴ ✭ ❞ ✷ ✯ ◆ ✷ ✮ ❀
✶ ✵✳ ❯ ◆ ✶ ❂ ✲ ✭ ❝ ❡ ✐ ❧ ✭ ◆ ✶ ✴ ✷ ✰ ✵ ✳ ✺ ✮ ✲ ✶ ✮ ❀
✶ ✶✳ ❖ ◆ ✶ ❂ ✭ ❢ ❧ ♦ ♦ ✭ ◆ ✶ ✴ ✷ ✰ ✵ ✳ ✺ ✮ ✲ ✶ ✮ ❀
✶ ✷✳ ❯ ◆ ✷ ❂ ✲ ✭ ❝ ❡ ✐ ❧ ✭ ◆ ✷ ✴ ✷ ✰ ✵ ✳ ✺ ✮ ✲ ✶ ✮ ❀
✶ ✸✳ ❖ ◆ ✷ ❂ ✭ ❢ ❧ ♦ ♦ ✭ ◆ ✷ ✴ ✷ ✰ ✵ ✳ ✺ ✮ ✲ ✶ ✮ ❀
✶ ✹✳ ❱ ✶ ❂ ✭ ❯ ◆ ✶ ✿ ❖ ◆ ✶ ✮ ❀
✶ ✺✳ ❱ ✷ ❂ ✭ ❯ ◆ ✷ ✿ ❖ ◆ ✷ ✮ ❀
✶ ✻✳ ❬ ▼ ❡ ❤ ✶ ✱ ▼ ❡ ❤ ✷ ❪ ❂ ♠ ❡ ❤ ❣ ✐ ❞ ✭ ❱ ✶ ✱ ❱ ✷ ✮ ❀
✶ ✼✳ ❯ ③ ❂ ❡ ① ♣ ✭ ✶ ✐ ✯ ❦ ✯ ③ ✮ ✴ ✭ ✶ ✐ ✯ ❧ ❛ ♠ ❜ ❞ ❛ ✯ ③ ✮ ✳ ✯ ❡ ① ♣ ✭ ✶ ✐ ✯ ❦ ✴ ✭ ✷ ✯ ③ ✮ ✯ ✳ ✳ ✳
✭ ✭ ❞ ③ ✶ ✯ ▼ ❡ ❤ ✶ ✬ ✮ ✳ ❫ ✷ ✰ ✭ ❞ ③ ✷ ✯ ▼ ❡ ❤ ✷ ✬ ✮ ✳ ❫ ✷ ✮ ✮ ✯ ❞ ✶ ✯ ❞ ✷ ✳ ✯ ✳ ✳ ✳
❢ ❢ ❤ ✐ ❢ ✭ ❢ ❢ ✷ ✭ ❢ ❢ ❤ ✐ ❢ ✭ ❯ ✵ ✮ ✮ ✮ ❀
✶ ✽✳ ❡ ♥ ❞
❈ ❤ ❛ ♥ ❣ ❡ ❢ ♦ ❊ ❡ ♥ ✐ ❛❧❧ ② ❉✐ ✈ ❡ ❣✐ ♥ ❣ ❋✐ ❡❧ ❞
■ ♥ ❤ ❡ ❝ ❛ ❡ ❤ ❛ ❤ ❡ ✐ ♥ ♣ ✉ ✜ ❡❧ ❞ ♣ ♦ ❞ ✉ ❝ ❡ ❛ ♥ ♦ ✉ ♣ ✉ ✜ ❡❧ ❞ ✇✐ ❤ ♠ ✉ ❝ ❤ ❧ ❛ ❣ ❡ ❞✐ ♠ ❡ ♥✲
✐ ♦ ♥ ✱ ✐ ✐ ♠ ♦ ❡ ❝ ♦ ♥ ✈ ❡ ♥✐ ❡ ♥ ♦ ✐ ♥ ❝❧ ✉ ❞ ❡ ❛ ❞✐ ✈ ❡ ❣✐ ♥ ❣ ✇ ❛ ✈ ❡ ❢ ❛ ❝ ♦ ✐ ♥ ♦ ❤ ❡ ♣ ♦ ❣ ❛ ♠✲
♠✐ ♥ ❣✳ ❙ ❡ ✐ ♥ ❣ U d [x 1 , y1 , z1 ] : = U [x 1 , y1 , z1 ] · e x p − i k x 21 + y 212 ( z 1 − z 0 ) ❝ ❡ ❛ ❡ ❛ ♠ ✉ ❝ ❤❧ ♦ ✇ ❡ ♦ ❝✐❧❧ ❛ ✐ ♥ ❣ ✜ ❡❧ ❞ ✇ ❤✐ ❝ ❤ ❛❧❧ ♦ ✇ ❛ ❝ ♦ ❛ ❡ ❛ ♠ ♣❧✐ ♥ ❣ ♦❢ ❤ ❡ ♦ ✉ ♣ ✉ ✳ ❋ ♦ ❤✐
✜ ❡❧ ❞✱ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✸✳ ✹✮ ❝ ❤ ❛ ♥ ❣ ❡ ♦





U [x 0 , y0 , z0 ]
e x p i k x
20 + y 20
2 ( z 1 − z 0 ) e x p − i k
x 1 x 0 + y 1 y 0
(z 1 − z 0 ) d x 0 d y 0 .
❚ ❤✐ ❢ ♦ ♠ ✉❧ ❛ ✐ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❡ ❞ ✐ ♥ ❤ ❡ ♣ ♦ ❣ ❛ ♠ ♦ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♣ ❛ ❣ ❡ ✇ ❤✐ ❝ ❤ ✐ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧
♦ ❤ ❡ ♣ ♦ ❣ ❛ ♠ ♦ ♥ ♣ ❛ ❣ ❡ ✶ ✻ ✸ ❡ ① ❝ ❡ ♣ ❢ ♦ ❛ ❝ ❤ ❛ ♥ ❣ ❡ ✐ ♥ ❧✐ ♥ ❡ ✶ ✽ ❛ ♥ ❞ ❤ ❛
❯ ③ ✐ ❤ ❡ ❞✐ ❝ ❡ ✐ ❡ ❞ ✈ ❡ ✐ ♦ ♥ ♦❢ U d [x 1 , y1 , z1 ] = U [x 1 , y1 , z1 ] · e x p − i k x 21 + y 212 ( z 1 − z 0 ) ✳
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Program for the Fresnel approximation for essentially diverging fields. 
1. function [Uz,dz1,dz2) =C20131217_FFTFresnel_slow_small_source(UO,z,lambda,d1,d2)
2. %'l.FFT Fresnel propagator for small input and a large output field
3. % UO=input field, z=propagation distance, lambda=wavelength ,
















A.1.3 Near and Far Field Approximation Based Propaga­
tors 
These propagators take the different dimensions of the input and the output field 
into account. The resulting approximation of equation (2.6) 




z1 - zo exp [i k ro1] 
i� -oo -oo rm �1 
(A.1) 
is therefore better suited for high numerical aperture optics, such as high resolution 
soft X-ray Fresnel zone plates. 
Since the formulas for the propagation diff er depending on whether the input 
or the output plane is larger, the implementations differ, too. 
❆✳ ✶✳ ❘ ❖ ❆ ● ❆ ❚ ❖ ❘ ❙ ✶ ✻ ✼
❋✐ ✱ ❤ ❡ ❝ ❛ ❡ ❤ ❛ ❤ ❡ ✐ ♥ ♣ ✉ ♣❧ ❛ ♥ ❡ ✐ ♠ ✉ ❝ ❤ ❧ ❛ ❣ ❡ ✐ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞✳
❚ ❤ ❡ ❛❧ ❣ ♦ ✐ ❤ ♠ ♦ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♣ ❛ ❣ ❡ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❤ ❡ ❢ ♦ ♠ ✉❧ ❛
U [x 1 , y1 , z1 ] ≈ 1i λ e x p i k






1 − x 2s + y 2sz 2
, y s
1 − x 2s + y 2sz 2
, z0

 zz 2 − x 2s − y 2s
·e x p i k z 4z 2 − x 2s − y 2s e x p − i k
(x 1 x s + y 1 y s )
z d x s d y s .
❍ ❡ ❡✱ x s ❛ ♥ ❞ y s ❛ ❡ ❤ ❡ ❡ ❣ ✉❧ ❛ ❡ ✉✐ ❞✐ ❛ ♥ ❣ ✐ ❞ ♣ ♦✐ ♥ ✉ ❡ ❞ ✐ ♥ ❤ ❡ ❋ ❡ ♥ ❡❧ ♣ ♦ ♣ ❛✲




1 − x 2s + y 2sz 2
, y s
1 − x 2s + y 2sz 2
, z0

 ≈ e x p − i k z
4
z 2 − x 2s − y 2s
z 2 − x 2s − y 2s
z R 2 i λ U [x 1 , y1 , z1 ]
· e x p − i k x
21 + y 21
2 z −
( x 1 x s + y 1 y s )
z d x 1 d y 1 .
❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♥ ♦ ❛ ✐ ♦ ♥ ❛ ❡ ✉ ❡ ❞ ✐ ♥ ❤ ❡ ♣ ♦ ❣ ❛ ♠ ♦ ♥ ❤ ❡ ♥ ❡ ① ♣ ❛ ❣ ❡✳
❯ ③ ✐ ❤ ❡ ❞✐ ❝ ❡ ✐ ❡ ❞ ✈ ❡ ✐ ♦ ♥ ♦❢ U [x 1 , y1 , z1 ]✳
❞ ③ ✶ ✴ ❞ ③ ✷ ❛ ❡ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ❤ ❡ z 1 ♣❧ ❛ ♥ ❡✳
❯ ✵ ✐ ❤ ❡ ❞✐ ❝ ❡ ✐ ❡ ❞ ✈ ❡ ✐ ♦ ♥ ♦❢ U

 x 0 = x s
1 − x 2s + y 2sz 2
, y0 = y s




❯ ❞ ✐ ❛ ✈ ❛ ✐ ❛ ❜❧ ❡ ❤ ❛ ♦ ❡ ❛ ♥ ✐ ♥ ❡ ♠ ❡ ❞✐ ❛ ❡ ❡ ✉❧ ✳
❞ ✶ ✴ ❞ ✷ ❛ ❡ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ❤ ❡ z 0 ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❡ ✉✐ ❞✐ ❛ ♥ ❣ ✐ ❞ ❛ ❛ ❝ ❤ ❡ ❞ ♦ x s
❛ ♥ ❞ y s ✳
❧ ❛ ♠ ❜ ❞ ❛ ✐ ❤ ❡ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤✳
③ ✐ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ✇ ♦ ♣❧ ❛ ♥ ❡ ✳
▲✐ ♥ ❡ ✶ ♦ ✺ ❝ ♦ ♥ ❛✐ ♥ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♥ ❛ ♠ ❡ ❛ ♥ ❞ ❛ ♠ ❛❧❧ ❡ ① ♣❧ ❛ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✈ ❛ ✐ ❛ ❜❧ ❡
♥ ❛ ♠ ❡ ✉ ❡ ❞✳
▲✐ ♥ ❡ ✻ ❞ ❡ ✜ ♥ ❡ ❦ ❛ ❤ ❡ ✇ ❛ ✈ ❡ ♥ ✉ ♠ ❜ ❡ ✳
▲✐ ♥ ❡ ✼ ❛ ♥ ❞ ✽ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ (N 1 , N2) ♦❢ ❤ ❡ ✐ ♥ ♣ ✉ ✜ ❡❧ ❞ (U z ) ❛❧ ♦ ♥ ❣
❞✐ ❡ ❝ ✐ ♦ ♥ ♦ ♥ ❡ ❛ ♥ ❞ ✇ ♦✳
8 y8 
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Lines 9 and 10 compute the resulting resolutions of the output field. These reso­lutions result from the definition of the fast Fouder transform. Lines 11 to 17 generate two arrays which contain the index along directions one and two. 














j. Line 19 implements the red part 
2 z2 2 exp [i k
Z - Xs -ys 
z4 ) 
z2 - x; -y:
of the approximation. 
Line 20 computes at first the Fourier transform of the red part and then multiplies 
the result by the blue part ( A exp [i kxi;':,Yi]) of the near field approximation. 
Program for the near field approximation. 
1. function [Uz,dz1,dz2]=NFFA_Taylor(UO,z,lambda,d1,d2)
2. % NFFA FFT Fresnel Propagator size of UO >>Uz
3. % UO=Field in zO ,z=Propagation distance ,lambda=wavelength ,
4. % d1= resolution in zO plane first direction ,d2=resolution in zO plane second
direction











16. V2= (UN2: ON2) ;
❆✳ ✶✳ ❘ ❖ ❆ ● ❆ ❚ ❖ ❘ ❙ ✶ ✻ ✾
✶ ✼✳ ❬ ▼ ❡ ❤ ✶ ✱ ▼ ❡ ❤ ✷ ❪ ❂ ♠ ❡ ❤ ❣ ✐ ❞ ✭ ❱ ✶ ✱ ❱ ✷ ✮ ❀
✶ ✽✳ ♠ ② ❂ ❅ ✭ ① ✱ ② ✱ ③ ✮ ✳ ✳ ✳
✭ ③ ✳ ✴ ✭ ③ ✳ ❫ ✷ ✲ ① ✳ ❫ ✷ ✲ ② ✳ ❫ ✷ ✮ ✮ ✳ ✯ ❡ ① ♣ ✭ ✶ ✐ ✯ ❦ ✳ ✯ ✭ ✭ ③ ✳ ❫ ✹ ✳ ✴ ✭ ③ ✳ ❫ ✷ ✲ ① ✳ ❫ ✷ ✲ ② ✳ ❫ ✷ ✮ ✮ ✮ ✮ ❀
✶ ✾✳ ❯ ❞ ❂ ❯ ✵ ✳ ✯ ♠ ② ✭ ❞ ✶ ✯ ▼ ❡ ❤ ✶ ✬ ✱ ❞ ✷ ✯ ▼ ❡ ❤ ✷ ✬ ✱ ③ ✮ ❀
✷ ✵✳ ❯ ③ ❂ ✶ ✴ ✭ ✶ ✐ ✯ ❧ ❛ ♠ ❜ ❞ ❛ ✮ ✳ ✯ ❡ ① ♣ ✭ ✶ ✐ ✯ ❦ ✯ ✭ ❞ ③ ✶ ✯ ▼ ❡ ❤ ✶ ✬ ✳ ❫ ✷ ✰ ❞ ③ ✷ ✯ ▼ ❡ ❤ ✷ ✬ ✳ ❫ ✷ ✮ ✳ ✴ ✭ ✷ ✯ ③ ✮ ✮ ✳ ✳ ✳
✯ ❞ ✶ ✯ ❞ ✷ ✳ ✯ ❢ ❢ ❤ ✐ ❢ ✭ ❢ ❢ ✷ ✭ ❢ ❢ ❤ ✐ ❢ ✭ ❯ ❞ ✮ ✮ ✮ ❀
✷ ✶✳ ❡ ♥ ❞
❈ ❤ ❛ ♥ ❣ ❡ ❢ ♦ ❊ ❡ ♥ ✐ ❛❧❧ ② ❈ ♦ ♥ ✈ ❡ ❣✐ ♥ ❣ ❋✐ ❡❧ ❞
❋ ♦ ❤ ❡ ♥ ❡ ❛ ✜ ❡❧ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✱ ♦ ♥❧ ② ❤ ❡ ❝ ❛ ❡ ♦❢ ❛ ♥ ❡ ❡ ♥ ✐ ❛❧❧ ② ❝ ♦ ♥ ✈ ❡ ❣✐ ♥ ❣ ✜ ❡❧ ❞
✐ ♥ ❡ ❡ ❞ ❡ ❞✳ ❚ ❤ ❡ ✜ ❡❧ ❞ ✐ ❛ ❣ ❛✐ ♥ ❡ ♣ ❛ ❛ ❡ ❞ ✐ ♥ ♦ ❛ ❢ ❛ ♦ ❝✐❧❧ ❛ ✐ ♥ ❣ ❝ ♦ ♥ ✈ ❡ ❣✐ ♥ ❣ ✜ ❡❧ ❞ ❛ ♥ ❞
❛ ❧ ♦ ✇❧ ② ✈ ❛ ②✐ ♥ ❣ ♠ ♦ ❞✐ ✜ ❝ ❛ ✐ ♦ ♥
U d [x 0 , y0 , z0 ] = U [x 0 , y0 , z0 ] · e x p i k (z 1 − z 0 ) 2 + x 20 + y 20 .
❋ ♦ ♠ z 2 + x 20 + y 20 = z 4z 2 − x 2s − y 2s ✱ ✐ ❢ ♦❧❧ ♦ ✇
U d [x 0 , y0 , z0 ] = U [x 0 , y0 , z0 ] · e x p i k z
4
z 2 − x 2s − y 2s .





1 − x 2s + y 2sz 2
, y s
1 − x 2s + y 2sz 2
, z0

 zz 2 − x 2s − y 2s

 .
♦ ❣ ❛ ♠ ❢ ♦ ❤ ❡ ♥ ❡ ❛ ✜ ❡❧ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❢ ♦ ❛ ♥ ❡ ❡ ♥ ✐ ❛❧❧ ② ❝ ♦ ♥ ✈ ❡ ❣✐ ♥ ❣
✜ ❡❧ ❞✳
✶✳ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❬ ❯ ③✱ ❞ ③ ✶✱ ❞ ③ ✷❪ ❂ ◆ ❋ ❋ ❆ ❴ ❚ ❛ ②❧ ♦ ❴ ❧ ♦ ✇✭ ❯ ✵✱ ③✱❧ ❛ ♠ ❜ ❞ ❛✱ ❞ ✶✱ ❞ ✷✮
✷✳ ✪ ◆ ❋ ❋ ❆ ❋ ❋ ❚ ❋ ❡ ♥ ❡❧ ♦ ♣ ❛ ❣ ❛ ♦ ✐ ③ ❡ ♦❢ ❯ ✵ ❃✗ ❃ ❯ ③
✸✳ ✪ ❯ ✵ ❂ ❋✐ ❡❧ ❞ ✐ ♥ ③ ✵ ✱ ③ ❂ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❞✐ ❛ ♥ ❝ ❡ ✱❧ ❛ ♠ ❜ ❞ ❛ ❂ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤ ✱
✹✳ ✪ ❞ ✶ ❂ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ③ ✵ ♣❧ ❛ ♥ ❡ ✜ ❞✐ ❡ ❝ ✐ ♦ ♥ ✱ ❞ ✷ ❂ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ③ ✵ ♣❧ ❛ ♥ ❡ ❡ ❝ ♦ ♥ ❞ ❞✐ ❡ ❝ ✐ ♦ ♥
✺✳ ✪ ✦✦✦ ❚ ❤ ❡ ❙ ❛ ♠ ♣❧✐ ♥ ❣ ♦❢ ❯ ✵ ✐ ♥ ♦ ❧ ♦ ♥ ❣ ❡ ❡ ✉✐ ❞✐ ❛ ♥ ✦✦✦
✻✳ ❦ ❂ ✷ ✯ ♣✐ ✴❧ ❛ ♠ ❜ ❞ ❛❀












18. myr==©(x ,y,z) (z./(z.A2-x.A2-y.A2));
19. Ud ==UO. *myr( d 1 * Mesh l' ,d2* Mesh2' ,z);
20. Uz=l/{li*lambda).*exp(li*k*(dzl*Meshl'. A2+dz2*Mesh2'. A2)./(2*z)) ...
*dl *d2. *fftshift( f�2( fftshift(Ud)));
21. end
The case that the input plane is much smaller than the output plane is considered. The algorithm on the facing page implements the formula 
U (x1 [xs, Ys] , Y1 (xs, Ys] , z1] 
� -exp ik ----- s s 1 [ z4 l ( z2 _ x2 _ y2 ) i>. z2 - x; - y; z3
f [ x2 + y2] [ xsxo + YsYo] }R.
2 
U [x0, y0, .zo)] exp i k O2 z O exp -i k z dx0dy0.
Here, x5 and Ys are the regular equidistant grid points used in the Fresnel propa­gator. The inverse formula is given by: 
U[xo,Yo,zo)] = i>.exp [-?; x62�y6] fa2 U(xdxs,Ysl,yi[xs,Ys),zi] 
( z3 ) [·271" XsXo + YsYo exp i- -z2 - x2 - y2 >. zs s 
❆✳ ✶✳ ❘ ❖ ❆ ● ❆ ❚ ❖ ❘ ❙ ✶ ✼ ✶
❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♥ ♦ ❛ ✐ ♦ ♥ ❛ ❡ ✉ ❡ ❞ ✐ ♥ ♣ ♦ ❣ ❛ ♠ ♦ ♥ ❤ ❡ ❝ ✉ ❡ ♥ ♣ ❛ ❣ ❡✳
❯ ③ ✐ ❤ ❡ ❞✐ ❝ ❡ ✐ ❡ ❞ ✈ ❡ ✐ ♦ ♥ ♦❢ U

 x 1 = x s
1 − x 2s + y 2sz 2
, y1 = y s




❞ ③ ✶ ✴ ❞ ③ ✷ ❛ ❡ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ❤ ❡ z 1 ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❡ ✉✐ ❞✐ ❛ ♥ ❣ ✐ ❞ ❛ ❛ ❝ ❤ ❡ ❞ ♦ x s
❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ② y s ✳
❯ ✵ ✐ ❤ ❡ ❞✐ ❝ ❡ ✐ ❡ ❞ ✈ ❡ ✐ ♦ ♥ ♦❢ U [x 0 , y0 , z0 ]✳
❞ ✶ ✴ ❞ ✷ ❛ ❡ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ❤ ❡ z 0 ♣❧ ❛ ♥ ❡✳
❧ ❛ ♠ ❜ ❞ ❛ ✐ ❤ ❡ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤✳
▲✐ ♥ ❡ ✶ ♦ ✺ ❝ ♦ ♥ ❛✐ ♥ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♥ ❛ ♠ ❡ ❛ ♥ ❞ ❛ ♠ ❛❧❧ ❡ ① ♣❧ ❛ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✈ ❛ ✐ ❛ ❜❧ ❡
♥ ❛ ♠ ❡ ✳
▲✐ ♥ ❡ ✻ ❞ ❡ ✜ ♥ ❡ ❦ ❛ ❤ ❡ ✇ ❛ ✈ ❡ ♥ ✉ ♠ ❜ ❡ ✳
▲✐ ♥ ❡ ✼ ❛ ♥ ❞ ✽ ❞ ❡ ❡ ♠✐ ♥ ❡ ❤ ❡ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ (N 1 , N2) ♦❢ ❤ ❡ ✐ ♥ ♣ ✉ ✜ ❡❧ ❞ (U z ) ❛❧ ♦ ♥ ❣
❞✐ ❡ ❝ ✐ ♦ ♥ ♦ ♥ ❡ ❛ ♥ ❞ ✇ ♦✳
▲✐ ♥ ❡ ✾ ❛ ♥ ❞ ✶ ✵ ❝ ♦ ♠ ♣ ✉ ❡ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ✉ ♣ ✉ ✜ ❡❧ ❞✳ ❚ ❤ ❡ ❡ ❡ ♦✲
❧ ✉ ✐ ♦ ♥ ❡ ✉❧ ❢ ♦ ♠ ❤ ❡ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ❢ ❛ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠✳
▲✐ ♥ ❡ ✶ ✶ ♦ ✶ ✼ ❣ ❡ ♥ ❡ ❛ ❡ ✇ ♦ ❛ ❛ ② ✇ ❤✐ ❝ ❤ ❝ ♦ ♥ ❛✐ ♥ ❤ ❡ ✐ ♥ ❞ ❡ ① ❛❧ ♦ ♥ ❣ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦ ♥ ❡
❛ ♥ ❞ ✇ ♦✳
▲✐ ♥ ❡ ✶ ✽ ❞ ❡ ✜ ♥ ❡ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ m y r : = e x p i k z 4z 2 − x 2s − y 2s z
2 − x 2s − y 2sz 3 ✳
▲✐ ♥ ❡ ✶ ✾ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❤ ❡ ❡ ❞ ♣ ❛
U [x 0 , y0 , z0 )] e x p i k x
20 + y 20
2 z
♦❢ ❤ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✳
▲✐ ♥ ❡ ✷ ✵ ❝ ♦ ♠ ♣ ✉ ❡ ❛ ✜ ❤ ❡ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ♦❢ ❤ ❡ ❡ ❞ ♣ ❛ ❛ ♥ ❞ ❤ ❡ ♥ ♠ ✉❧ ✐ ♣❧✐ ❡
❤ ❡ ❡ ✉❧ ❜ ② ❤ ❡ ❜❧ ✉ ❡ ♣ ❛ 1i λ e x p i k z 4z 2 − x 2s − y 2s z
2 − x 2s − y 2sz 3 ♦❢ ❤ ❡ ❢ ❛ ✜ ❡❧ ❞
❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✳
♦ ❣ ❛ ♠ ❢ ♦ ❤ ❡ ❢ ❛ ✜ ❡❧ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✳
✶✳ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❬ ❯ ③✱ ❞ ③ ✶✱ ❞ ③ ✷❪ ❂ ◆ ❋ ❋ ❆ ❴ ❚ ❛ ②❧ ♦ ❴ ♠ ❛❧❧ ❴✐ ♥ ♣ ✉ ✭ ❯ ✵✱ ③✱❧ ❛ ♠ ❜ ❞ ❛✱ ❞ ✶✱ ❞ ✷✮
✷✳ ✪ ◆ ❋ ❋ ❆ ❋ ❋ ❚ ❋ ❡ ♥ ❡❧ ♦ ♣ ❛ ❣ ❛ ♦ ✐ ③ ❡ ♦❢ ❯ ✵ ❁✗ ❁ ❯ ③
✸✳ ✪ ❯ ✵ ❂ ❋✐ ❡❧ ❞ ✐ ♥ ③ ✵ ✱ ③ ❂ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❞✐ ❛ ♥ ❝ ❡ ✱❧ ❛ ♠ ❜ ❞ ❛ ❂ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤ ✱
✹✳ ✪ ❞ ✶ ❂ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ③ ✵ ♣❧ ❛ ♥ ❡ ✜ ❞✐ ❡ ❝ ✐ ♦ ♥ ✱ ❞ ✷ ❂ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ③ ✵ ♣❧ ❛ ♥ ❡ ❡ ❝ ♦ ♥ ❞ ❞✐ ❡ ❝ ✐ ♦ ♥
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((z. A2-x. A2-y. A2)./(z. A3)).*exp(li*k.*sqrt((z. A4./(z. A2-x. A2-y. A2))));
19. Ud=UO.*exp(li*k*((dl *Meshl'). A2+(d2*Mesh2'). A2/(2*z)));
20. Uz=l/{li*lambda) .*myr(dzl *Meshl' ,Mesh2' ,2*z)* ...
dl *d2. *fftshift( fft2( fftshift(Ud)));
21. end
Changes for Essentially Diverging Fields 
For the far field approximation, only the case of an essentially diverging field is 
needed. 
The :field is again separated into a fast oscillating converging field and a slowly 
varying modification Ud [xi, Yi, zi] = U [xi, Yi, zi]·exp [-i k J (zi - zo)2 +xi+ Yi].
From J z2 + x� + Yi = J zL;i-y;, it follows Ud [xi, Yi, Zi] = U [xi, Yi, zi] · 
exp [-i kJ z2-;;_Y�]
Therefore, in the new program A.1.3 in lines 18 and 20, the blue part is reduced 
to 
❆✳ ✷✳ ❙ ❈ ❖ ❊ ❖ ❋ ❚ ❍ ❊ ❘ ❖ ❆ ● ❆ ❚ ❖ ❘ ❙ ✶ ✼ ✸
1
i λ
z 2 − x 2s − y 2s
z 3 .
♦ ❣ ❛ ♠ ❢ ♦ ❤ ❡ ❢ ❛ ✜ ❡❧ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❢ ♦ ❛ ❞✐ ✈ ❡ ❣✐ ♥ ❣ ✜ ❡❧ ❞✳
✶✳ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❬ ❯ ③✱ ❞ ③ ✶✱ ❞ ③ ✷❪ ❂ ◆ ❋ ❋ ❆ ❴ ❚ ❛ ②❧ ♦ ❴ ♠ ❛❧❧ ❴✐ ♥ ♣ ✉ ❴ ❧ ♦ ✇✭ ❯ ✵✱ ③✱❧ ❛ ♠ ❜ ❞ ❛✱ ❞ ✶✱ ❞ ✷✮
✷✳ ✪ ✪ ◆ ❋ ❋ ❆ ❋ ❋ ❚ ❋ ❡ ♥ ❡❧ ♦ ♣ ❛ ❣ ❛ ♦ ✐ ③ ❡ ♦❢ ❯ ✵ ❁✗ ❁ ❯ ③
✸✳ ✪ ❯ ✵ ❂ ❋✐ ❡❧ ❞ ✐ ♥ ③ ✵ ✱ ③ ❂ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❞✐ ❛ ♥ ❝ ❡ ✱❧ ❛ ♠ ❜ ❞ ❛ ❂ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤ ✱
✹✳ ✪ ❞ ✶ ❂ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ③ ✵ ♣❧ ❛ ♥ ❡ ✜ ❞✐ ❡ ❝ ✐ ♦ ♥ ✱ ❞ ✷ ❂ ❡ ♦❧ ✉ ✐ ♦ ♥ ✐ ♥ ③ ✵ ♣❧ ❛ ♥ ❡ ❡ ❝ ♦ ♥ ❞ ❞✐ ❡ ❝ ✐ ♦ ♥
✺✳ ✪ ✦✦✦ ❚ ❤ ❡ ❙ ❛ ♠ ♣❧✐ ♥ ❣ ♦❢ ❯ ③ ✐ ♥ ♦ ❧ ♦ ♥ ❣ ❡ ❡ ✉✐ ❞✐ ❛ ♥ ✦✦✦
✻✳ ❦ ❂ ✷ ✯ ♣✐ ✴❧ ❛ ♠ ❜ ❞ ❛❀
✼✳ ◆ ✶ ❂ ✐ ③ ❡✭ ❯ ✵✱ ✶✮❀
✽✳ ◆ ✷ ❂ ✐ ③ ❡✭ ❯ ✵✱ ✷✮❀
✾✳ ❞ ③ ✶ ❂❧ ❛ ♠ ❜ ❞ ❛ ✯ ③ ✴✭ ❞ ✶ ✯ ◆ ✶✮❀
✶ ✵✳ ❞ ③ ✷ ❂❧ ❛ ♠ ❜ ❞ ❛ ✯ ③ ✴✭ ❞ ✷ ✯ ◆ ✷✮❀
✶ ✶✳ ❯ ◆ ✶ ❂✲✭ ❝ ❡✐❧✭ ◆ ✶ ✴ ✷ ✰ ✵✳ ✺✮✲ ✶✮❀
✶ ✷✳ ❖ ◆ ✶ ❂✭ ✢ ♦ ♦ ✭ ◆ ✶ ✴ ✷ ✰ ✵✳ ✺✮✲ ✶✮❀
✶ ✸✳ ❯ ◆ ✷ ❂✲✭ ❝ ❡✐❧✭ ◆ ✷ ✴ ✷ ✰ ✵✳ ✺✮✲ ✶✮❀
✶ ✹✳ ❖ ◆ ✷ ❂✭ ✢ ♦ ♦ ✭ ◆ ✷ ✴ ✷ ✰ ✵✳ ✺✮✲ ✶✮❀
✶ ✺✳ ❱ ✶ ❂✭ ❯ ◆ ✶✿ ❖ ◆ ✶✮❀
✶ ✻✳ ❱ ✷ ❂✭ ❯ ◆ ✷✿ ❖ ◆ ✷✮❀
✶ ✼✳ ❬ ▼ ❡ ❤ ✶✱ ▼ ❡ ❤ ✷❪ ❂ ♠ ❡ ❤ ❣ ✐ ❞✭ ❱ ✶✱ ❱ ✷✮❀
✶ ✽✳ ♠ ② ❂ ❅✭ ①✱ ②✱ ③✮ ✭✭ ③✳ ❫ ✷✲ ①✳ ❫ ✷✲ ②✳ ❫ ✷✮✳ ✴✭ ③✳ ❫ ✸✮✮❀
✶ ✾✳ ❯ ❞ ❂ ❯ ✵✳ ✯ ❡ ① ♣✭ ✶✐ ✯ ❦ ✯✭✭ ❞ ✶ ✯ ▼ ❡ ❤ ✶✬✮✳ ❫ ✷ ✰✭ ❞ ✷ ✯ ▼ ❡ ❤ ✷✬✮✳ ❫ ✷ ✴✭ ✷ ✯ ③✮✮✮❀
✷ ✵✳ ❯ ③ ❂ ✶ ✴✭ ✶✐ ✯❧ ❛ ♠ ❜ ❞ ❛✮✳ ✯ ♠ ② ✭ ❞ ③ ✶ ✯ ▼ ❡ ❤ ✶✬✱ ▼ ❡ ❤ ✷✬✱ ✷ ✯ ③✮✳✳✳
✯ ❞ ✶ ✯ ❞ ✷✳ ✯ ✛ ❤✐❢ ✭ ✛ ✷✭ ✛ ❤✐❢ ✭ ❯ ❞✮✮✮❀
✷ ✶✳ ❡ ♥ ❞
❆✳ ✷ ❙ ❝ ♦ ♣ ❡ ♦❢ ❤ ❡ ♦ ♣ ❛ ❣ ❛ ♦
❚ ❤ ❡ ❛ ❜ ♦ ✈ ❡ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ♣ ♦ ♣ ❛ ❣ ❛ ♦ ❛❧❧ ✐ ♥ ❝❧ ✉ ❞ ❡ ♦ ♠ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ✐
✐ ❡ ❡ ♥ ✐ ❛❧ ♦ ❜ ❡ ❛ ✇ ❛ ❡ ♦❢ ❤ ❡ ✐ ♥ ♥ ❛ ❡ ❧✐ ♠✐ ♦❢ ❡ ❛ ❝ ❤ ♣ ♦ ♣ ❛ ❣ ❛ ♦ ✳
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A.2.1 Angular Spectrum Method Based Propagators
The angular spectrum method ba.sed propagator uses the scalar wave approxima­
tion and the approximation that the field is well described by a single value per 
pixel. 
Therefore, if either the polarization of the wave is important or the dimensions 
of a pixel is chosen to be too large, the propagator fa.ils to approximate the real 
field. 
Three significant dra,vbacks ma.ke this propagator unsuited for most of the 
computations done in this work. F irstly, it is not directly invertible. This is 
a serious problem for algorithms, that have to iterate between an input and an 
output plane. Secondly, the discretization has to be chosen equal in both the 
input and the output plane. Thirdly, the computation time and memory usage 
scale fa.ster with the size of the problem than it does for other propagators. 
A.2.2 Fresnel Approximation Based Propagators
These propagators use the scalar wave approximation a.ssuming that the field is weil 
described by a single value per pixel and that the field is essentially concentrated 
in a small region a.round the optica.l axis. 
As with the angular spectrum method, if either the polarization of the ·wave is 
important or the dimensions of a pixel is chosen to be too large, the propagators 
fa.il to approximate the real field. Additionally, there is now a limit on the axial 
spread of the field and the minimal distance between input and output planes. 
This limits the use of this type of propagators to low numerical apertures. 
Nevertheless, the discretiza.tion in the input and output plane is no longer 
equal but related by an equation to the resolution, dimensions a.nd distance of the 
other plane. In some ca.ses, it is possible to increa.se the discretization of one of 
the planes by using an advantageous geometry such a.s essentially converging or 
diverging fields. 
The Fresnel approximation is a good approximation if the following conditions 
are true. 
• Polarization is not important, for example, for unpolarized light sources and
homogeneous isotropic non-attenuating mediums of propagation.
• The distance (ro1) between two points in the input and output planes in
equation A.1
l 100 100 z1 - zo exp [i k r0i] 
U [x1, Y1, z1] = � U [xo, Yo, zo] --- ----- dxodyo
ZA -oo -oo �l �l 
❆✳ ✷✳ ❙ ❈ ❖ ❊ ❖ ❋ ❚ ❍ ❊ ❘ ❖ ❆ ● ❆ ❚ ❖ ❘ ❙ ✶ ✼ ✺
✐ ✇ ❡❧❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❞ ❜ ② ❤ ❡ ❡ ❝ ♦ ♥ ❞ ♦ ❞ ❡ ❚ ❛ ②❧ ♦ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✉ ❛ ❡
♦ ♦ ✳ ❚ ❤✐ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✐ ❞ ❡ ❞ ✉ ❝ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ❤✐ ❞ ❡ ♠ ♦❢ ❤ ❡ ❢ ♦ ✉ ❤ ♦ ❞ ❡ ❚ ❛ ②❧ ♦
❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✉ ❛ ❡ ♦ ♦
r 0 1 ≈ (z 1 − z 0 ) + (x 1 − x 0 )
2 + ( y 1 − y 0 ) 2
2 ( z 1 − z 0 ) −
(x 1 − x 0 ) 2 + ( y 1 − y 0 ) 2 2
8 ( z 1 − z 0 ) 3 .
❚ ❤ ❡ ✜ ✇ ♦ ♦ ❞ ❡ ❛ ❡ ❛❧ ❡ ❛ ❞ ② ✉ ✣ ❝✐ ❡ ♥ ❧ ② ❣ ♦ ♦ ❞ ✐❢
e x p − i k (x 1 − x 0 )
2 + ( y 1 − y 0 ) 2 2
8 ( z 1 − z 0 ) 3 ≈ 1
= ⇒ k (x 1 − x 0 )
2 + ( y 1 − y 0 ) 2 2
8 ( z 1 − z 0 ) 3 1
= ⇒ k (L 1 + L 0 )
4
8 (z 1 − z 0 )
3
❛ ♥ ❞
(z 1 − z 0 ) + (x 1 − x 0 )
2 + ( y 1 − y 0 ) 2
2 ( z 1 − z 0 )
(x 1 − x 0 ) 2 + ( y 1 − y 0 ) 2 2
8 ( z 1 − z 0 ) 3
= ⇒ (z 1 − z 0 ) (L 1 + L 0 ) ≥ | x 1 − x 0 | + |y 1 − y 0 |
❍ ❡ ❡✱ L 1 ❛ ♥ ❞ L 0 ❛ ❡ ❤ ❡ ♠ ❛ ①✐ ♠ ❛❧✱ ❛ ❞✐ ❛❧ ❞✐ ❛ ♥ ❝ ❡ ♦ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ❛ ①✐ ✐ ♥ ❤ ❡
✐ ♥ ♣ ✉ ❛ ♥ ❞ ♦ ✉ ♣ ✉ ♣❧ ❛ ♥ ❡ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✳
❼ ❚ ❤ ❡ ❡ ♦ ❞ ✉ ❡ ♦ ❤ ❡ ❞✐ ❝ ❡ ✐ ③ ❛ ✐ ♦ ♥ ❛❧ ♦ ♣ ♦ ❞ ✉ ❝ ❡ ♠ ❛❧❧ ❛ ✐❢ ❛ ❝ ✳
❋ ♦ ✐ ♠ ♣❧✐ ❝✐ ②✱ ❛ ✉ ❛ ❞ ❛ ✐ ❝ ❣ ✐ ❞ ✐ ❛ ✉ ♠ ❡ ❞✳
▲ ❡ ∆ x 0 ❛ ♥ ❞ ∆ x 1 ❜ ❡ ❤ ❡ ❞✐ ❝ ❡ ✐ ③ ❛ ✐ ♦ ♥ ❡ ♣ ✐ ③ ❡ ✐ ♥ ❤ ❡ ✐ ♥ ♣ ✉ ❛ ♥ ❞ ♦ ✉ ♣ ✉
♣❧ ❛ ♥ ❡ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✱ ❛ ♥ ❞ N ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ♣✐ ① ❡❧ ❛❧ ♦ ♥ ❣ ♦ ♥ ❡ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥✱ ❤ ❡ ♥
❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛ ✐ ❡✿
✕ ❚ ❤ ❡ ❞✐ ❝ ❡ ✐ ③ ❛ ✐ ♦ ♥ ✐ ♥ ❡✐ ❤ ❡ ❤ ❡ ✐ ♥ ♣ ✉ ♦ ♦ ✉ ♣ ✉ ♣❧ ❛ ♥ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❛ ❞✐ ✲
❝ ❡ ✐ ③ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ♦ ❤ ❡ ♣❧ ❛ ♥ ❡ ❞ ✉ ❡ ♦ ❤ ❡ ♣ ♦ ♣ ❡ ✐ ❡ ♦❢ ❤ ❡ ❢ ❛ ❋ ♦ ✉ ✐ ❡
❛ ♥ ❢ ♦ ♠✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ♦ ♥ ❡ ♦ ❜ ❛✐ ♥
∆ x 0 N = λ z∆ x 1 .
✕ ❙✐ ♥ ❝ ❡ L 1 = ∆ x 1 N / 2 ❛ ♥ ❞ L 0 = ∆ x 0 N / 2 , ❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ❞✐ ❛ ♥ ❝ ❡ z = z 1 − z 0
❛❧ ♦ ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❤ ❡ ❞✐ ❝ ❡ ✐ ③ ❛ ✐ ♦ ♥✳
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Starting with the discretization .6.xi of either the inpuit or the output 
field, one gets 
=k 
N4 (.6.x1 + .6.xo)
4 
128 
( .6.xiN + �r 
3 
128 
« z . 
Expanding the fourth exponent of this expression yields the following 
conditions that must also be  true: 
* ...lE._ (_L)
4 
« 1 which implies z « 128>. (ti.xi) 4 . 128 ßXi Z 271" .\ 
*
(!) 1� ( ti.�i) 
3 
z3 .6.xiN « z3 which implies
32 .6.x; 
N « 21r �. 
* (
4) __.fE._ (_L) 2 z2 (.6.x·N)2 « z3 which implies 121r>.N2 « z or equiv-2 128 li.xi i 128 
alently 





k (!1xiN )4 « z 128 
A.2.3 Near and Far Field Approximation Based Propaga-
tors 
The near and far field approximation based propagators rely on three conditions, 
namely that the scalar vvave approximation holds, that the field is well described 
by a single value per pixel and that the fields are essentially concentrated in either 
the input or output plane to a small region around the optical axis. 
As in the previous methods, if either the polarization of the wave is important 
or the dimensions of a pixel is chosen to be too large, the propagators fail to 
approximate the real field. Again, there is a limit on the minimal distance between 
the input and output planes. 
Nevertheless, the discretizations in the input a.nd output planes are no longer 
equal but instead related by an equation involv ing the resolution, dimensions and 
distance to the other plane. In some cases, it is possible to increase the discretiza­
tion of one of the planes by using an advantageous geometry such as essentially 
converging or diverging fields. These propagators are not l imited to low numerical 
apertures! 
❆✳ ✷✳ ❙ ❈ ❖ ❊ ❖ ❋ ❚ ❍ ❊ ❘ ❖ ❆ ● ❆ ❚ ❖ ❘ ❙ ✶ ✼ ✼
❚ ❤ ❡ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❛ ❡ ❣ ♦ ♦ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✐❢ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❛ ❡
✉ ❡✳
❋ ♦ ❤ ❡ ♥ ❡ ❛ ✜ ❡❧ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✿
❼ ❚ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ (r 0 1 ) ❜ ❡ ✇ ❡ ❡ ♥ ✇ ♦ ♣ ♦✐ ♥ ✐ ♥ ❤ ❡ ✐ ♥ ♣ ✉ ❛ ♥ ❞ ♦ ✉ ♣ ✉ ♣❧ ❛ ♥ ❡ ✐ ♥
❡ ✉ ❛ ✐ ♦ ♥ ❆✳ ✶





U [x 0 , y0 , z0 ] z 1 − z 0r 0 1
e x p [ i k r0 1 ]
r 0 1 d x 0 d y 0
✐ ✇ ❡❧❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❞ ❜ ② ❤ ❡ ♥ ❡ ❛ ✜ ❡❧ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✉ ❛ ❡ ♦ ♦
r 0 1 ≈ z 2 + x 20 + y 20
√ 1 + h ✳ ❚ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ h ✐ ❣✐ ✈ ❡ ♥ ❜ ②✿
h = x
21 + y 21
z 2 + x 20 + y 20 −
2 ( x 1 x 0 + y 1 y 0 )
z 2 + x 20 + y 20
( x 20 + y 20 z 2 )≈ x
21 + y 21
z 2 −
2 ( x 1 x 0 + 1 y 0 )
z 2 + x 20 + y 20 .
❚ ❤ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❢ ♦ ❤✐ ✐ ❞ ❡ ❞ ✉ ❝ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ❤✐ ❞ ❡ ♠ ♦❢ ❤ ❡ ❢ ♦ ✉ ❤ ♦ ❞ ❡
❚ ❛ ②❧ ♦ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✉ ❛ ❡ ♦ ♦ ♦❢ √ 1 + h ✳ ❚ ❤ ❡ ❚ ❛ ②❧ ♦ ❡ ① ♣ ❛ ♥ ✐ ♦ ♥
♦❢ √ 1 + h ②✐ ❡❧ ❞
√ 1 + h = 1 + h2 −
h 2
8 . . .
≈ 1 + h2 .
❚ ❤ ❡ ✜ ♦ ❞ ❡ ✐ ❛❧ ❡ ❛ ❞ ② ✉ ✣ ❝✐ ❡ ♥ ❧ ② ❣ ♦ ♦ ❞ ✐❢
e x p − i k h
2
8 z 2 + x
20 + y 20
= e x p − i k8
(x 21 + y 21 − 2 ( x 1 x 0 − y 1 y 0 )) 2
(z 2 + x 20 + y 20 ) 2
z 2 + x 20 + y 20 ≈ 1 .
❲ ❤✐ ❝ ❤ ✐ ✈ ❛❧✐ ❞ ✐❢
= ⇒ k (x
21 + y 21 − 2 ( x 1 x 0 − y 1 y 0 )) 2
8 (z 2 + x 20 + y 20 ) 3
1




k 2 ( 2 L
21 − 4 L 1 L 0 ) 4
6 4
L 1 L 0≈ k 2 4 ( L 1 L 0 ) 4 z 2 + 2 L 20 3 .
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• The errors due to the discretization also produce small artifacts.
Fo-r simplicity, a quadratic grid is assumed.
Let ßx0 and ßx1 be the discretization step sizes of the regular grid in the
input and output planes respectively, and N be the number of pixels along
one dimension. Then the follovving conditions arise.
Since the grid in the input plane is no longer equidistant but rather de-
termined by xo = xs a.nd Yo = Y\ 2 , the conditions for the dis-
1 x�+Yi l Xs+Ys -  -�
cretization are a bit more complicated. 
- The regular discretization in either the input or output plane introduces
a regular discretization in the other plane due to the properties of the
fast Fourier transform. Therefore, one obtains:
- Since L1 = ßx1 N /2 and L0 = 6.xoN 12 the minimal dis-
J i- (6xgN/2)
2 +(6ygN/2)2 ' 
z2 
tance z = z1 - z0 also depends on the discretization.




f = ( >.z )
4 
/128 « z3 
8 ßxo 
===} z
64 (1 + (¾if ) 3 (1- 2 (->- ) 2) 2 
2_4(_>-_) 26.xi 260:1 
« z2 . 
For the far field approximation: 
• The distance (r01 ) between two points in the input and output plane in
equation A.1
l 100 100 z1 - zo exp [i k r0i] 
U [xi, Y1, z1] = � U [xo, Yo, zo] --- ----- dxodyo
ZA -oo -oo �1 �1 
❆✳ ✷✳ ❙ ❈ ❖ ❊ ❖ ❋ ❚ ❍ ❊ ❘ ❖ ❆ ● ❆ ❚ ❖ ❘ ❙ ✶ ✼ ✾
✐ ✇ ❡❧❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❞ ❜ ② ❤ ❡ ❢ ❛ ✜ ❡❧ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✉ ❛ ❡ ♦ ♦
r 0 1 ≈ z 2 + x 21 + y 21
√ 1 + h .
❚ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ h ✐ ❤ ❡ ❡ ❣✐ ✈ ❡ ♥ ❜ ②✿
h = x
20 + y 20
z 2 + x 21 + y 21 −
2 ( x 1 x 0 + y 1 y 0 )
z 2 + x 21 + y 21
( x 21 + y 21 z 2 )≈ x
20 + y 20
z 2 −
2 ( x 1 x 0 + y 1 y 0 )
z 2 + x 21 + y 21 .
❚ ❤ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ❢ ♦ ❤✐ ✐ ❞ ❡ ❞ ✉ ❝ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ❤✐ ❞ ❡ ♠ ♦❢ ❤ ❡ ❢ ♦ ✉ ❤ ♦ ❞ ❡
❚ ❛ ②❧ ♦ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✉ ❛ ❡ ♦ ♦ ♦❢ √ 1 + h ✳ ❚ ❤ ❡ ❚ ❛ ②❧ ♦ ❡ ① ♣ ❛ ♥ ✐ ♦ ♥
♦❢ √ 1 + h ②✐ ❡❧ ❞
√ 1 + h = 1 + h2 −
h 2
8 . . .
≈ 1 + h2 .
❚ ❤ ❡ ✜ ♦ ❞ ❡ ✐ ❛❧ ❡ ❛ ❞ ② ✉ ✣ ❝✐ ❡ ♥ ❧ ② ❣ ♦ ♦ ❞ ✐❢
e x p − i k h
2
8 z 2 + x
21 + y 21
= e x p − i k8
(x 20 + y 20 − 2 ( x 1 x 0 − y 1 y 0 )) 2
(z 2 + x 21 + y 21 ) 2
z 2 + x 21 + y 21 ≈ 1 .
❚ ❤✐ ❡ ✉❧ ✐ ♥ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥
k (x
20 + y 20 − 2 ( x 1 x 0 − y 1 y 0 )) 2
8 (z 2 + x 21 + y 21 ) 3
1




k 2 ( 2 L
20 − 4 L 1 L 0 ) 4
6 4
L 0 L 1≈ k 2 4 ( L 1 L 0 ) 4 z 2 + 2 L 21 3 .
❼ ❚ ❤ ❡ ❡ ♦ ❞ ✉ ❡ ♦ ❤ ❡ ❞✐ ❝ ❡ ✐ ③ ❛ ✐ ♦ ♥ ❛❧ ♦ ♣ ♦ ❞ ✉ ❝ ❡ ♠ ❛❧❧ ❛ ✐❢ ❛ ❝ ✳
❋ ♦ ✐ ♠ ♣❧✐ ❝✐ ②✱ ❛ ✉ ❛ ❞ ❛ ✐ ❝ ❣ ✐ ❞ ✐ ❛ ✉ ♠ ❡ ❞✳
▲ ❡ ∆ x 0 ❛ ♥ ❞ ∆ x 1 ❜ ❡ ❤ ❡ ❞✐ ❝ ❡ ✐ ③ ❛ ✐ ♦ ♥ ❡ ♣ ✐ ③ ❡ ♦❢ ❤ ❡ ❡ ❣ ✉❧ ❛ ❣ ✐ ❞ ✐ ♥ ❤ ❡
✐ ♥ ♣ ✉ ❛ ♥ ❞ ♦ ✉ ♣ ✉ ♣❧ ❛ ♥ ❡ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②✱ ❛ ♥ ❞ N ❜ ❡ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ♣✐ ① ❡❧ ❛❧ ♦ ♥ ❣
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one dimension. Then the following conditions arise: 
Since the grid in the input plane is no longer equidistant but rather de­
termined by Xi = Xs2 2 and Y1 = Ys2 2 , the conditions for the dis-
1 xs+Ys 1 xs+Ys ----;z- ----;z-
cretization are a bit more complicated. 
- The regular discretization in e ither the input or output plane introduces
a regular discretization in the other plane due to the properties of the
fast Fourier transform. Therefore, one obtains
- Since L1 = �xiN 12 and L0 = !:1x0N /2, the minimal and 
l- (6x1N/2)
2+(6y1N/2)2 
maximal allowable distance z = z1 - zo also depends on the discretiza-
tion. 
Starting with the output discretization !:1xo, one obtains 
and 
« z2 . 
A.2.4 Examples
The following examples were used to verify that the approximations ·were ,vorking. 
They also shovv some of the weaknesses of the algorithms (A.2). 
❆✳ ✷✳ ❙ ❈ ❖ ❊ ❖ ❋ ❚ ❍ ❊ ❘ ❖ ❆ ● ❆ ❚ ❖ ❘ ❙ ✶ ✽ ✶
✭ ❛ ✮ ❈ ✉ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ♣ ❡ ❛ ❦ ✭ ❜ ✮ ❈ ✉ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ♣ ❡ ❛ ❦
❋✐ ❣ ✉ ❡ ❆✳ ✶✿ ● ❛ ✉ ✐ ❛ ♥ ❜ ❡ ❛ ♠ ❛ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ❡ ❞ ♦ ❤ ❡✐ ✇ ❛✐ ❜ ② ❤ ❡ ♣ ❡ ❡ ♥ ❡ ❞
❛❧ ❣ ♦ ✐ ❤ ♠ ✳ ❈ ✉ ♦❢ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ✐ ♥ ❡ ♥ ✐ ✐ ❡ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ♣ ❡ ❛ ❦ ❢ ♦ ❛ ✇ ❛✐ ♦❢
2 0 n m, 1 0 0 n m ❛ ♥ ❞ 1 µ m ❛ ❡ ❝ ♦ ♠ ♣ ❛ ❡ ❞✳ ❚ ❤ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ❤ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❛ ❡
λ = 2 .4 n m ✱ ❞✐ ❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ♣❧ ❛ ♥ ❡ z = 0 .5 m ✱ ❞✐ ❝ ❡ ✐ ③ ❛ ✐ ♦ ♥ ✐ ♥ ❢ ♦ ❝ ❛❧ ♣❧ ❛ ♥ ❡
∆ x = 6 n m ❛ ♥ ❞ ❛ ✜ ❡❧ ❞ ♦❢ ✈✐ ❡ ✇ ❡ ❞ ❣ ❡ ❧ ❡ ♥ ❣ ❤ ♦❢ 2 0 0 0 p xl = 1 2 µ m. ❋ ♦ ❤ ❡ ✐ ♠ ✉❧ ❛✲
✐ ♦ ♥ ✐ ♥ ✭ ❜ ✮✱ ❛ ♣ ❛ ✐ ✐ ♦ ♥ ✐ ♥ ♦ ❛ ❧ ♦ ✇❧ ② ♦ ❝✐❧❧ ❛ ✐ ♥ ❣ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❛ ♥ ❞ ❛ ❝ ♦ ♥ ✈ ❡ ❣✐ ♥ ❣ ✇ ❛ ✈ ❡
✇ ❛ ✉ ❡ ❞✳
■ ♥ ❜ ♦ ❤ ❝ ❛ ❡ ❤ ❡ ❛❧ ❣ ♦ ✐ ❤ ♠ ②✐ ❡❧ ❞ ❛❧ ♠ ♦ ✐ ❞ ❡ ♥ ✐ ❝ ❛❧ ❡ ✉❧ ♦ ❤ ❡ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ♣ ❡✲
❞✐ ❝ ✐ ♦ ♥✳
✶ ✽ ✷ ❆ ❊ ◆ ❉■ ❳ ❆✳ ❘ ❖ ❆ ● ❆ ❚ ❖ ❘ ❙ ❆ ◆ ❉ ❈ ❖ ▼ ▼ ❊ ◆ ❚ ❙ ❚ ❖ ❚ ❍ ❊ ❘ ❖ ● ❘ ❆ ▼ ▼■ ◆ ●
✭ ❛ ✮ ■ ♥ ❡ ♥ ✐ ② ♦❢ ❤ ❡ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥
✭ ❜ ✮ ❤ ❛ ❡ ♦❢ ❤ ❡ ❧ ♦ ✇❧ ② ✈ ❛ ②✐ ♥ ❣ ❢ ✉ ♥ ❝ ✐ ♦ ♥
❋✐ ❣ ✉ ❡ ❆✳ ✷✿ ❋ ♦ ❤ ❡ ❧ ❡❢ ✐ ♠ ❛ ❣ ❡ ✐ ♥ ✭ ❛ ✮ ✱ ❛ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ✇ ❤✐ ❡ ✉ ❛ ❡ ♦ ♥ ❛ ❜❧ ❛ ❝ ❦
❜ ❛ ❝ ❦ ❣ ♦ ✉ ♥ ❞ ✇ ❛ ❜ ❛ ❝ ❦✲ ♣ ♦ ♣ ❛ ❣ ❛ ❡ ❞ ✇✐ ❤ ❤ ❡ ❋ ❡ ♥ ❡❧ ♣ ♦ ♣ ❛ ❣ ❛ ♦ ❛ ♥ ❞ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣
✜ ❡❧ ❞ ❢ ♦ ✇ ❛ ❞ ♣ ♦ ♣ ❛ ❣ ❛ ❡ ❞ ✇✐ ❤ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛ ♣ ❡ ❝ ✉ ♠ ♠ ❡ ❤ ♦ ❞✳
❋ ♦ ❤ ❡ ✐ ❣ ❤ ✐ ♠ ❛ ❣ ❡✱ ❤ ❡ ❛ ♠ ❡ ✇ ❤✐ ❡ ✉ ❛ ❡ ✇ ❛ ❜ ❛ ❝ ❦✲ ♣ ♦ ♣ ❛ ❣ ❛ ❡ ❞ ✇✐ ❤ ❤ ❡ ◆ ❋ ❋ ❆
♣ ♦ ♣ ❛ ❣ ❛ ♦ ❛ ♥ ❞ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ✜ ❡❧ ❞ ✇ ❛ ❛ ❣ ❛✐ ♥ ❢ ♦ ✇ ❛ ❞ ♣ ♦ ♣ ❛ ❣ ❛ ❡ ❞ ✇✐ ❤ ❤ ❡ ❛ ♥ ❣ ✉❧ ❛
♣ ❡ ❝ ✉ ♠ ♠ ❡ ❤ ♦ ❞✳
❙✐ ♥ ❝ ❡ ✐ ♥ ❜ ♦ ❤ ❝ ❛ ❡ ✱ ❤ ❡ ✈ ❡ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ♦ ❞ ❡ ❤ ❛ ❡❧✐ ♠✐ ♥ ❛ ❡ ❤ ❡ ❢ ❛ ♦ ❝✐❧❧ ❛ ✐ ♥ ❣ ❝ ♦ ♥✲
✈ ❡ ❣✐ ♥ ❣ ♣ ❛ ♦❢ ❤ ❡ ✇ ❛ ✈ ❡ ✇ ❡ ❡ ✉ ❡ ❞✱ ❛ ♥ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ✐ ♥ ❡ ♣ ♦❧ ❛ ✐ ♦ ♥ ❡ ♣ ✐ ♥ ❡ ♣ ♦❧ ❛ ❡
❤ ❡ ❞ ❛ ❛ ♦ ♥ ❛ ✜ ♥ ❡ ❣ ✐ ❞ ❛ ♥ ❞ ✐ ♥ ❝❧ ✉ ❞ ❡ ❤ ❡ ❢ ❛ ♦ ❝✐❧❧ ❛ ✐ ♥ ❣ ❡ ♠ ❜ ❡❢ ♦ ❡ ❤ ❡ ❆ ❙ ▼ ✐
❛ ♣ ♣❧✐ ❡ ❞✳
❚ ❤ ❡ ❧ ❡❢ ✐ ♠ ❛ ❣ ❡ ✐ ♥ ✭ ❜ ✮ ✐ ❤ ❡ ♣ ❤ ❛ ❡ ♦❢ ❤ ❡ ❧ ♦ ✇❧ ② ✈ ❛ ②✐ ♥ ❣ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❝ ❡ ❛ ❡ ❞ ❜ ② ❤ ❡
❜ ❛ ❝ ❦✲ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ✇✐ ❤ ❤ ❡ ❋ ❡ ♥ ❡❧ ♣ ♦ ♣ ❛ ❣ ❛ ♦ ❛ ♥ ❞ ❤ ❡ ✐ ❣ ❤ ✐ ♠ ❛ ❣ ❡ ✐ ❤ ❡ ♣ ❤ ❛ ❡
♣ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❤ ❡ ◆ ❋ ❋ ❆ ♣ ♦ ♣ ❛ ❣ ❛ ♦ ✳
❆✳ ✷✳ ❙ ❈ ❖ ❊ ❖ ❋ ❚ ❍ ❊ ❘ ❖ ❆ ● ❆ ❚ ❖ ❘ ❙ ✶ ✽ ✸








✭ ❛ ✮ ✭ ❜ ✮
✭ ❝ ✮ ✭ ❞ ✮
❋✐ ❣ ✉ ❡ ❆✳ ✸✿ ❛ ♥ ❡❧ ✭ ❛ ✮ ❤ ♦ ✇ ❤ ❡ ❞ ❡ ♣ ❡ ♥ ❞ ❡ ♥ ❝ ② ♦❢ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ r 0 1 [x 0 , y0 ; x 1 , y1 ] ♦ ♥
❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ♦✐ ♥ ♦❢ ✐ ♥ ❡ ❡ ❡ ❞ ✐ ♥ ❤ ❡ ✇ ♦ ♣❧ ❛ ♥ ❡ ✳ ❚ ❤ ❡ ❜❧ ✉ ❡ ✭ ❞ ❛ ❤ ❡ ❞✮ ❛ ♥ ❞
❡ ❞ ❞ ♦ ♠ ❛ ❦ ❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ✉ ❡ ❞ ❢ ♦ ❡ ✐ ♠ ❛ ✐ ♥ ❣ ❤ ❡ ♠ ❛ ①✐ ♠ ❛❧ ♣ ♦ ✐ ✐ ♦ ♥✐ ♥ ❣ ❡ ♦ ✳ ■❢
❤ ❡ ✜ ❡❧ ❞ ♦❢ ✈✐ ❡ ✇ ✐ ✐ ♥ ♦ ♥ ❡ ♣❧ ❛ ♥ ❡ ♠ ✉ ❝ ❤ ❧ ❛ ❣ ❡ ❤ ❛ ♥ ✐ ♥ ❤ ❡ ♦ ❤ ❡ ✱ ❤ ❡ ♥ ❤ ❡ ❧ ❛ ❣ ❡ ♣❧ ❛ ♥ ❡
❞ ♦ ♠✐ ♥ ❛ ❡ ❤ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❡ ♦ ♦❢ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ ✐ ♥ ❤ ❡ ❋ ❡ ♥ ❡❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥✳
❛ ♥ ❡❧ ✭ ❜ ✮ ❤ ♦ ✇ ❛ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❡ ♦ ♣❧ ♦ ❡ ❞ ♦ ✈ ❡ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡
❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ✇ ♦ ♣❧ ❛ ♥ ❡ ✐ ♥ ✉ ♥✐ ♦❢ ❤ ❡ ❜✐ ❣ ❣ ❡ ♣❧ ❛ ♥ ❡✳ ❚ ❤ ❡ ♠ ❛❧❧ ❡ ♣❧ ❛ ♥ ❡ ✐ ❤ ❡ ❡ ✜❢ ②
✐ ♠ ❡ ♠ ❛❧❧ ❡ ❤ ❛ ♥ ❤ ❡ ❜✐ ❣ ❣ ❡ ♦ ♥ ❡✳ ❇ ♦ ❤ ❣ ❛ ♣ ❤ ❤ ♦ ✇ ❤ ❡ ✉ ♦ ✐ ❡ ♥ ♦❢ ❤ ❡ ❡ ♦ ♦❢
❤ ❡ ❋ ❡ ♥ ❡❧ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❞✐ ✈✐ ❞ ❡ ❞ ❜ ② ❤ ❡ ❡ ♦ ♦❢ ❤ ❡ ◆ ❋ ❋ ❆✳ ❚ ❤ ❡ ♣ ♦✐ ♥ (x 0 , y0 )
❛ ♥ ❞ (x 1 , y1 ) ❛ ❡ ❝ ❤ ♦ ❡ ♥ ✐ ♥ ✉ ❝ ❤ ❛ ✇ ❛ ② ❤ ❛ ❤ ❡ ② ❡ ♣ ❡ ❡ ♥ ❡ ① ❡ ♠ ❛❧ ❝ ❛ ❡ ❢ ♦ ❜ ♦ ❤
❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✳ ❚ ❤ ❡ ❣ ❛ ♣ ❤ ✐ ♥ ✭ ❝✮ ❛ ♥ ❞ ✭ ❞✮ ❤ ♦ ✇ ❤ ❡ ❡ ♦ ♦❢ ❤ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❞
❞✐ ❛ ♥ ❝ ❡ ✭ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✸✳ ✸✮ ❛ ♥ ❞ ❡ ✉ ❛ ✐ ♦ ♥ ✭ ✸✳ ✺✮✮ ✐ ♥ ✉ ♥✐ ♦❢ ❤ ❡ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤ ♦ ✈ ❡ ❤ ❡
♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❞✐ ❛ ♥ ❝ ❡ ✭ ❝ ♦ ♠ ♣ ❛ ❡ ❛❧ ♦ ✜ ❣ ✉ ❡ ✸✳ ✷✮✳ ■ ♥ ✭ ❝ ✮ ❤ ❡ ✐ ③ ❡ ♦❢ ❤ ❡ ✐ ♥ ♣ ✉ ♣❧ ❛ ♥ ❡
✐ ❛ ✉ ❛ ❡ ♦❢ ✶ ✵ ✵ ➭ ♠ ❛ ♥ ❞ ✐ ❞✐ ❝ ❡ ✐ ③ ❡ ❞ ❜ ② 5 1 2 × 5 1 2 ♣ ♦✐ ♥ ✳ ■ ♥ ✭ ❞ ✮ ❤ ❡ ✐ ③ ❡ ♦❢ ❤ ❡
✐ ♥ ♣ ✉ ♣❧ ❛ ♥ ❡ ✐ ✹ ✵ ✵ ➭ ♠ ❛ ❤ ❡ ❛ ♠ ❡ ❞✐ ❝ ❡ ✐ ③ ❛ ✐ ♦ ♥✳
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Appe11dix B 
Simulation of the Transmission and 
Confocal Microscope 
Here, the basis for the numerical analysis of the optical system is the Rayleigh­Sommerfeld diffraction formula for the propagation of monochromatic waves in ahomogeneous medium. With this formula the propagation between two planes isgiven by equation (3.1) 
1 100 100 z1 - zo exp (i k r01] U [xi, Y1, z1] = � U [xo, Yo, zo] --- ----- dxodYo· ZA -oo -oo T01 �1 
As previously deduced, the Fresnel approximation (3.4) can be used for faster computation in the case of small numerical apertures 




00  [· x5 + yg l [ . X1Xo + Y1Yol U [xo, Yo, zo] exp i k 2 ( _ ) exp -i k ( _ ) -00 -00 Z1 Zo Z1 Zo 
This formula can be nested a.nd also generalized to approximate the propagation in an inhomogeneous medium. These two features allovv the analysis of the transmission X-ray microscopeand the confocal transmission X-ray microscope. The numerical analysis for bothsystems uses silmilar ideas since the general setup of both is similar. Both usetwo lenses of which the first one produces the illumination for the sample and thesecond one images the sample. See also figure B.1. Next, we deal with the detailsof the imaging process. 
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❛ ♥ ❛ ♥ ♥ ✉❧ ❛ ❧ ❡ ♥ ✇✐ ❤ ❡❧ ❛ ✐ ✈ ❡❧ ② ❧ ♦ ✇ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ♣ ❡ ✉ ❡✳ ❚ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡
♣❧ ❛ ❡ ✐ ✐ ♠ ✉❧ ❛ ❡ ❞ ❜ ② ❛ ♥ ♦ ❞✐ ♥ ❛ ② ❧ ❡ ♥ ✳ ❚ ❤ ❡ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ❛ ❡ ✉ ✣ ❝✐ ❡ ♥ ❧ ② ❣ ♦ ♦ ❞
❢ ♦ ❛ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❚ ❳ ▼ ❛ ♥ ❞ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❳ ▼✳ ❚ ❤✐ ✐ ❞ ✉ ❡ ♦ ❤ ❡ ❢ ❛ ❝ ❤ ❛
❤ ❡ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ✉ ✉ ❛❧❧ ② ♣ ♦ ❞ ✉ ❝ ❡ ❛ ❤ ♦❧❧ ♦ ✇ ❝ ♦ ♥ ❡ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥✳ ❆❧❧ ❜ ✉ ♦ ♥ ❡ ♦ ❞ ❡ ♦❢
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▲ ❡ ❤ ❡ ❛ ♠ ♣❧ ❡ ❤ ❛ ✈ ❡ ❛ ③ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❢ ♦ ♠ z ( mi n )3 ♦ z ( m a x )3 ✳ ❚ ❤ ❡ ❛ ♠ ♣❧ ❡ ✐ ❡ ♣ ❛ ❛ ❡ ❞✐ ♥ ♦ ③✲ ❧✐ ❝ ❡ ♦❢ ❤✐ ❝ ❦ ♥ ❡ ∆ z 3 ✳ ❆ ♣ ♦✐ ♥ ✐ ♥ ❤ ❡ ❛ ✐ ♥ ❣ ❢ ❛ ❝ ❡ ♦❢ ❤ ❡ n t h ❧✐ ❝ ❡ ❤ ❛
❤ ❡ ❡❢ ♦ ❡ ❤ ❡ ❢ ♦ ♠
x 3 , y3 , z( mi n )3 + ( n − 1) ∆ z 3 .
❚ ❤ ❡ ❡ ♥ ❞ ❢ ❛ ❝ ❡ ♦❢ ❤ ❡ n t h ❧✐ ❝ ❡ ❝ ♦ ♥ ❛✐ ♥ ♣ ♦✐ ♥ ♦❢ ❤ ❡ ❢ ♦ ♠
x 3 , y3 , z( mi n )3 + n ∆ z 3 .
❚ ❤ ❡ ❛ ♥ ❛ ③ ❢ ♦ ❤ ❡ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ✐ ♦ ❞ ♦ ❛ ❢ ♦ ✇ ❛ ❞ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ♦
❤ ❡ ❧ ❡ ♥ ✐ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ z 4 = 0 ❢ ♦❧❧ ♦ ✇ ❡ ❞ ❜ ② ❛ ❜ ❛ ❝ ❦✲ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ♦ ❤ ❡ ♣❧ ❛ ♥ ❡ z ( mi n )3 +n ∆ z 3 ✳ ❚ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ z 3 = 0 ❛ ♥ ❞ z 4 = 0 ✐ d 3 4 .
❚ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ♣ ❡ ✉ ❜ ❛ ✐ ♦ ♥ ❜ ② ❤ ❡ ✐ ♥ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡✐ ✐ ❡ ❛ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❞ ❜ ②
T z ( m i n )3 + n ∆ z 3 [x 3 , y3 ] : = e x p i k − δ x 3 , y3 , z
( mi n )
3 + n ∆ z 3
+ iβ x 3 , y3 , z( mi n )3 + n ∆ z 3 ∆ z 3 ,
✇ ❤ ❡ ❡ δ ❛ ♥ ❞ β ❛ ❡ ❤ ❡ ❛ ✈ ❡ ❛ ❣ ❡ ❞ δ ❛ ♥ ❞ β ✈ ❛❧ ✉ ❡ ♦❢ ❛ ✈ ♦ ① ❡❧✳
❋ ♦ ❤ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ♦ ♥ ✱ ❛❧❧ ✈ ❛ ✐ ❛ ❜❧ ❡ ❤ ❛ ✈ ❡ ♦ ❜ ❡ ❞✐ ❝ ❡ ❡✳ ▲ ❡ N x × N y
❜ ❡ ❤ ❡ ✐ ③ ❡ ♦❢ ❤ ❡ ❞✐ ❝ ❡ ❡ ✜ ❡❧ ❞ U ✳ ❚ ❤ ❡ ❞✐ ❝ ❡ ❡ ❋ ❋ ❚ ❜ ❛ ❡ ❞ ♣ ♦ ♣ ❛ ❣ ❛ ♦ ❝ ♦ ❡❧ ❛ ❡
❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ( ∆x 4 , ∆ y 4 ) ✐ ♥ ❤ ❡ z 4 ♣❧ ❛ ♥ ❡ ♦ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥ ∆ x ( n )3 , ∆ y ( n )3 ✐ ♥ ❤ ❡
z ( n )3 : = z ( mi n )3 + n ∆ z 3 ♣❧ ❛ ♥ ❡ ✈✐ ❛
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APPENDIX B. SIMULATION OF TX1\!I AND CTXM 
A (z4 -zt)) 
�X4 · Nx 
, 
( 
(min) A )/\ Z4 - Z3 - nuZ3 
�X4 • Nx 
A (z4 -z�mi
n) - n�z3) 
� (n) Y3 =
A N uy4. Y 
Therefore, the resolution along the z a.-xis in the sample changes. 
Also, the forward propagators used for the simulation factorize the field U [x4, y4, z4] 
into a fast oscillating diverging wave and a slowly varying rest. 
The back-propagation step is a bit shorter. Therefore, the sl°'"rly oscillating part 
has to be modified by 
ui;! [x4, Y4, z4] (B.2) 
( n-1) 
[ ] [ . ( 
1 1 ) 
X� + Yl ] uslaw X4, Y4, Z4 . exp i k (n-1) - (n) 2 .Z4 - Z3 Z4 - Z3 
The resulting back-propagated field is moclified by T <nl to approximately include 
Z3 
the perturbation due to the inhomogeneity in the optical properties of the slice. 
The computation of T <nJ from a phantom is also quite intensive on the com-
z3 
putational side. 
The phantom consists in our case of a set of five tuples. The first three entries 
contain the position of a dot while the fomth and fifth entry contain the delta and 
beta values for 510eV respectively 310eV. 
phantom [n] = ( x, y, z, ö51oev + ißs10ev, ö31oev + iß310ev) 
Each five tuple represents a small randomly chosen sub volume of the structure of 
the sample. Letzi be so that the sub-tuple (x = 0, y = 0, z = 0) of the phantom is 
located in (x3 = 0, y3 = 0, z3 = z;). The z-slice from zt-l) to zt\ncludes then all 
tuples in the phantom which have a third entry between zt-l) -z; < z � z�n) -z;. 
❇✳ ✶✳ ❚ ❍ ❊ ❖ ❘ ❊ ❚■ ❈ ❆ ▲ ❇ ❆ ❈ ❑ ● ❘ ❖ ❯ ◆ ❉ ❖ ❋ ❚ ❍ ❊ ❙■ ▼ ❯ ▲ ❆ ❚■ ❖ ◆ ✶ ✽ ✾
❋ ♦ ❤ ❡ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡✱ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ✈ ❛❧ ✉ ❡ ❢ ♦ z ( 1 )3 ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥ ❤ ❡ ❝ ❛ ♥ ♥✐ ♥ ❣
❛ ♥ ❣ ❡✳ ▲ ❡ z s c a n = ( − m : n ) · ∆ z s c a n ❜ ❡ ❤ ❡ ❝ ❛ ♥ ♥✐ ♥ ❣ ❛ ♥ ❣ ❡ ❛ ♥ ❞ z ( mi n )p h a nt o m , z( m a x )p h a nt o m❜ ❡ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ② ❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ❛ ♥ ❞ ♠ ❛ ①✐ ♠ ❛❧ ③ ❝ ♦ ♠ ♣ ♦ ♥ ❡ ♥ ♦❢ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠✳ ❚ ❤ ❡ ♥✱
z ( 1 )3 = − m · ∆ z s c a n + z ∗3 + z ( mi n )p h a nt o m ❛ ♥ ❞ ❤ ❡ ♠ ❛ ①✐ ♠ ❛❧ ✈ ❛❧ ✉ ❡ ❢ ♦ z ( m a x )3 ❡ ✉❧ ❢ ♦ ♠
z ( m a x )3 = n · ∆ z s c a n + z ∗3 + z ( m a x )p h a nt o m .
❚ ❤ ❡ ♥ ✉ ♠ ❜ ❡ (N z ) ♦❢ ③✲ ❧✐ ❝ ❡ ✐ ❤ ❡ ♥ z
( m a x )
3 − z ( 1 )3∆ z 3 ♦ ✉ ♥ ❞ ❡ ❞ ✉ ♣✳
❋ ♦ ❤ ❡ ❛ ♥ ♠✐ ✐ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡✱ ❤ ❡ ❧✐ ♠✐ z ( 1 )3 ❛ ♥ ❞ z ( m a x )3 ❞ ❡ ♣ ❡ ♥ ❞ ♦ ♥❧ ② ♦ ♥ ❤ ❡♣ ❛ ❛ ♠ ❡ ❡ ♦❢ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠✳
z ( 1 )3 = z ∗3 + z ( mi n )p h a nt o m
z ( m a x )3 = z ∗3 + z ( m a x )p h a nt o m
❋ ♦ ♣ ❛ ❡ ♦ ❜❥ ❡ ❝ ✱ ✐ ❝ ❛ ♥ ❜ ❡ ❝ ♦ ♥ ✈ ❡ ♥✐ ❡ ♥ ♦ ❣ ♦ ✉ ♣ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ♦❢ ❡ ♠ ♣ ② ❧✐ ❝ ❡
♦ ❣ ❡ ❤ ❡ ♦ ❡ ❞ ✉ ❝ ❡ ❤ ❡ ♥ ✉ ♠ ❜ ❡ ♦❢ ❋ ♦ ✉ ✐ ❡ ❛ ♥ ❢ ♦ ♠ ❛ ♥ ❞ ❧✐ ❣ ❤ ❡ ♥ ❤ ❡ ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥ ❛❧
❧ ♦ ❛ ❞✳
❚ ❤ ❡ ❡ ③ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛❧ ♦ ✐ ♥ ✢ ✉ ❡ ♥ ❝ ❡ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ✐ ③ ❡ ♦❢ ❤ ❡ ❞✐ ❝ ❡ ❡ ✜ ❡❧ ❞ ✐ ♥ ❤ ❡
♣❧ ❛ ♥ ❡ z ( 1 )3 ✳ ❉ ✉ ❡ ♦ ❤ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ♣ ❡ ✉ ❡ ✭ ◆ ❆✮ ♦❢ ❤ ❡ ❧ ❡ ♥ ✱ ❤ ❡ ❜ ♦ ❞ ❡ ♦❢ ❤ ❡ ✜ ❡❧ ❞❝ ♦ ♥ ❛✐ ♥ ♦ ♠ ❡ ❡ ♦ ♥ ❡ ♦ ✉ ❞ ❛ ❛ ❛❢ ❡ ❤ ❡ ❜ ❛ ❝ ❦ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥✳ ❚ ♦ ❡ ❞ ✉ ❝ ❡ ❤✐ ❡ ✛ ❡ ❝ ✱ ❛
✉ ✣ ❝✐ ❡ ♥ ❧ ② ❧ ❛ ❣ ❡ ♣ ❛ ❞ ❞✐ ♥ ❣ ✐ ✐ ♥ ❝❧ ✉ ❞ ❡ ❞✳ ❚ ♦ ❡ ✐ ♠ ❛ ❡ ❤ ❡ ✐ ③ ❡ ♦❢ ❤ ❡ ♣ ❛ ❞ ❞✐ ♥ ❣✱ ✐ ✐
❛ ✉ ♠ ❡ ❞ ❤ ❛ ❤ ❡ ❡ ♦ ♣ ♦ ♣ ❛ ❣ ❛ ❡ ✇✐ ❤ ❤ ❡ ❛ ♠ ❡ ❛ ♥ ❣ ✉❧ ❛ ♣ ❡ ❛ ❞ ❛ ❤ ❡ ♦ ♣ ❡ ♥✐ ♥ ❣
❛ ♥ ❣❧ ❡ ♦❢ ❤ ❡ ❧ ❡ ♥ ✳ ❚ ❤ ❡ ♠✐ ♥✐ ♠ ❛❧ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ✐
d mi n3 = N A ∗ 2 z ( m a x )3 − z ( mi n )3 + ( n + m + 1) · ∆ z s c a n + F O V. ✭ ❇✳ ✸✮
❋ ♦ ❢ ❛ ❡ ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥ ✱ ✐ ✐ ❣ ♦ ♦ ❞ ♦ ❝ ❤ ❛ ♥ ❣ ❡ ❤ ❡ ✇ ❛ ② ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠ ✐ ♦ ❡ ❞✳
■❢ ❤ ❡ ❡ ♣ ✐ ③ ❡ ∆ z s c a n ❛ ♥ ❞ ∆ z 3 ❛ ❡ ❝ ❤ ♦ ❡ ♥ ✉ ❝ ❤ ❤ ❛ ∆ z 3 ❞✐ ✈✐ ❞ ❡ ∆ z s c a n ✱ ❤ ❡
♣ ❤ ❛ ♥ ♦ ♠ ❝ ❛ ♥ ❝ ♦ ♥ ✈ ❡ ♥✐ ❡ ♥ ❧ ② ❜ ❡ ♦ ❡ ❞ ❛ ❛ ✉ ❝ ✉ ❡ ❞ ❛ ❛ ②✳ ❚ ❤ ❡ ✐ ♥ ❞ ❡ ①✐ ♥ ❣ ♦❢ ❤ ❡
✉ ❝ ✉ ❡ ❞ ❛ ❛ ② ❝ ♦ ❡ ♣ ♦ ♥ ❞ ❤ ❡ ♥ ♦ ❛ ∆ z 3 ❜✐ ♥ ♥✐ ♥ ❣✳ ❚ ❤✐ ❛ ✈ ❡ ❝ ♦ ♠ ♣ ✉ ❛ ✐ ♦ ♥ ❛❧
✐ ♠ ❡ ✐ ♥ ❝ ❡ ❤ ❡ ♣ ♦✐ ♥ ❢ ♦ ❡ ❛ ❝ ❤ ❧✐ ❝ ❡ ❛ ❡ ❛❧ ❡ ❛ ❞ ② ✐ ♥ ♦ ♥ ❡ ❜✐ ♥✳ ❚ ❤✐ ✐ ❛❧ ♦ ✉ ❡ ❢ ♦ ❤ ❡
❚ ❳ ▼ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥✳
❋ ♦ ❤ ❡ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ② ❡ ♠✱ ❤ ❡ ✉ ❡ ♦❢ ❛ ✉ ❝ ✉ ❡ ❞ ❛ ❛ ② ❛❧❧ ♦ ✇ ✉ ✐ ♥ ❣ ❤ ❡ ✐ ♥ ❞ ❡ ①
♦❢ ❤ ❡ ❛ ❛ ② ❛ ❛ ❧ ♦ ♦ ♣ ❝ ♦ ♥ ♦❧❧✐ ♥ ❣ ✈ ❛ ✐ ❛ ❜❧ ❡✳
❍ ❡ ❡✱ ✇ ♦ ❞✐ ✛ ❡ ❡ ♥ ② ♣ ❡ ♦❢ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❚ ❳ ▼ ❛ ❡ ❝ ♦ ♥ ✐ ❞ ❡ ❡ ❞✳ ❚ ❤ ❡
❢ ♦ ♠ ❡ ❯ ✹ ✶ ❜ ❡ ❛ ♠❧✐ ♥ ❡ ❛ ❤ ❡ ❍ ❡❧ ♠ ❤ ♦❧ ③ ❩ ❡ ♥ ✉ ♠ ❇ ❡ ❧✐ ♥ ✉ ❡ ❞ ❛ ♠ ♦ ✈✐ ♥ ❣ ❝ ♦ ♥ ❞ ❡ ♥ ❡
♦ ✐❧❧ ✉ ♠✐ ♥ ❛ ❡ ❤ ❡ ❢ ✉❧❧ ❛ ♠ ♣❧ ❡✳ ❚ ❤ ❡ ❞✐ ❡ ❝ ✐ ♠ ❛ ❣ ❡ ♦❢ ❤ ❡ ♦ ✉ ❝ ❡ ✐ ✐ ♥ ❤✐ ❡ ✉ ♣ ♠ ❛❧❧
✐ ♥ ❡❧ ❛ ✐ ♦ ♥ ♦ ❤ ❡ ✜ ❡❧ ❞ ♦❢ ✈✐ ❡ ✇✳
❆ ♥ ♦ ❤ ❡ ❡ ① ❛ ♠ ♣❧ ❡ ✐ ❤ ❡ ❚ ❳ ▼ ❛ ❤ ❡ ❚ ❯✲ ❇ ❡ ❧✐ ♥ ✭ ❇ ▲■ ❳✮ ✇ ❤✐ ❝ ❤ ✉ ❡ ❛ ❡❧ ❛ ✐ ✈ ❡❧ ②
❧ ❛ ❣ ❡ ✐ ♥ ❝ ♦ ❤ ❡ ❡ ♥ ♦ ✉ ❝ ❡✳
■ ♥ ♦ ❞ ❡ ♦ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❤ ❡ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ❝ ❛ ❡✱ ❛ ❡ ✐ ❡ ♦❢ ✐❧❧ ✉ ♠✐✲
♥ ❛ ✐ ♦ ♥ ♣ ♦ ✜❧ ❡ ✐ ❝ ♦ ♠ ♣ ✉ ❡ ❞ ❢ ♦ ♠ ❛ ❡ ✐ ❡ ♦❢ ❛ ♥ ❞ ♦ ♠ ♦ ✉ ❝ ❡ ♣ ♦ ✜❧ ❡ ✳ ❊ ❛ ❝ ❤ ❡ ✉❧ ✐ ♥ ❣
✶ ✾ ✵ ❆ ❊ ◆ ❉■ ❳ ❇✳ ❙■ ▼ ❯ ▲ ❆ ❚■ ❖ ◆ ❖ ❋ ❚ ❳ ▼ ❆ ◆ ❉ ❈ ❚ ❳ ▼
✭ ❛ ✮ ♥ ❛ ✉ ❛❧ ❝ ♦ ♥ ❛ ✱ ① ③✲ ❧✐ ❝ ❡ ✭ ❜ ✮ ♦ ♥❧ ② ❛ ❜ ♦ ♣ ✐ ♦ ♥ ❝ ♦ ♥ ❛
δ = 0 ✱ ① ③✲ ❧✐ ❝ ❡
✭ ❝ ✮ ♦ ♥❧ ② ♣ ❤ ❛ ❡ ❝ ♦ ♥ ❛ β = 0 ,
① ③✲ ❧✐ ❝ ❡
✭ ❞ ✮ ♥ ❛ ✉ ❛❧ ❝ ♦ ♥ ❛ ✱ ① ②✲ ❧✐ ❝ ❡ ✭ ❡ ✮ ♦ ♥❧ ② ❛ ❜ ♦ ♣ ✐ ♦ ♥ ❝ ♦ ♥ ❛δ = 0 , ① ②✲ ❧✐ ❝ ❡ ✭❢ ✮ ♦ ♥❧ ② ♣ ❤ ❛ ❡ ❝ ♦ ♥ ❛ β = 0 ,① ②✲ ❧✐ ❝ ❡
❋✐ ❣ ✉ ❡ ❇✳ ✷✿ ❚ ❤ ❡ ✉ ♣ ♣ ❡ ♦ ✇ ✭ ❛✲ ❝ ✮ ♦❢ ✐ ♠ ❛ ❣ ❡ ❤ ♦ ✇ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ✐ ♠ ❛ ❣ ❡ ❛ λ = 2 .4 n m
♦❢ ♦ ♠ ❡ ✶ ✵ ♥ ♠ ♣ ❤ ❡ ❡ ✇✐ ❤ ❤ ❡ ❞ ❡ ♥ ✐ ② ♦❢ ❝ ❡❧❧ ✉❧ ❛ ♠ ❡ ♠ ❜ ❛ ♥ ❡ ✳ ❚ ❤ ❡ ❡ ✛ ❡ ❝ ♦❢
❛ ❜ ♦ ♣ ✐ ♦ ♥ ❛ ♥ ❞ ♣ ❤ ❛ ❡ ❤✐❢ ❛ ❡ ✉✐ ❡ ❞✐ ✛ ❡ ❡ ♥ ✱ ❛ ♥ ❞ ❛ ❡ ❤ ♦ ✇ ♥ ✐ ♥ ✭ ❜✮ ❛ ♥ ❞ ✭ ❝✮✳ ❉ ✉ ❡
♦ ❤ ❡ ❛ ② ♠ ♠ ❡ ② ✐ ♥ ❤ ❡ ❡ ♦❧ ✉ ✐ ♦ ♥✱ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ❛ ❡ ✉ ❡ ❡ ③ ❡ ❞ ✐ ♥ ❤ ❡ ❞✐ ❡ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡
♦ ♣ ✐ ❝ ❛❧ ❛ ①✐ ❜ ② ❛ ❢ ❛ ❝ ♦ ♦❢ ❤ ❡ ❡✳ ❚ ❤ ❡ ✜ ❡❧ ❞ ♦❢ ✈✐ ❡ ✇ ✐ 4 0 0 n m ❤✐ ❣ ❤ ❛ ♥ ❞ 1 .8 µ m ❧ ♦ ♥ ❣✳
■ ♥ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ♦ ✇ ✭ ❞✲❢ ✮ ✱ ✐ ♠ ❛ ❣ ❡ ♦❢ 3 n m ♣ ❤ ❡ ❡ ❛ ❡ ❤ ♦ ✇ ♥✳ ❚ ❤ ❡ ✜ ❡❧ ❞ ♦❢ ✈✐ ❡ ✇
✐ 4 0 0 n m × 4 0 0 n m ✳ ❚ ❤ ❡ ❝ ❡ ♥ ❛❧ ♦ ✇ ♦❢ ❞ ♦ ❛ ❡ ✐ ♥ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣❧ ❛ ♥ ❡✱ ✇ ❤✐❧ ❡ ✐ ♥
❤ ❡ ✉ ♣ ♣ ❡ ❛ ♥ ❞ ❧ ♦ ✇ ❡ ♦ ✇ ❤ ❡ ❞ ♦ ❛ ❡ ✐ ✉ ❛ ❡ ❞ ✐ ♥ ♣❧ ❛ ♥ ❡ 1 0 n m, 2 0 n m, 4 0 n m ❛ ♥ ❞
8 0 n m ❛ ✇ ❛ ② ❢ ♦ ♠ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣❧ ❛ ♥ ❡✳
■ ♥ ❜ ♦ ❤ ❝ ❛ ❡ ✱ ❤ ❡ ✇ ♦ ❧ ❡ ♥ ❡ ❤ ❛ ✈ ❡ ♠ ❛ ❝ ❤✐ ♥ ❣ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❛ ♣ ❡ ✉ ❡ ♦❢ N A ≈ 0 .2 1 ✳
✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ✐ ♣ ♦ ♣ ❛ ❣ ❛ ❡ ❞ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❛ ♠ ♣❧ ❡ ❛ ♥ ❞ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ✐ ♥ ❡ ♥ ✐ ✐ ❡ ❛ ❡
❛ ❝ ❝ ✉ ♠ ✉❧ ❛ ❡ ❞ ✐ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✳
■ ♥ ♦ ❞ ❡ ♦ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❤ ❡ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ❢ ♦ ❤ ❡ ✜ ❝ ❛ ❡✱ ❛ ❡ ✐ ❡ ♦❢ ✐❧❧ ✉ ♠✐✲
♥ ❛ ✐ ♦ ♥ ♣ ♦ ✜❧ ❡ ✐ ❝ ♦ ♠ ♣ ✉ ❡ ❞ ❢ ♦ ♠ ❛ ❡ ✐ ❡ ♦❢ ❛ ♥ ❞ ♦ ♠ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ✳ ❊ ❛ ❝ ❤
❡ ✉❧ ✐ ♥ ❣ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ✐ ♣ ♦ ♣ ❛ ❣ ❛ ❡ ❞ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❛ ♠ ♣❧ ❡ ❛ ♥ ❞ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ✐ ♥ ❡ ♥ ✐✲
✐ ❡ ❛ ❡ ❛ ❝ ❝ ✉ ♠ ✉❧ ❛ ❡ ❞ ✐ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✳
❆ ❣ ❛✐ ♥✱ ❤ ❡ ❢ ❛ ❝ ❤ ❛ ❤ ❡ ✜ ✇ ♦ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❞✐ ❛ ♥ ❝ ❡ ❞ ♦ ♥ ♦ ❛ ✐ ❢ ② ❤ ❡ ❧ ❡ ♥
❧ ❛ ✇ ❧ ❡ ❛ ❞ ♦ ❛ ♠ ✉❧ ✐ ♣❧✐ ❝ ❛ ✐ ✈ ❡ ❢ ❛ ❝ ♦ ✳
❚ ❤ ❡ ❛ ♥ ❞ ♦ ♠ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ❛ ❡ ✐ ♠ ✉❧ ❛ ❡ ❞ ❜ ② ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♥ ❣ ❛ ♥ ♦ ✛✲ ❛ ①✐ ● ❛ ✉ ✲
❇✳ ✷✳ ■ ▼ ▲ ❊ ▼ ❊ ◆ ❚ ❆ ❚■ ❖ ◆ ✶ ✾ ✶
✭ ❛ ✮ ① ② ❝ ✉
♥ ❛ ✉ ❛❧ ❝ ♦ ♥ ❛ ✭ ❜ ✮ ① ② ❝ ✉♦ ♥❧ ② ❛ ❜ ♦ ♣ ✐ ♦ ♥ ❝ ♦ ♥ ❛ δ = 0
✭ ❝ ✮ ① ② ❝ ✉
♦ ♥❧ ② ♣ ❤ ❛ ❡ ❝ ♦ ♥ ❛ β = 0
❋✐ ❣ ✉ ❡ ❇✳ ✸✿ ❚ ❳ ▼ ❜ ❛ ❡ ❞ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ❛ ✐ ♠✐❧ ❛ ♣ ❤ ❛ ♥ ♦ ♠ ❛ ✐ ♥
❇✳ ✷ ❛✲ ❝✳ ❚ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠ ❝ ♦ ♥ ✐ ♦❢ ♦ ♠ ❡ ✶ ✵ ♥ ♠ ♣ ❤ ❡ ❡ ✳ ❚ ❤ ❡ ❧ ❡ ♥ ❤ ❛ ❛ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧
❛ ♣ ❡ ✉ ❡ ♦❢ N A ≈ 0 .2 1 ✳ ❚ ❤ ❡ ❡ ✛ ❡ ❝ ♦❢ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ❛ ♥ ❞ ♣ ❤ ❛ ❡ ❤✐❢ ❛ ❡ ✉✐ ❡ ❞✐ ✛ ❡ ❡ ♥
❛ ♥ ❞ ❛ ❡ ❤ ♦ ✇ ♥ ✐ ♥ ✭ ❜ ✮ ❛ ♥ ❞ ✭ ❝ ✮ ✳
✐ ❛ ♥ ❜ ❡ ❛ ♠ ♣ ♦ ✜❧ ❡ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❧ ❡ ♥ ✇ ❤✐ ❝ ❤ ❝ ♦ ♥ ❛✐ ♥ ❛❧ ♦ ❛ ♠ ❛❧❧ ❤✐❢ ✱ ✐✳ ❡✳✱ ✐❢ ❤ ❡
● ❛ ✉ ✐ ❛ ♥ ❜ ❡ ❛ ♠ ✐ ♥ ♣❧ ❛ ♥ ❡ z 1 ✐ ❝ ❡ ♥ ❡ ❡ ❞ ❛ x 1 = x˜, y 1 = y˜ ✱ ❤ ❡ ♥ ❤ ❡ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ✐
❛❧ ♦ ❝ ❡ ♥ ❡ ❡ ❞ ❛ x 2 = x˜, y 2 = y˜ ✳ ❆❧ ♦✱ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ✐ ❝ ❡ ♥ ❡ ❡ ❞ ❛ x 3 = x˜, y 3 = y˜.
❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ♣ ❛ ❡ ♥ ❝ ❛ ♥ ❜ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❞ ❜ ② ❛ ❧ ❛ ❡ ❛❧❧ ② ❤✐❢ ❡ ❞ ✐ ♠ ❛ ❣ ❡
♦❢ ❛ ❝ ❡ ♥ ❡ ❡ ❞ ♦ ✉ ❝ ❡ ❛ (x 1 , y1 ) = ( 0, 0) ✳ ❆ ❣ ❛✐ ♥✱ ♠ ✉❧ ✐ ♣❧ ❡ ♦ ✉ ❝ ❡ ❝ ❛ ♥ ❜ ❡ ♣ ✉ ✐ ♥ ♦
♦ ♥ ❡ ✉ ♥ ❛ ♥ ❞ ❞✐ ✛ ❡ ❡ ♥ ✉ ♥ ❝ ❤ ❛ ♥ ❣ ❡ ❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ♦ ✉ ❝ ❡ ❛ ♥ ❞ ❤ ❡✐ ❡❧ ❛ ✐ ✈ ❡
♣ ❤ ❛ ❡✳
❇✳ ✷ ■ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ♦ ♥
❇✳ ✷✳ ✶ ■ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❈ ♦ ♥❢ ♦ ❝ ❛❧ ▼✐ ❝ ♦ ❝ ♦ ♣ ② ❙✐ ♠ ✉❧ ❛✲
✐ ♦ ♥
❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♠ ❛ ❧ ❛ ❜ ❝ ♦ ❞ ❡ ✇ ❛ ✉ ❡ ❞ ♦ ❣ ❡ ♥ ❡ ❛ ❡ ❤ ❡ ❛ ✇ ❞ ❛ ❛ ❢ ♦ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ✐ ♥
✜ ❣ ✉ ❡ ❇✳ ✷✳ ❚ ❤ ❡ ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❛ ✐ ♦ ♥ ❢ ♦❧❧ ♦ ✇ ❤ ❡ ❤ ❡ ♦ ❡ ✐ ❝ ❛❧ ❞ ❡ ❝ ✐ ♣ ✐ ♦ ♥ ✐ ♥ ❡ ❝ ✐ ♦ ♥ ➓ ❇✳ ✶✳
❙ ♦ ♠ ❡ ♦❢ ❤ ❡ ✉ ❜ ♦ ✉ ✐ ♥ ❡ ✉ ❡ ❞ ❛ ❡ ♥ ♦ ✐ ♥ ❝❧ ✉ ❞ ❡ ❞ ❜ ✉ ❤ ❛ ✈ ❡ ❛❧ ❡ ❛ ❞ ② ❜ ❡ ❡ ♥ ♣ ❡ ❡ ♥ ❡ ❞
✐ ♥ ❛ ♣ ♣ ❡ ♥ ❞✐ ① ❆✳
❈ ♦ ♠ ♠ ❡ ♥ ❡ ❞ ♦ ❣ ❛ ♠
❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♣ ❛ ❛ ♠ ❡ ❡ ❛ ❡ ✉ ❡ ❞✳
❧ ❛ ♠ ❜ ❞ ❛✱ ❤ ❡ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤✱ ❤ ❡ ❡ 2 .4 n m ✳
✶ ✾ ✷ ❆ ❊ ◆ ❉■ ❳ ❇✳ ❙■ ▼ ❯ ▲ ❆ ❚■ ❖ ◆ ❖ ❋ ❚ ❳ ▼ ❆ ◆ ❉ ❈ ❚ ❳ ▼
✭ ❛ ✮ ❈ ♦ ♥❢ ♦ ❝ ❛❧ ❙ ❚ ❳ ▼ ✐ ♠ ❛ ❣ ❡ ① ② ✭ ❜ ✮ ❛ ✐ ❛❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥ ❚ ❳ ▼ ✐ ♠ ❛ ❣ ❡ ① ②
❋✐ ❣ ✉ ❡ ❇✳ ✹✿ ❈ ♦ ♠ ♣ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ♣ ❡ ❢ ♦ ♠ ❛ ♥ ❝ ❡ ♦❢ ❛ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ❙ ❚ ❳ ▼ ❛ ♥ ❞
❛ ♣ ❛ ✐ ❛❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥ ❚ ❳ ▼✳ ❚ ❤ ❡ ✐ ♠ ❛ ❣ ❡ ❤ ♦ ✇ ❢ ♦ ✉ ♣ ❤ ❡ ❡ ✳ ❊ ❛ ❝ ❤ ♣ ❤ ❡ ❡ ❤ ❛ ❛
❞✐ ❛ ♠ ❡ ❡ ♦❢ ✸ ✵ ✵ ♥ ♠ ❛ ♥ ❞ ✐ ♠ ✉❧ ❛ ❡ ❛ ✹ ♥ ♠ ❤✐ ❝ ❦ ❝ ❡❧❧ ✉❧ ❛ ♠ ❡ ♠ ❜ ❛ ♥ ❡✳ ❚ ❤ ❡ ② ❛ ❡
❡ ♣ ❛ ❛ ❡ ❞ ✐ ♥ ❞ ❡ ♣ ❤ ❜ ② ✸ ✵ ✵ ♥ ♠✳ ✭ ❙ ❡ ❡ ❛❧ ♦ ✜ ❣ ✉ ❡ ✺✳ ✹✮
❋ ♦ ❤ ❡ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✭ ❛ ✮ ❛ ♥ ❞ ❢ ♦ ❤ ❡ ❚ ❳ ▼ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ✭ ❜ ✮✱ ❛ ✶ ✵ ♥ ♠ ❋ ❩
♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ✐ ♥ ❝ ♦ ♠ ❜✐ ♥ ❛ ✐ ♦ ♥ ✇✐ ❤ ❛ ✹ ✵ ♥ ♠ ❋ ❩ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ✇ ❛ ✉ ❡ ❞✳
❱ ♦❧ ❴ ♣ ❡ ❴ ❞ ♦ ✐ ❛ ♣ ❛ ❛ ♠ ❡ ❡ ❢ ♦ ❤ ❡ ❣ ❡ ♥ ❡ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠✳ ■ ❞ ❡ ✜ ♥ ❡ ❤ ❡
✈ ♦❧ ✉ ♠ ❡ ❤ ❛ ✐ ❡ ♣ ❡ ❡ ♥ ❡ ❞ ❜ ② ♦ ♥ ❡ ♣ ♦✐ ♥ ♦❢ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠✳
❞ ♦ ✶ ❞ ♦ ✷ ❞ ♦ ✸ ❞ ♦ ✹ ❛ ❡ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ② ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♦ ✉ ❝ ❡✱ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ✱
✐ ♥ ❢ ♦ ❝ ✉ ♣❧ ❛ ♥ ❡✱ ❋ ❩ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❞ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✳
✶ ✷ ❴ ♠✐ ♥ ✶ ✷ ❴ ♠ ❛ ① ✸ ✹ ❴ ♠✐ ♥ ✸ ✹ ❴ ♠ ❛ ① ❛ ❡ ❤ ❡ ♦ ✉ ❡ ❛ ♥ ❞ ✐ ♥ ♥ ❡ ❛ ❞✐✐ ♦❢ ❤ ❡
♦ ♣ ✐ ❝ ✳
① ② ③ ❛ ❡ ❛ ❛ ② ❤ ❛ ❞ ❡ ✜ ♥ ❡ ❤ ❡ ♣ ♦✐ ♥ ❤ ❛ ❛ ❡ ❝ ❛ ♥ ♥ ❡ ❞✳
❞ ① ❞ ② ❞ ③ ❛ ❡ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ♥ ❡✐ ❣ ❤ ❜ ♦ ✐ ♥ ❣ ♣ ♦✐ ♥ ✳
❋ ♦ ❊ ① ❛ ♠ ♣❧ ❡ ③ ❂✲ ✸ ✵✿ ✸ ✵ ❛ ♥ ❞ ❞ ③ ❂ ✸ ✵ ❡✲ ✾ ②✐ ❡❧ ❞ ❛ ③ ❝ ❛ ♥ ♥✐ ♥ ❣ ❛ ♥ ❣ ❡ ♦❢ ✲ ✾ ✵ ✵ ♥ ♠
♦ ✾ ✵ ✵ ♥ ♠ ✐ ♥ ✸ ✵ ♥ ♠ ❡ ♣ ✳
❞ ③ ✐ ❤ ❡ ③ ❡ ♦❧ ✉ ✐ ♦ ♥ ✉ ❡ ❞ ❢ ♦ ❤ ❡ ❢ ✉❧❧ ❝ ♦ ❤ ❡ ❡ ♥ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ❛ ♠ ♣❧ ❡✳
❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✈ ❛ ✐ ❛ ❜❧ ❡ ❛ ❡ ✉ ❡ ❞✳
❝ ❛ ♥ ❡ ❞ ■ ♠ ❛ ❣ ❡ ✐ ✉ ❡ ❞ ♦ ♦ ❡ ❤ ❡ ✐ ♥ ❡ ♥ ✐ ✐ ❡ ❢ ♦ ❡ ❛ ❝ ❤ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ❛ ♥✳ ❚ ❤ ✉
✐ ❡ ♣ ❡ ❡ ♥ ❤ ❡ ❝ ♦ ♥❢ ♦ ❝ ❛❧ ✐ ♠ ❛ ❣ ❡ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡✳
❘ ❛ ✇ ❴ ❤ ❛ ♥ ♦ ♠ ✐ ❤ ❡ ❛ ♥ ❞ ♦ ♠✐ ③ ❡ ❞ ❡ ♣ ❡ ❡ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠✳ ❚ ❤ ❡ ✜
❤ ❡ ❡ ❡ ♥ ✐ ❡ ❝ ♦ ♥ ❛✐ ♥ ❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ❛ ♥ ❞ ❤ ❡ ❢ ♦ ✉ ❤ ❛ ♥ ❞ ✜❢ ❤ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ❞ ❡ ♥ ✐ ②
♦❢ ❡ ❛ ❝ ❤ ✏ ❞ ♦ ✑✳
▲✐ ♥ ❡ ✶ ♦ ✷ ❝ ♦ ♥ ❛✐ ♥ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♥ ❛ ♠ ❡ ❛ ♥ ❞ ❛ ♠ ❛❧❧ ❡ ① ♣❧ ❛ ♥ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❛✐ ♠ ♦❢ ❤ ❡
♣ ♦ ❣ ❛ ♠✳
❇✳ ✷✳ ■ ▼ ▲ ❊ ▼ ❊ ◆ ❚ ❆ ❚■ ❖ ◆ ✶ ✾ ✸
▲✐ ♥ ❡ ✸ ♦ ✸ ✶ ❝ ♦ ♥ ❛✐ ♥ ❞ ❡ ✜ ♥✐ ✐ ♦ ♥ ♦❢ ♣ ❛ ❛ ♠ ❡ ❡ ❛ ♥ ❞ ✐ ♥✐ ✐ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦❢ ❞ ❡ ❞ ✉ ❝ ❡ ❞ ❝ ♦ ♥✲
❛ ♥ ♦ ✈ ❛ ✐ ❛ ❜❧ ❡ ✳
▲✐ ♥ ❡ ✸ ✷ ♦ ✸ ✸ ❛ ♥ ❞ ❧✐ ♥ ❡ ✶ ✶ ✹ ♦ ✶ ✹ ✶ ✐ ♥✐ ✐ ❛❧✐ ③ ❡ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠✳
▲✐ ♥ ❡ ✸ ✹ ♦ ✸ ✽ ✐ ♥✐ ✐ ❛❧✐ ③ ❡ ❞ ❡ ❞ ✉ ❝ ❡ ❞ ❝ ♦ ♥ ❛ ♥ ♦ ✈ ❛ ✐ ❛ ❜❧ ❡ ✳
▲✐ ♥ ❡ ✸ ✾ ♦ ✹ ✽ ♦ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠ ✐ ♥ ♦ ❜✐ ♥ ❢ ♦ ❢ ❛ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ❡ ✈ ❛❧ ✉ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡
♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ❧ ♦ ♦ ♣✳
▲✐ ♥ ❡ ✹ ✾ ♦ ✼ ✵ ✐ ♥✐ ✐ ❛❧✐ ③ ❡ ❤ ❡ ♣ ❛ ❛ ♠ ❡ ❡ ❢ ♦ ❤ ❡ ✜ ❡❧ ❞ ♦❢ ✈✐ ❡ ✇✳ ❚ ❤✐ ✐ ♥ ❝❧ ✉ ❞ ❡ ❛
♣ ❛ ❞ ❞✐ ♥ ❣ ✇ ❤✐ ❝ ❤ ❡ ❞ ✉ ❝ ❡ ❤ ❡ ❛ ✐❢ ❛ ❝ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❛ ❤ ❡ ❜ ♦ ❞ ❡ ❛ ❞ ❡ ❝ ✐ ❜ ❡ ❞ ✐ ♥ ❡ ✉ ❛✲
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▲✐ ♥ ❡ ✶ ✵ ✺ ♦ ✶ ✵ ✼ ♠ ♦ ❞✐❢ ② ❤ ❡ ✜ ❡❧ ❞ ❜ ② ❤ ❡ ❛ ♥ ♠✐ ✐ ♦ ♥ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ❝ ♦ ♥ ❞ ♦ ♣ ✐ ❝✳
▲✐ ♥ ❡ ✶ ✵ ✽ ♣ ♦ ♣ ❛ ❣ ❛ ❡ ❤ ❡ ✜ ❡❧ ❞ ♦ ❤ ❡ ❞ ❡ ❡ ❝ ♦ ✳
▲✐ ♥ ❡ ✶ ✵ ✾ ♦ ❡ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ✐ ❣ ♥ ❛❧ ✐ ♥ ❤ ❡ ❛ ❛ ② ✏ ❝ ❛ ♥ ❡ ❞■ ♠ ❛ ❣ ❡✑✳
✶✳ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❈ ♦ ♥ ❢ ♦ ❝ ❧ ❴ ♠ ✐ ❝ ♦ ❝ ♦ ♣ ❡
✷✳ ✪ ✐ ♠ ✉ ❧ ❛ ❡ ❤ ❡ ❝ ♦ ♥ ❢ ♦ ❝ ❛ ❧ ♠ ✐ ❝ ♦ ❝ ♦ ♣ ❡
✸✳ ✪ ✪ ❛ ❛ ♠ ❡ ❡
✹✳ ❧ ❛ ♠ ❜ ❞ ❛ ❂ ✷ ✳ ✹ ❡ ✲ ✾ ❀ ✪ ✇ ❛ ✈ ❡ ❧ ❡ ♥ ❣ ❤
✺✳ ✪ ♣ ❛ ❛ ♠ ❡ ❡ ♦ ❢ ❤ ❡ ♣ ❤ ❛ ♥ ♦ ♠
✻✳ ❱ ♦ ❧ ❴ ♣ ❡ ❴ ❞ ♦ ❂ ✽ ❡ ✲ ✷ ✼ ❀ ✪ ❱ ♦ ❧ ✉ ♠ ❡ ♣ ❡ ❞ ♦
✼✳ ✪ ♣ ❛ ❛ ♠ ❡ ❡ ♦ ❢ ❤ ❡ ♦ ♣ ✐ ❝ ✿
✽✳ ❞ ♦ ✶ ❂ ✾ ✳ ✻ ✼ ✺ ✷ ✷ ❀
✾✳ ✪ ❉ ✐ ❛ ♥ ❝ ❡ ♦ ❢ ♦ ❝ ✉ ❬ ♠ ❪
✶ ✵✳ ❞ ♦ ✷ ❂ ✸ ✼ ✶ ❊ ✲ ✻ ✴ ✷ ❀
✶ ✶✳ ✪ ❉ ✐ ❛ ♠ ❡ ❡ ♦ ❢ ❢ ✐ ♦ ♣ ✐ ❝ ❬ ♠ ❪
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✶ ✸✳ ✶ ✷ ❴ ♠ ❛ ① ❂ ✹ ✵ ❊ ✲ ✻ ❀
194 APPENDIX B. SINIULATION OF TXJ\II AND CTXM 
14. % Distance second optic to CCD (do4) [m] and focal length
15. f2=370E-6/2; % focal length
16. do4=1.9;
17. % Diameter of second optic (m]
18. r34_min=0;%40E-6/2;
19. r34_max=40E-6;
20. % scanning range of the confocal microscope







27. % scanning resolution in the simulation along the z direction









36. %% Changing it to an adapted struc-array:
37. mycount=O;
38. D01'S.DOTS=[J
39. for my_z=floor(zmin/dz):floor(zmax/dz) % Sorting the <lots into fitting bins
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40. mycount=mycount+l;
41. DOTS(mycount).DOTS= ... Raw_Phantom( ...
: ,find(and(Raw_Phantom(3,:)>=dz*my_z,Raw_Phantom(3,:)<(dz*(my_z)+dz))));
42. DOTS(mycount).z=my_z*dz;
43. if isempty( DOTS(mycount).DOTS)





49. %% Initializing the FOV
50. f1=do1*do2/(do1+do2);
51. do3=do4*f2/(do4-f2);
52. % Computing the minimal size of U that can be used for the simulation
53. NA_max=max(r12_max/do2,r34_max/do3); % Maximum of the two numerical apertures
54. min_dim=NA_max*2*(zmax-zmin+(zs(end)-zs(1))*dzs)+ ...























75. % propagation from start to start of phantom






81. % Header: (converging)
82. % [Uz,dz1,dz2]=C20131217_FFTFresnel_slow(UO,z,lambda,d1,d2)
83. for my_z_ind=l:size(DOTS,2)
84. % computing the current slice
85. if DOTS(my_z_ind) .isfull==l
86. [U,d4_1,d4_2]=C20131217_FFTFresnel_slow_small_source( ...
U,do2+do3-z_last,lambda,d3_1,d3_2);
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13. lambda1=2.4*10.--9;% wavelength x-ray
14. k1=2*pi ./lambda!;
15. % Tomogram properties
16. myangle=-90:90;









26. *besselj (0, ...







33. q=integral(©(r) myint(r,myzdist*dz,O,O,X3.*(do4/(do3-myzdist*dz)), ...
Y3.*(do4/(do3-myzdist*dz))),rinnen,raussen,'ArrayValued',true);%
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67. vcy=DOTS (2, : ) ;













80. % SIMULATING THE ABSORPTION IMAGE OF THE ROTATED OBJECT
81. %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
82. for my_big_z=l:100:z %coarse z-steps
83. zDOTS=find(and(bvDOTS(3,:)>my_big_z-1,bvDOTS(3,:)<my_big_z+100));
84. vDOTS=bvDOTS(: ,zDOTS);




89. mySlice=mySlice+(accumarray({[l y vDOTS(2,zDOTS)] ,(1 x vDOTS(l,zDOTS)]}, ...
(0 0 vDOTS(4,zD0TS)]))/(Vol_per_dot/(dx*dy*dz));
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113. Bild=Bild+Falter(-1+real(exp((1i*2*pi*dz/lambda1)*1i*imag(myS1ice))).-2, ...
abs(squeeze(PSFl(myz,:,:))));
























135. end% singel z-step
136. end% coarse z-steps
137. end
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95. end 
96. Image_on_ccd= [J; 
97. Image_on_ccd_sans_obj=[J; 
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171. Image_proj (:,: ,myang)=projA;
172. Image_series_I(: ,: ,myang)=Image_on_ccd_sans_obj;
173. else















In figure B.6, the effect of the partial coherence on a tomographic reconstruction 
is studied. A comparison of figure 4.9 and figure 4. 7 shovvs that the simulation 
with partial coherence matches the experimental data better than the incoherent 
simulation. 
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(a) Phantom at a. tilt of 90° (b) Partially coherent ima.ge (c) Normalized partia.lly co-
of the phantorn (at 90°) herent irna.ge of the phatom 
( at 90°) 
(d) Phantom at a. tilt of 40° (e) Partially coherent irna.ge (f) Normalized partially co­
of the phantom (at a tilt of herent ima.ge of the ph.antom 
(g) Slice (XZ) of the tomo­
gra.phic reconstruction of the
phantorn
40°),r,��f».��I (at a. tilt of 40°) 
(h) Slice (XZ) of the torno­
graphic reconstruction of the
phantorn from a -90° :l° :90° 
partially coherent irna.ge se­
ries.
(i) Slice (XZ) of the torno­
graphic reconstruction frorn
a -90° :1° :90° norrnalized par­
tially coherent irnage series.
Figure 8.6: Tl1ese examples sl10w that tl1e partial col1erence le:1.ds to significant 
changes in tl1e image of a sample in comparison to the incoherent approximation. 
Tl1e interpretation of tl1e images is problematic due to contrast inversion. Sur­
prisingly
! 
the reconstnzction works also for the unno1malized images although tl1e 
object is almost invisible in tl1e images of the tilt series. The most likely expla­
nation is that the noise in tl1e partfally col1erent image series is uncorrelated and
l1ence its impact 011 tl1e reconstnzction is reduced.
The partial coherence was taken into account by averaging over nmdom source dis­
tributions. Tl1e normalized images were divided by the intensity pattern generated
witlwut sample.
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♦❢ φ ❛ ♥ ❞ ψ ♥ ♦ ✇ ❛ ❛ 1 ✐ ♥ ❡ ❛ ❞ ♦❢ 0 ✳ ❚ ❤ ❡ ② ❛❧ ♦ ❡ ♥ ❞ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ② ❛ N + 1 ❛ ♥ ❞
M + 1 ✐ ♥ ❡ ❛ ❞ ♦❢ N ❛ ♥ ❞ M ✳ ❚ ❤ ❡ ② ❛ ❡ ❤ ❡ ♥ ❝ ❡ ❞ ❡ ✜ ♥ ❡ ❞ ❛ φ M atl a b : { 1 , 2 , . . . , N + 1 } ×
{ 1 , 2 , . . . , M + 1 } → R ❛ ♥ ❞ ψ M atl a b { 1 , 2 , . . . , N + 1 } × { 1 , 2 , . . . , M + 1 } → (− π, π ]
✇✐ ❤ ar g e x p i φM atl a b = ψ M atl a b . ❚ ❤ ❡ ♠✐ ♦ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ❤ ❛ ♦ ❝ ❤ ❛ ♥ ❣ ❡ ❛ ❝ ❝ ♦ ❞✲
✐ ♥ ❣❧ ②✳ ❋ ♦ ❡ ① ❛ ♠ ♣❧ ❡✱ ❤ ❡ ♠✐ ♦ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ♦❢ ψ ✐
ψ˜ i, j =


ψ i, j 1 ≤ i ≤ M + 1 , 1 ≤ j ≤ N + 1
ψ 2 M + 2 − i, j M + 1 < i < 2 M + 1 , 1 ≤ j ≤ N + 1
ψ i,2 N + 2 − j 1 ≤ i ≤ M + 1 , N + 1 < j < 2 N + 1
ψ 2 M + 2 − i,2 N + 2 − j M + 1 < i < 2 M + 1 , N + 1 < j < 2 N + 1 .
❚ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ♥ ♦ ❛ ✐ ♦ ♥ ❛ ❡ ✉ ❡ ❞ ✐ ♥ ❤ ❡ ♣ ♦ ❣ ❛ ♠✳
♣ ✐ ✐ ❤ ❡ ❞✐ ❝ ❡ ❡ ✈ ❡ ✐ ♦ ♥ ♦❢ ψ ✳
♣ ✐ ❴ ❜✐ ❣ ✐ ❤ ❡ ❞✐ ❝ ❡ ❡ ✈ ❡ ✐ ♦ ♥ ♦❢ ❤ ❡ ❡ ① ❡ ♥ ✐ ♦ ♥ ❜ ② ♠✐ ♦ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ♦❢ ψ ✳
❤ ♦ ✐ ❤ ❡ ❞✐ ❝ ❡ ✐ ❡ ❞ ✈ ❡ ✐ ♦ ♥ ♦❢ ρ ✳
❍ ■ ❴ ❋ ❚ ✐ ❤ ❡ ❞✐ ❝ ❡ ❡ ❧ ❡ ❛ ✲ ✉ ❛ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♦❢ φ ✳
▲✐ ♥ ❡ ✶ ✐ ❤ ❡ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❤ ❡ ❛ ❞ ❡ ✳
▲✐ ♥ ❡ ✷ ❞ ❡ ✜ ♥ ❡ ❤ ❡ ❡ ① ❡ ♥ ✐ ♦ ♥ ❜ ② ♠✐ ♦ ❡ ✢ ❡ ❝ ✐ ♦ ♥ ♦❢ ψ ✳
✷ ✶ ✼
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Line 3 initializes rho, which is a discrete version of p.
Line 4 defines rho. There are different discrete versions of the base equation
6</) = p. A five point star version is
P-iJ. = (Li�· - ,6.�-1 ·) + (LiY · - ,6.1! ·-1) ·, i,J i ,J i,J i,J 
The corresponding implementation is:
rho=(mod((psi_big(:,[2:end 1 ])-psi_big)+pi,2*pi)-pi .. . 
-mod((psi_big-psi_big(: ,[end 1:end-1]))+pi,2*pi)+pi .. .
+mod((psi_big([2:end 1] ,:)-psi_big)+pi,2*pi)-pi ...
-mod((psi_big-psi_big([end 1:end-1],:))+pi,2*pi)+pi)
A nine point version of the same equation is used in the implementation shown
here.
Line 5 computes the fast Fourier transform of j5.
Line 6 uses the symmetry of rho to eliminate some numerical artifacts by restriction
to the real part of P.
Line 7 computes <Pm,n = 2cos[7rm/Mf+��os [,m/N]-4.
Line 8 sets <[> [1, 1] = 0.
Line 9 computes the inverse Fourier transform of <l>.
Line 10 restricts the result to the 01iginal format.






4. rho=(mod((psi_big(:,[2:end 1 ])-psi_big)+pi,2*pi)-pi .. .
-mod((psi_big-psi_big(: ,[end 1:end-1]))+pi,2*pi)+pi .. .
+mod((psi_big([2:end 1],:)-psi_big)+pi,2*pi)-pi ...
-mod((psi_big-psi_big([end 1:end-1] ,:))+pi,2*pi)+pi)/2
+(mod((psi_big([2:end 1 ]  ,[2:end 1 ])-psi_big)+pi,2*pi)-pi ...
-mod((psi_big-psi_big([end 1:end-1],[end 1:end-1]))+pi,2*pi)+pi ...
+mod((psi_big([2:end 1],[end 1:end-1])-psi_big)+pi,2*pi)-pi ...
-mod((psi_big-psi_big([end 1:end-1] ,[2:end 1]))+pi,2*pi)+pi)/4;
5. P=fft2((rho));
6. P=real (P);
❈✳ ✶✳ ❍ ❆ ❙ ❊ ❯ ◆ ❲ ❘ ❆ ■ ◆ ● ✷ ✶ ✾
✼✳ ❂ ✳ ✴ ✳ ✳ ✳
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✰ ✷ ✯ ❝ ♦ ✭ ✷ ✯ ♣ ✐ ✯ ✭ ♦ ♥ ❡ ✭ ✐ ③ ❡ ✭ ✱ ✶ ✮ ✱ ✶ ✮ ✯ ✭ ✵ ✿ ✐ ③ ❡ ✭ ✱ ✷ ✮ ✲ ✶ ✮ ✴ ✭ ✐ ③ ❡ ✭ ✱ ✷ ✮ ✮ ✮ ✮ ✲ ✹ ✮ ❀
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✶ ✶✳ ❡ ♥ ❞
❙ ❝ ♦ ♣ ❡ ♦❢ ❤ ❡ ❆❧ ❣ ♦ ✐ ❤ ♠
❚ ❤✐ ❛❧ ❣ ♦ ✐ ❤ ♠ ✐ ✉ ❡❢ ✉❧ ♦ ✜ ♥ ❞ ❧ ❡ ❛ ✲ ✉ ❛ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ♦ ❤ ❡ ♣ ❤ ❛ ❡ ♣ ♦ ❜❧ ❡ ♠✱
❛ ❧ ♦ ♥ ❣ ❛ ❤ ❡ ❝ ♦ ❡ ❝ ✜ ❡❧ ❞ ♦ ♥❧ ② ❝ ♦ ♥ ❛✐ ♥ ❡ ❣ ✉❧ ❛ ♣ ♦✐ ♥ ✳ ❚ ❤ ❛ ✐ ✱ ❡ ❛ ❝ ❤ ♣ ❛ ❤ ❛ ♦ ✉ ♥ ❞
❛❧❧ ♣ ♦✐ ♥ ❡ ✉❧ ✐ ♥ ❛ ✈ ❛ ♥✐ ❤✐ ♥ ❣ ✐ ♥ ❡ ❣ ❛ ❡ ❞ ♣ ❤ ❛ ❡✳ ■❢ ❤✐ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✐ ♥ ♦ ❛ ✐ ✜ ❡ ❞✱
❤ ❡ ❛❧ ❣ ♦ ✐ ❤ ♠ ❝ ♦ ♠ ♣ ✉ ❡ ❛ ✜ ❡❧ ❞ ❤ ❛ ❤ ❛ ♠✐ ♥✐ ♠ ❛❧ ✇ ❛ ♣ ♣ ❡ ❞ ♠ ❡ ❛ ♥ ✉ ❛ ❡ ❞✐ ❛ ♥ ❝ ❡✳
❖ ♥ ❡ ❡ ① ❛ ♠ ♣❧ ❡ ❢ ♦ ✉ ❝ ❤ ❛ ♥ ✐ ❡ ❣ ✉❧ ❛ ♣ ♦✐ ♥ ✐ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ❈✳ ✶✳
■❢ ❤ ❡ ♣ ❤ ❛ ❡ ❝ ♦ ♥ ❛✐ ♥ ♦ ♠ ❡ ♣ ♦✐ ♥ ✇✐ ❤ ❛ ❤✐ ❣ ❤ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ✐ ♥ ❤ ❡ ♣ ❤ ❛ ❡ ❜ ✉ ❤ ❡
✐ ♠ ❛ ❣ ❡ ❝ ♦ ♥ ❛✐ ♥ ♥ ♦ ❡ ✐ ❞ ✉ ❡ ✱ ❤ ❡ ❋ ♦ ✉ ✐ ❡ ❧ ❡ ❛ ✲ ✉ ❛ ❡ ♣ ❤ ❛ ❡ ✉ ♥ ✇ ❛ ♣ ♣✐ ♥ ❣ ❛❧ ❣ ♦ ✐ ❤ ♠
②✐ ❡❧ ❞ ❧ ♦ ❝ ❛❧❧ ② ❣ ♦ ♦ ❞ ❡ ✉❧ ❜ ✉ ♠✐ ❣ ❤ ♥ ♦ ✜ ♥ ❞ ❛ ♦❧ ✉ ✐ ♦ ♥ ✇ ❤✐ ❝ ❤ ✐ ❛ ❣❧ ♦ ❜ ❛❧❧ ② ❝❧ ♦ ❡
♠ ❛ ❝ ❤ ♦ ❤ ❡ ✐ ♠ ❛ ❣ ❡✳ ❖ ♥ ❡ ❡ ① ❛ ♠ ♣❧ ❡ ✐ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ❈✳ ✷✳ ❚ ❤ ❡ ■ ♦ ❤ ❛❧ ❣ ♦ ✐ ❤ ♠ ❢ ❛✐❧
✉ ♥ ❞ ❡ ❤ ♦ ❡ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✳ ■ ♥ ❢ ❛ ❝ ✱ ✐ ✐ ❛ ❣ ♦ ♦ ❞ ❢ ❡ ❛ ✉ ❡ ❢ ♦ ❤ ❡ ❞ ❡ ✐ ❣ ♥ ♦❢ ❉ ❖ ❊ ❤ ❛
❤ ❡ ❋ ♦ ✉ ✐ ❡ ❧ ❡ ❛ ✲ ✉ ❛ ❡ ♣ ❤ ❛ ❡ ✉ ♥ ✇ ❛ ♣ ♣✐ ♥ ❣ ❛❧ ❣ ♦ ✐ ❤ ♠ ❡ ♠ ♦ ✈ ❡ ❛ ♥ ② ❡ ✐ ❞ ✉ ❡ ❢ ♦ ♠
❤ ❡ ♣ ❤ ❛ ❡✳
✭ ❛ ✮ ♦ ✐ ❣✐ ♥ ❛❧ ♣ ❤ ❛ ❡ ✭ ❜ ✮ ❡ ❝ ♦ ✈ ❡ ❡ ❞ ♣ ❤ ❛ ❡ ✇✐ ❤ ❤ ❡
■ ♦ ❤ ❛❧ ❣ ♦ ✐ ❤ ♠
✭ ❝ ✮ ❡ ❝ ♦ ✈ ❡ ❡ ❞ ♣ ❤ ❛ ❡ ✇✐ ❤ ❤ ❡
❋ ♦ ✉ ✐ ❡ ❧ ❡ ❛ ✲ ✉ ❛ ❡ ♣ ❤ ❛ ❡ ✉ ♥✲
✇ ❛ ♣ ♣✐ ♥ ❣ ❛❧ ❣ ♦ ✐ ❤ ♠
❋✐ ❣ ✉ ❡ ❈✳ ✶✿ ❚ ❤ ❡ ❡ ✛ ❡ ❝ ♦❢ ❡ ✐ ❞ ✉ ❡ ♦ ♥ ❤ ❡ ■ ♦ ❤ ❛ ♥ ❞ ❤ ❡ ❋ ♦ ✉ ✐ ❡ ❧ ❡ ❛ ✲ ✉ ❛ ❡ ♣ ❤ ❛ ❡
✉ ♥ ✇ ❛ ♣ ♣✐ ♥ ❣ ❛❧ ❣ ♦ ✐ ❤ ♠✳
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( d) recovered image
.6.max = 31r
Figure C.2: Different examples for reconstructed <p from '\,l/Tapped data. The 
Foul'ier transfo1m based metlwd and the Itoh metlwd J1ave been used. Tl1e m:Jx­
imal difference between neigl1boring pixels is in (a) l.S1r, in (b) and (c) 21r, and 
in ( d) 31r. 
C.2 Generating DOEs Using High Orders of Diffrac­
tion 
The maim steps for the design of a DOE are (see also figure C.3): 
1. Defining the target intensity in the focal plane of the DO E
2. Computing a holographic first estimate of the field in the plane of the DOE
❈✳ ✷✳ ● ❊ ◆ ❊ ❘ ❆ ❚■ ◆ ● ❉ ❖ ❊ ❙ ❯ ❙■ ◆ ● ❍■ ● ❍ ❖ ❘ ❉ ❊ ❘ ❙ ❖ ❋ ❉■ ❋ ❋ ❘ ❆ ❈ ❚■ ❖ ◆ ✷ ✷ ✶
❋✐ ❣ ✉ ❡ ❈✳ ✸✿ ❆❧ ❣ ♦ ✐ ❤ ♠ ❢ ♦ ❤ ❡ ❞ ❡ ✐ ❣ ♥ ♦❢ ❤✐ ❣ ❤ ❡ ♦ ❞ ❡ ❉ ❖ ❊ ✳
✸✳ ❋✐ ♥ ❞✐ ♥ ❣ ❛ ❧ ❡ ❛ ✲ ✉ ❛ ❡ ❡ ✐ ♠ ❛ ❡ ❢ ♦ ❛ ❝ ♦ ♥ ✐ ♥ ✉ ♦ ✉ ❧✐❢ ♦❢ ❤ ❡ ♣ ❤ ❛ ❡ ✐ ♥ ❤ ❡
♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❉ ❖ ❊
✹✳ ♦ ♣ ❛ ❣ ❛ ✐ ♥ ❣ ❤ ❡ ❡ ✉❧ ✐ ♥ ❣ ✜ ❡❧ ❞ ✐ ♥ ♦ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❉ ❖ ❊
✺✳ ❆ ❞ ❛ ♣ ✐ ♥ ❣ ❤ ❡ ❝ ♦ ♠ ♣ ✉ ❡ ❞ ❛ ♠ ♣❧✐ ✉ ❞ ❡ ♦ ❛ ♠ ♣❧✐ ✉ ❞ ❡ ❤ ❛ ✜ ❜ ❡ ❡ ❤ ❡ ❛ ❣ ❡
✐ ♥ ❡ ♥ ✐ ②
✻✳ ❇ ❛ ❝ ❦ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥ ♦ ❤ ❡ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ❉ ❖ ❊
✷ ✷ ✷ ❆ ❊ ◆ ❉■ ❳ ❈✳ ❍ ❆ ❙ ❊ ❯ ◆ ❲ ❘ ❆ ■ ◆ ● ❆ ◆ ❉ ❉ ❖ ❊ ❙
✼✳ ❘ ❡ ❛ ✐ ♥ ❣ ❛ ✸✳ ✉ ♥ ✐❧❧ ❛ ❣ ♦ ♦ ❞ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ✐ ♦ ♥ ✐ ❢ ♦ ✉ ♥ ❞
❚ ❤ ❡ ❧ ❡ ❛ ✲ ✉ ❛ ❡ ♣ ❤ ❛ ❡ ✉ ♥ ✇ ❛ ♣ ♣✐ ♥ ❣ ❛❧ ❣ ♦ ✐ ❤ ♠ ✐ ❛ ♣ ♣❧✐ ❡ ❞ ✐ ♥ ❤ ❡ ❤✐ ❞ ❡ ♣ ♦❢ ❤✐
❛❧ ❣ ♦ ✐ ❤ ♠✳
❈✳ ✸ ❋ ❚ ❍ ❊ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛ ❛ ♥ ❳ ❘ ▲
❆ ♥ ❡ ① ♣ ❡ ✐ ♠ ❡ ♥ ❛ ❛ ♦❢ ❳✲ ❛ ② ❧ ❛ ❡ ✭ ❳ ❘ ▲✮ ✇ ❛ ❝ ♦ ♥ ❞ ✉ ❝ ❡ ❞ ❛ ❤ ❡ ▼ ❛ ① ❇ ♦ ♥ ■ ♥ ✐✲
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♦❢ ❛ ❤✐ ❣ ❤ ❡ ♣ ❡ ✐ ✐ ♦ ♥ ❛ ❡ ✶ ✵ ✵ ❍ ③ ❤✐ ♥ ❞✐ ❦ ❧ ❛ ❡ ✭ ❚ ❉ ▲✮ ❝ ❤✐ ♣ ❡ ❞ ♣ ✉❧ ❡ ❛ ♠ ♣❧✐ ✜ ❝ ❛ ✐ ♦ ♥
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❛ ♠ ♣❧ ❡✳ ❚ ❤✐ ✐ ♥ ❣ ✐ ❤ ❡ ♥ ❡ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❤ ❡ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ✐ ♥ ❛ ♣❧ ❛ ♥ ❡ ❤ ❛ ❛ ✐ ✜ ❡ ❤ ❡
❤✐ ♥ ❧ ❡ ♥ ❧ ❛ ✇✳ ■ ♥ ❤✐ ♣❧ ❛ ♥ ❡✱ ❛ ♠ ❛ ❝ ❤✐ ♥ ❣✱ ♣ ❤ ❛ ❡ ❤✐❢ ✐ ♥ ❣ ❛ ♥ ♥ ✉❧ ❛ ✐ ♥ ❣ ❝ ❛ ♥ ❜ ❡ ✉ ❡ ❞ ♦
❤✐❢ ❤ ❡ ✉ ♥ ❞✐ ✛ ❛ ❝ ❡ ❞ ❧✐ ❣ ❤ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ❧✐ ❣ ❤ ❞✐ ✛ ❛ ❝ ❡ ❞ ❜ ② ❤ ❡ ❛ ♠ ♣❧ ❡✳ ❚ ❤✐
✐ ♥ ❣ ❝ ❛ ♥ ❜ ❡ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ♠ ❛❧❧ ❡ ✇✐ ❤ ♦ ✉ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ❤ ❛ ♥ ✐ ♥ ❤ ❡ ❝❧ ❛ ✐ ❝ ❛❧ ♦❢ ❳✲ ❛ ②
❡ ✉ ♣✱ ❤ ❡ ❡ ❜ ② ❡ ❞ ✉ ❝✐ ♥ ❣ ❤ ❡ ✉ ♥ ✇ ❛ ♥ ❡ ❞ ✜❧ ❡ ✐ ♥ ❣ ♦❢ ❞✐ ✛ ❛ ❝ ❡ ❞ ❧✐ ❣ ❤ ✳ ❆ ❞ ❞✐ ✐ ♦ ♥ ❛❧❧ ②✱
❤ ❡ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ❝ ❛ ♥ ♥ ♦ ✇ ❜ ❡ ♠ ❛ ❝ ❤ ❡ ❞ ♦ ❤ ❡ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ✇ ❤✐ ❝ ❤ ❡ ❞ ✉ ❝ ❡ ❤ ❡ ✐ ♠ ♣ ❛ ❝ ♦❢
♣ ❛ ✐ ❛❧ ❝ ♦ ❤ ❡ ❡ ♥ ❝ ❡ ❡ ✛ ❡ ❝ ♦ ♥ ✐ ♠ ❛ ❣ ❡ ❢ ♦ ♠ ❛ ✐ ♦ ♥ ✭ ❡ ❡ ❛❧ ♦ ✜ ❣ ✉ ❡ ❉✳ ✸✮✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤✐
♥ ❡ ✇ ❡ ✉ ♣ ♠✐ ♥✐ ♠✐ ③ ❡ ❛ ✐❢ ❛ ❝ ♣ ❡ ❡ ♥ ✐ ♥ ❤ ❡ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧ ♦❢ ❳✲ ❛ ② ❩ ❡ ♥✐ ❦ ❡ ♣ ❤ ❛ ❡
♠ ❡ ❤ ♦ ❞ ✳
❚ ❤ ❡ ❈ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❈ ♦ ♥ ❞ ❡ ♥ ❡ ❢ ♦ ❩ ❡ ♥✐ ❦ ❡ ❤ ❛ ❡ ❈ ♦ ♥ ❛ ✳
❲❡ ♥ ♦ ✇ ❤ ♦ ✇ ❤ ♦ ✇ ✉ ❝ ❤ ❛ ♥ ❛ ♥ ♥ ✉❧ ❛ ✐ ♥ ❣ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ❝ ❛ ♥ ❜ ❡ ❝ ♦ ♥ ✉ ❝ ❡ ❞✳ ❚ ❤ ❡ ❝ ♦ ♥✲
✉ ❝ ✐ ♦ ♥ ✐ ✈ ❡ ② ✐ ♠✐❧ ❛ ♦ ❤ ❡ ♦ ♥ ❡ ✉ ❡ ❞ ❢ ♦ ❝ ♦ ♥ ✈ ❡ ♥ ✐ ♦ ♥ ❛❧ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ✳ ❲❡
❤ ❡ ❡❢ ♦ ❡ ❡ ❝ ❛❧❧ ❤ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ❧ ❛ ✇ ❢ ♦ ❋ ❩ ✳ ❚ ❤ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ✉ ❡ ❤ ❡ ♦ ❛✲
✐ ♦ ♥ ❛❧ ✐ ♥ ✈ ❛ ✐ ❛ ♥ ❝ ❡ ♦❢ ❤ ❡ ② ❡ ♠ ❛ ♦ ✉ ♥ ❞ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ❛ ①✐ ✳ ❖ ♥ ❡ ❛ ❜ ② ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♥ ❣
❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ♣ ❛ ❤ ❧ ❡ ♥ ❣ ❤ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣ ♦✐ ♥ ❛ ♥ ❞ ❤ ❡ ❋ ❩ ✳ ❚ ❤ ❡ ♣ ❛ ❤ ❧ ❡ ♥ ❣ ❤ (l) ✐
❞✐ ❡ ❝ ❧ ② ❡❧ ❛ ❡ ❞ ♦ ❤ ❡ ♣ ❤ ❛ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ( ∆ϕ ) ✐ ♥ ❝ ✉ ❡ ❞ ❞ ✉ ❡ ♦ ❤ ❡ ❧ ❛ ❣ ❡ ♣ ♦ ♣ ❛ ❣ ❛ ✐ ♦ ♥
❞✐ ❛ ♥ ❝ ❡
e x p [ i∆ ϕ ] = e x p i 2 πλ l .
❍ ❛ ❞ ❝❧✐ ♣ ♣✐ ♥ ❣ ❤ ❡ ♣ ❛ ❤ ❧ ❡ ♥ ❣ ❤ ♦ 0 , λ2 ♠ ♦ ❞ ✉❧ ♦ λ ②✐ ❡❧ ❞ ❤ ❡ ♦ ♣ ❛ ✉ ❡ ③ ♦ ♥ ❡ ♦❢ ❤ ❡❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡✳ ❚ ❤ ❡ ❤ ❛ ❞ ❝❧✐ ♣ ♣✐ ♥ ❣ ✐ ❡ ✉✐ ✈ ❛❧ ❡ ♥ ♦ ❡❧ ❡ ❝ ✐ ♥ ❣ ♦ ♥ ❡ ❤ ❛❧❢ ♦❢ ❤ ❡
♣ ❤ ❛ ❡ ♣ ❛ ❝ ❡✳
❚ ❤ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ✐ ♥ ❣ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ❢ ♦❧❧ ♦ ✇ ❛ ✐ ♠✐❧ ❛ ✐ ❞ ❡ ❛✳ ❚ ❤ ❡ ♦ ❛ ✐ ♦ ♥ ❛❧
✐ ♥ ✈ ❛ ✐ ❛ ♥ ❝ ❡ ✐ ❛ ❣ ❛✐ ♥ ✉ ❡ ❞✳ ■ ♥ ❡ ❛ ❞ ♦❢ ❝ ❛❧ ❝ ✉❧ ❛ ✐ ♥ ❣ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ♣ ❛ ❤ ❧ ❡ ♥ ❣ ❤ ❜ ❡ ✇ ❡ ❡ ♥
✇ ♦ ♣ ♦✐ ♥ ✱ ❤✐ ✐ ♠ ❡ ✇ ❡ ✉ ❡ ❛ ✇ ❡✐ ❣ ❤ ❡ ❞✱ ♣ ❛ ❤ ❧ ❡ ♥ ❣ ❤ ❜ ❛ ❡ ❞ ♣ ❤ ❛ ❡ ✐ ♥ ❡ ❣ ❛❧✳ ❚ ❤ ❡
❡ ✉❧ ✐ ❤ ❡ ♥ ❤ ❛ ❞ ❝❧✐ ♣ ♣ ❡ ❞ ♦ > 0 ♦ ❣ ❡ ♥ ❡ ❛ ❡ ❤ ❡ ♣ ❛ ❡ ♥ ♦❢ ❤ ❡ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ✳
❚ ❤ ❡ ♣ ❛ ❤ ❧ ❡ ♥ ❣ ❤ (l) ❢ ♦ ♠ ❛ ♣ ♦✐ ♥ (p 1 ) ✐ ♥ ❤ ❡ z 1 ♣❧ ❛ ♥ ❡ ♦ ❛ ♣ ♦✐ ♥ (p 2 ) ✐ ♥ ❤ ❡ z 2
♣❧ ❛ ♥ ❡ ✭ z 1 < z 2 ✮ ✐
l [p 1 , p2 ] : = |p 1 − p 2 | = |p 1 − p 2 |2 .
❚ ❤✐ ❞✐ ❛ ♥ ❝ ❡ ❡ ✉❧ ✐ ♥ ❛ ❡❧ ❛ ✐ ✈ ❡ ♣ ❤ ❛ ❡ ❝ ❤ ❛ ♥ ❣ ❡ ♦❢ e x p − 2 πλ i |p 1 − p 2 | . ◆ ♦ ✇✱ ✐✐ ❛ ✉ ♠ ❡ ❞ ❤ ❛ ❤ ❡ ♣ ♦✐ ♥ p 2 ✐ ♣ ❛ ♦❢ ❤ ❡ ✐ ♥ ❣ ✇ ❤✐ ❝ ❤ ❤ ❡ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ❣ ❡ ♥ ❡ ❛ ❡ ✳
▲ ❡ ✉ ❛ ✉ ♠ ❡ ❤ ❛ ❤✐ ✐ ♥ ❣ ❤ ❛ ❛ ❞✐ ❛ ♠ ❡ ❡ ♦❢ r 2 ✳ ❲❡ ❞ ❡ ✜ ♥ ❡ ❢ ♦ ❛ ♥ ② ❝✐ ❝❧ ❡ (C r 1 )
❉✳ ✶✳ ❉ ❖ ❊ ❇ ❆ ❙ ❊ ❉ ❩ ❊ ❘ ◆■ ❑ ❊ ❍ ❆ ❙ ❊ ❈ ❖ ◆ ❚ ❘ ❆ ❙ ❚ ■ ▼ ❆ ●■ ◆ ● ✷ ✸ ✶
✐ ♥ ❤ ❡ z 1 ♣❧ ❛ ♥ ❡ ✇✐ ❤ ❛ ❞✐ ✉ r 1 > 0 ✇ ❤✐ ❝ ❤ ✐ ❝ ❡ ♥ ❡ ❡ ❞ ❛ ♦ ✉ ♥ ❞ ❤ ❡ ♦ ♣ ✐ ❝ ❛❧ ❛ ①✐ ✱ ❤ ❡
✐ ♥ ❡ ❣ ❛ ❡ ❞✱ ✇ ❡✐ ❣ ❤ ❡ ❞ ♣ ❤ ❛ ❡ ❝ ♦ ♥ ✐ ❜ ✉ ✐ ♦ ♥ ❛
Φ p 2 [r 1 ] : = C r 1
e x p − i 2 πλ l [p 1 [s ] , p2 ]




e x p − 2 πλ i (z 2 − z 1 ) 2 + r 22 + r 21 − 2 r 2 · r 1 c os [ ϕ ]
(z 2 − z 1 ) 2 + r 22 + r 21 − 2 r 2 · r 1 c os [ ϕ ]
r 1 d ϕ
❍ ❛ ❞ ❝❧✐ ♣ ♣✐ ♥ ❣ Φ ♦ > 0 ❣ ❡ ♥ ❡ ❛ ❡ ❛ ♣ ❛ ❡ ♥ ♦❢ ❛ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ❤ ❛ ♣ ♦ ❞ ✉ ❝ ❡ ❛ ✐ ♥ ❣
♦❢ ❛ ❞✐ ✉ r 2 ❛ ❛ ❢ ♦ ❝ ❛❧ ❧ ❡ ♥ ❣ ❤ ♦❢ z 2 − z 1 ✳ ❯ ✐ ♥ ❣ ❤✐ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ✱ ❤ ❡ ♣ ♦ ♣ ♦ ❡ ❞ ❩ ❡ ♥✐ ❦ ❡
❝ ♦ ♥ ❛ ❡ ✉ ♣ ✐ ❡ ❛ ❞✐❧ ② ✐ ♠ ♣❧ ❡ ♠ ❡ ♥ ❡ ❞✳
✭ ❛ ✮ ❆ ❜ ♦ ♣ ✐ ♦ ♥ ❝ ♦ ♥ ❛
✭ ❜ ✮ ❩ ❡ ♥✐ ❦ ❡ ♣ ❤ ❛ ❡ ❝ ♦ ♥ ❛
❋✐ ❣ ✉ ❡ ❉✳ ✶✿ ❱✐ ✉ ❛❧✐ ③ ❛ ✐ ♦ ♥ ♦❢ ❤ ❡ ❝ ♦ ♥ ❝ ❡ ♣ ♦❢ ❩ ❡ ♥✐ ❦ ❡ ♣ ❤ ❛ ❡ ❝ ♦ ♥ ❛ ❛ ♥ ❞ ❝ ♦ ♠ ♣ ❛ ✐ ♦ ♥
♦ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ❝ ♦ ♥ ❛ ✳ ❚ ❤ ❡ ♦ ❛❧ ❞ ❡ ❡ ❝ ❡ ❞ ✐ ❣ ♥ ❛❧ ✭ ❝ ♦❧ ♦ ❡ ❞ ❛ ♦ ✇ ✮ ✐ ❞ ❡ ❝ ♦ ♠ ♣ ♦ ❡ ❞
✐ ♥ ♦ ❤ ❡ ✐ ❣ ♥ ❛❧ ♣ ♦ ❞ ✉ ❝ ❡ ❞ ❜ ② ❤ ❡ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ✭ ❜❧ ❛ ❝ ❦ ❛ ♦ ✇✮ ❛ ♥ ❞ ❤ ❡ ✐ ❣ ♥ ❛❧ ❣ ❡ ♥ ❡ ❛ ❡ ❞
❜ ② ❤ ❡ ❛ ♠ ♣❧ ❡ ✭ ❞ ❛ ❤ ❡ ❞ ❛ ♦ ✇ ✮✳ ❚ ❤ ❡ ❛ ❞✐ ✉ ♦❢ ❤ ❡ ❝✐ ❝❧ ❡ ❡ ♣ ❡ ❡ ♥ ❤ ❡ ❞ ❡ ❡ ❝ ❡ ❞
❛ ♠ ♣❧✐ ✉ ❞ ❡✳ ■ ♥ ✭ ❛ ✮✱ ❤ ❡ ♠ ❡ ❝ ❤ ❛ ♥✐ ♠ ❢ ♦ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ❝ ♦ ♥ ❛ ✐ ❤ ♦ ✇ ♥✳ ❇ ♦ ❤ ❛ ♠ ♣❧ ❡
❣ ❡ ♥ ❡ ❛ ❡ ❤ ❡ ❛ ♠ ❡ ❛ ♠ ♣❧✐ ✉ ❞ ❡ ✭ ♠ ❛❧❧ ❡ ❝✐ ❝❧ ❡✮✳ ❚ ❤ ❡ ❛ ♠ ♣❧ ❡ ❛ ❡ ❤ ❡ ❡❢ ♦ ❡ ✐ ♥ ❞✐ ✐ ♥✲
❣ ✉✐ ❤ ❛ ❜❧ ❡ ✐ ♥ ❛ ❜ ♦ ♣ ✐ ♦ ♥ ❝ ♦ ♥ ❛ ✳ ■ ♥ ✭ ❜ ✮✱ ❤ ❡ ❝ ♦ ♥ ❝ ❡ ♣ ♦❢ ❩ ❡ ♥✐ ❦ ❡ ♣ ❤ ❛ ❡ ❝ ♦ ♥ ❛
✐ ❤ ♦ ✇ ♥✳ ❚ ❤ ❡ ♣ ❡ ✈✐ ♦ ✉ ❧ ② ✐ ♥ ❞✐ ✐ ♥ ❣ ✉✐ ❤ ❛ ❜❧ ❡ ✐ ❣ ♥ ❛❧ ❛ ❡ ♥ ♦ ✇ ❝❧ ❡ ❛ ❧ ② ❡ ♣ ❛ ❛ ❡ ❞ ✭ ♠ ❛✲
❣ ❡ ♥ ❛ ❛ ♥ ❞ ♦ ❛ ♥ ❣ ❡ ❝✐ ❝❧ ❡✮✳ ❚ ❤✐ ✐ ❛ ❝ ❤✐ ❡ ✈ ❡ ❞ ❜ ② ❤✐❢ ✐ ♥ ❣ ❤ ❡ ♣ ❤ ❛ ❡ ♦❢ ❤ ❡ ✐ ♥ ❝✐ ❞ ❡ ♥
✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ✇✐ ❤ ❡ ♣ ❡ ❝ ♦ ❤ ❡ ✐ ❣ ♥ ❛❧ ❣ ❡ ♥ ❡ ❛ ❡ ❞ ❜ ② ❤ ❡ ❛ ♠ ♣❧ ❡✳
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(b) Zernike pha.se contrast with DOE condenser
Figure D.2: Optical setups for Zernike pliase contrast. 
( a) In the classical soft X-r:1,y implementation of Zernike phase contrast, tl1e sample
is illumi11ated by a ring slrnped condenser zone plate. Since tl1e distance between
sample and condenser is relatively fa1ge, the ring aperture of tl1e condenser also
defi.nes tl1e Foul'ier components of the illumination as indicated by the red wave
vectors. In the focal plane of tlie Fresnel zone plate objective, the ligl1t wl1icli was
not diffracted by tl1e sample is tl1erefore located witliin tl1e red area. A pl1ase
ring can tl1en generate tl1e plrn.se s11ift required for Zernike pl1a.se contra.st, but
certain frequencies of the diffracted sig11al are also s11ifted. Alterna.tivelJ� the zone
positions in the red area of tl1e objective ca.11 be switd1ed to generate tlie plwse
shift.
(b) In tliis new approacl1, tl1e condenser refocuses tl1e ligl1t into a ring in front of
the sample. T11is ring is imaged by tl1e Fresnel zone plate. Now, a sig11ifi.cantly
smaller plwse ring c:m be used to generate the pha.se s11ift of tl1e 110n-diffracted
ligl1t a.nd the condenser ca.11 be matcl1ed to the NA of tl1e objective eliminating
effects genernted by pru·tfal coherence.
❉✳ ✶✳ ❉ ❖ ❊ ❇ ❆ ❙ ❊ ❉ ❩ ❊ ❘ ◆■ ❑ ❊ ❍ ❆ ❙ ❊ ❈ ❖ ◆ ❚ ❘ ❆ ❙ ❚ ■ ▼ ❆ ●■ ◆ ● ✷ ✸ ✸
❉✳ ✶✳ ✶ ❊ ① ❛ ♠ ♣❧ ❡ ❢ ♦ ❩ ❡ ♥✐ ❦ ❡ ❤ ❛ ❡ ❈ ♦ ♥ ❛
❚ ❤ ❡ ❚ ❳ ▼ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ♣ ❡ ❡ ♥ ❡ ❞ ✐ ♥ ❡ ❝ ✐ ♦ ♥ ❇✳ ✷✳ ✸ ✇ ❛ ❡ ① ❡ ♥ ❞ ❡ ❞ ♦ ✐ ♥ ❝❧ ✉ ❞ ❡ ❛ ♣ ❤ ❛ ❡
✐ ♥ ❣✳ ❉ ✉ ❡ ♦ ❤ ❡ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡ ✐ ♥ ❤ ❡ ❞✐ ♠ ❡ ♥ ✐ ♦ ♥ ❛ ♥ ❞ ❡ ♦❧ ✉ ✐ ♦ ♥ ♦❢ ❤ ❡
♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❞ ✐ ❢ ♦ ❝ ❛❧ ♣❧ ❛ ♥ ❡✱ ✐ ✇ ❛ ♥ ♦ ♣ ♦ ✐ ❜❧ ❡ ♦ ✉ ❡ ❤✐ ❛❧ ❣ ♦ ✐ ❤ ♠ ♦ ✐ ♠ ✉❧ ❛ ❡
❤ ❡ ✏ ❝❧ ❛ ✐ ❝ ❛❧✑ ♣ ❤ ❛ ❡ ✐ ♥ ❣ ❛ ♣ ♣ ♦ ❛ ❝ ❤✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❢ ♦ ❤ ❡ ❉ ❖ ❊ ❜ ❛ ❡ ❞ ❛ ♣ ♣ ♦ ❛ ❝ ❤✱ ❤ ❡
❞✐ ❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ❛ ♥ ❞ ♣ ❤ ❛ ❡ ✐ ♥ ❣ ✐ ✐ ❣ ♥✐ ✜ ❝ ❛ ♥ ❧ ② ❧ ❛ ❣ ❡ ❛ ♥ ❞ ❤ ❡ ❞✐ ✛ ❡ ❡ ♥ ❝ ❡
✐ ♥ ❡ ♦❧ ✉ ✐ ♦ ♥ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ♣ ❤ ❛ ❡ ✐ ♥ ❣ ❛ ♥ ❞ ❤ ❡ ♦ ❜❥ ❡ ❝ ✐ ✈ ❡ ✐ ♠ ❛❧❧ ❡ ✳ ❤ ❡
✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ❤ ♦ ✇ ❡ ❞ ❤ ❡ ❡❢ ♦ ❡ ♦ ♠ ❡ ❡ ✉❧ ✱ ❛❧ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ♥ ✉ ♠ ❡ ✐ ❝ ❛❧ ♣ ♦ ♣ ❛ ❣ ❛ ♦ ❛ ❡
♦ ✉ ✐ ❞ ❡ ❤ ❡✐ ❛ ♥ ❣ ❡ ♦❢ ✈ ❛❧✐ ❞✐ ②✳ ❚ ❤ ❡ ❝❧ ❛ ✐ ❝ ❛❧ ❩ ❡ ♥✐ ❦ ❡ ❛ ♣ ♣ ♦ ❛ ❝ ❤ ✇ ❛ ❤ ❡ ❡ ❛ ♣ ♣ ♦ ①✐✲
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❋✐ ❣ ✉ ❡ ❉✳ ✸✿ ❙✐ ♠ ✉❧ ❛ ❡ ❞ ❩ ❡ ♥✐ ❦ ❡ ♣ ❤ ❛ ❡ ❝ ♦ ♥ ❛ ✐ ♠ ❛ ❣ ❡ ♦❢ ❛ ♣ ❤ ❛ ❡ ♦ ❜❥ ❡ ❝ ✳ ❚ ❤ ❡
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♦ ❤ ❡ ❩ ❡ ♥✐ ❦ ❡ ♣ ❤ ❛ ❡ ❝ ♦ ♥ ❛ ❡ ✉ ♣ ✭ ❡ ❡ ✜ ❣ ✉ ❡ ❉✳ ✷ ✭ ❛✮✮ ♦ ❜ ② ❜❧ ♦ ❝ ❦✐ ♥ ❣ ❝ ❡ ❛✐ ♥ ♣ ❛
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❢ ♦ ❛ ♥ ♠✐ ✐ ♦ ♥ ♦❢ ❳✲ ❛ ② ♠✐ ❝ ♦ ❝ ♦ ♣ ②✳ ❉ ✉ ❡ ♦ ❤ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥✱ ❡ ❛ ❝ ❤ ✉ ❛ ❡ ♦❢
❤ ❡ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ❣ ❡ ♥ ❡ ❛ ❡ ❛ ♥ ✐ ♥✲❧✐ ♥ ❡ ❤ ♦❧ ♦ ❣ ❛ ♠ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ❚ ❤✐ ✐ ♥✲❧✐ ♥ ❡ ❤ ♦❧ ♦ ❣ ❛ ♠
♣ ❛ ❡ ❤ ♦ ✉ ❣ ❤ ❤ ❡ ✐ ♠ ❛ ❣✐ ♥ ❣ ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ❋ ❩ ❛ ♥ ❞ ❝ ❛ ♥ ❜ ❡ ❞ ❡ ❡ ❝ ❡ ❞ ✐ ♥ ❤ ❡ ③ ❡ ♦ ❤
♦ ❞ ❡ ♦❢ ❤ ❡ ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ❋ ❩ ✳ ❉ ✉ ✐ ♥ ❣ ❤ ❡ ❡ ❝ ♦ ❞✐ ♥ ❣ ♦❢ ❛ ♥ ② ❚ ❳ ▼ ✐ ♠ ❛ ❣ ❡✱ ❡ ✈ ❡ ❛❧
✐ ♥✲❧✐ ♥ ❡ ❤ ♦❧ ♦ ❣ ❛ ♠ ♦❢ ❤ ❡ ❛ ♠ ❡ ❛ ❡ ❛ ❛ ❡ ❣ ❡ ♥ ❡ ❛ ❡ ❞✳ ❚ ❤ ❡ ③ ❡ ♦ ❤ ♦ ❞ ❡ ✐ ♥ ♦ ✉ ❡ ❞
✐ ♥ ❤ ❡ ✉ ✉ ❛❧ ❚ ❳ ▼ ❡ ✉ ♣✱ ❤ ❡ ❡❢ ♦ ❡ ❤ ❡ ❡ ❛ ❞ ❞✐ ✐ ♦ ♥ ❛❧ ❤ ♦❧ ♦ ❣ ❛ ♠ ❞ ♦ ♥ ♦ ✐ ♥ ❝ ❡ ❛ ❡
❤ ❡ ❞ ♦ ❡✳ ❙✐ ♥ ❝ ❡ ❤ ❡ ❤ ♦❧ ♦ ❣ ❛ ♠ ❛ ❡ ❛❧❧ ❣ ❡ ♥ ❡ ❛ ❡ ❞ ❢ ♦ ♠ ❤ ❡ ❛ ♠ ❡ ❛ ❡ ❛✱ ✐ ❤ ♦ ✉❧ ❞
❉✳ ✸✳ ❆ ❈ ❖ ◆ ❉ ❊ ◆ ❙ ❊ ❘ ❋ ❖ ❘ ❚ ❳ ▼ ❆ ◆ ❉ ■ ◆✲ ▲■ ◆ ❊ ❍ ❖ ▲ ❖ ● ❘ ❆ ❍ ❨ ✷ ✸ ✾
❜ ❡ ♣ ♦ ✐ ❜❧ ❡ ♦ ❝ ♦ ♠ ❜✐ ♥ ❡ ❤ ❡ ♠ ♦ ❣ ❡ ❛ ❤ ♦❧ ♦ ❣ ❛ ♣ ❤✐ ❝ ✐ ♠ ❛ ❣ ❡ ✇✐ ❤ ❧✐ ❣ ❤ ❧ ② ✐ ♥ ❝ ❡ ❛ ❡ ❞
❡ ♦❧ ✉ ✐ ♦ ♥✳
❍ ♦❧ ♦ ❣ ❛ ♣ ❤✐ ❝ ✐ ♠ ❛ ❣ ❡ ❝ ♦ ♥ ❛✐ ♥ ♦ ♠ ❡ ✸ ❉ ✐ ♥❢ ♦ ♠ ❛ ✐ ♦ ♥✳ ❚ ❤ ❡ ❡❢ ♦ ❡✱ ❤ ❡ ❤ ♦❧ ♦ ❣ ❛ ♠
❝ ♦ ✉❧ ❞ ❛❧ ♦ ❜ ❡ ✉ ❡ ❞ ✐ ♥ ❝ ♦ ♠ ❜✐ ♥ ❛ ✐ ♦ ♥ ✇✐ ❤ ✜ ❞ ✉ ❝✐ ❛❧ ♠ ❛ ❦ ❡ ♦ ✐ ♠ ♣ ♦ ✈ ❡ ❤ ❡ ❛❧✐ ❣ ♥ ♠ ❡ ♥
❢ ♦ ♦ ♠ ♦ ❣ ❛ ♣ ❤✐ ❝ ❡ ❝ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❤✐ ❣ ❤ ❡ ♦❧ ✉ ✐ ♦ ♥ ❚ ❳ ▼ ❞ ❛ ❛✳ ❚ ❤✐ ♣ ♦ ❜ ❛ ❜❧ ②
✇ ♦ ✉❧ ❞ ❤ ❡❧ ♣ ♦ ♠ ❛ ❦ ❡ ❡ ✣ ❝✐ ❡ ♥ ✉ ❡ ♦❢ ❤ ❡ ❞ ♦ ❡✲❢ ❛ ❝ ✐ ♦ ♥ ❛ ✐ ♦ ♥ ❤ ❡ ♦ ❡ ♠✳
❉✳ ✸✳ ✶ ❈ ♦ ♥ ✉ ❝ ✐ ♦ ♥ ♦❢ ❤ ❡ ❈ ♦ ♥ ❞ ❡ ♥ ❡
❲❡ ♥ ♦ ✇ ❞ ❡ ✐ ❣ ♥ ✉ ❝ ❤ ❛ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ❤ ❛ ❝ ♦ ♥ ✐ ♦❢ ✉ ❛ ❡ ✳ ❲❡ ❛ ✉ ♠ ❡ ❤ ❛ ❤ ❡
❝ ❡ ♥ ❛❧ ❛ ❡ ❛ ✐ ♦ ♣ ❛ ✉ ❡✳ ❚ ❤✐ ❝ ❡ ♥ ❛❧ ♦ ♣ ❢ ♦ ♠ ❛ ♥ ♦ ❞ ❡ ♦ ✐ ♥ ❣ ❛ ♣ ❡ ✉ ❡ ✐ ♥ ❝ ♦ ♠✲
❜✐ ♥ ❛ ✐ ♦ ♥ ✇✐ ❤ ❛ ♣✐ ♥ ❤ ♦❧ ❡ ✐ ♥ ❢ ♦ ♥ ♦❢ ❤ ❡ ❛ ♠ ♣❧ ❡✳ ❲❡ ❛ ✉ ♠ ❡ ❤ ❛ ❤ ❡ ❝ ♦ ♥ ❞ ❡ ♥ ❡
❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❧ ② ✐❧❧ ✉ ♠✐ ♥ ❛ ❡ ❛ ✉ ❛ ❡ ♦❢ ✇✐ ❞ ❤ b ❛ ♥ ❞ ❤ ❛ ❡ ❛ ❝ ❤ ✉ ❛ ❡ ♦❢ ❤ ❡ ❝ ♦ ♥✲
❞ ❡ ♥ ❡ ❤ ❛ ❛ ♥ ❡ ❞ ❣ ❡ ❧ ❡ ♥ ❣ ❤ ♦❢ w ✳ ▲ ❡ f ❜ ❡ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ❛ ♥ ❞
✐❧❧ ✉ ♠✐ ♥ ❛ ❡ ❞ ✜ ❡❧ ❞✳ ❚ ❤ ❡ ♥✱ ❤ ❡ ✐ ♥ ❡ ❝ ❡ ♣ ✐ ♦ ♥ ❤ ❡ ♦ ❡ ♠ ②✐ ❡❧ ❞ ✇ ♦ ♣ ♦ ✐ ❜❧ ❡ ❞✐ ❛ ♥ ❝ ❡
❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ❛ ♥ ❞ ❤ ❡ ❢ ♦ ❝ ❛❧ ♣ ♦ ✱ ❛ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ❉✳ ✼
❋✐ ❣ ✉ ❡ ❉✳ ✼✿ ❙ ❦ ❡ ❝ ❤ ♦❢ ❤ ❡ ❞✐ ❛ ♥ ❝ ❡ ❤ ❛ ❞ ❡ ✜ ♥ ❡ ❤ ❡ ♣ ❛ ❡ ♥ ♦❢ ❤ ❡ ❉ ❖ ❊✳
f a = f wb + w
f c = f w + bw .
✷ ✹ ✵ ❆ ❊ ◆ ❉■ ❳ ❉✳ ❆ ▲■ ❈ ❆ ❚■ ❖ ◆ ❖ ❋ ❉ ❖ ❊ ❙ ❆ ❙ ❈ ❖ ◆ ❉ ❊ ◆ ❙ ❊ ❘ ❙
❍ ❡ ❡✱ f a ✐ ❛ ❢ ♦ ❝ ✉ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ❛ ♥ ❞ ❤ ❡ ✐❧❧ ✉ ♠✐ ♥ ❛ ❡ ❞ ✜ ❡❧ ❞ ✇ ❤✐❧ ❡ f c ✐ ❛
❢ ♦ ❝ ✉ ♦ ♥ ❤ ❡ ♦ ❤ ❡ ✐ ❞ ❡ ♦❢ ❤ ❡ ✐❧❧ ✉ ♠✐ ♥ ❛ ❡ ❞ ✜ ❡❧ ❞✳ ■ ♥ ♦ ❞ ❡ ♦ ✐❧❧ ✉ ♠✐ ♥ ❛ ❡ ❤ ❡ ✜ ❡❧ ❞
❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ❧ ②✱ ❡ ❛ ❝ ❤ ❢ ♦ ❝ ✉ ❤ ❛ ♦ ❜ ❡ ♦ ✛✲ ❛ ①✐ ✳ ❚ ❤ ❡ ❡ ① ❛ ❝ ♣ ♦ ✐ ✐ ♦ ♥ ❢ ♦❧❧ ♦ ✇ ❛ ❣ ❛✐ ♥
❢ ♦ ♠ ❤ ❡ ✐ ♥ ❡ ❝ ❡ ♣ ✐ ♦ ♥ ❤ ❡ ♦ ❡ ♠✳ ❯ ✐ ♥ ❣ ❤ ❡ ♥ ♦ ❛ ✐ ♦ ♥ ♦❢ ✜ ❣ ✉ ❡ ❉✳ ✼✱ ❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ✐
❣✐ ✈ ❡ ♥ ❜ ②
h f a = f − f af h a +
w
2
h f c = − f − f cf h c +
w
2 .
❊ ① ❛ ♠ ♣❧ ❡✿ ❆ ✸ ① ✸ ❈ ♦ ♥ ❞ ❡ ♥ ❡
❆ ❤ ❡ ❍ ❡❧ ♠ ❤ ♦❧ ③ ❩ ❡ ♥ ✉ ♠ ❇ ❡ ❧✐ ♥✱ ❋ ❡ ♥ ❡❧ ③ ♦ ♥ ❡ ♣❧ ❛ ❡ ✇✐ ❤ ❛ ♥ ♦ ✉ ❡ ♠ ♦ ③ ♦ ♥ ❡
✇✐ ❞ ❤ ❞ ♦ ✇ ♥ ♦ d r N = 2 5 ♥ ♠ ❛ ❡ ♦ ✉ ✐ ♥ ❡❧ ② ✉ ❡ ❞ ❢ ♦ ❚ ❳ ▼ ♦ ♠ ♦ ❣ ❛ ♣ ❤ ②✳ ❚ ❤ ❡ ❋ ❩
❤ ❛ ❛ ❢ ♦ ❝ ❛❧ ❧ ❡ ♥ ❣ ❤ ♦❢ ❛ ❜ ♦ ✉ ✵✳ ✾ ✺ ♠ ♠ ✭ ❡ ❡ ❛❧ ♦ ❛ ❜❧ ❡ ✷✳ ✶✮✳ ❲❡ ✇✐❧❧ ♥ ♦ ✇ ❝ ♦ ♥ ✉ ❝
❛ ♠ ❛ ❝ ❤ ❡ ❞ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ❢ ♦ ❛ ✇ ❛ ✈ ❡❧ ❡ ♥ ❣ ❤ ♦❢ λ = 2 .4 ♥ ♠✳ ❆ ❤ ❡ ♣ ♦ ✐ ✐ ♦ ♥ ♦❢ ❤ ❡
❝ ♦ ♥ ❞ ❡ ♥ ❡ ✱ ❤ ❡ ❧ ❛ ❡ ❛❧ ❝ ♦ ❤ ❡ ❡ ♥ ❝ ❡ ❧ ❡ ♥ ❣ ❤ ✐ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡❧ ② lc = 2 0 0 ➭ ♠ . ❚ ❤ ❡ ❡❢ ♦ ❡✱
✇ ❡ ❡ ❤ ❡ ✇✐ ❞ ❤ ♦❢ ❡ ❛ ❝ ❤ ✉ ❜ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ♣ ❛ ♦ w = 3 0 0 ➭ ♠ . ❚ ❤ ❡ ✜ ❡❧ ❞ ♦❢ ✈✐ ❡ ✇ ♦❢
❤ ❡ ♠✐ ❝ ♦ ❝ ♦ ♣ ❡ ✐ b = 1 0 ➭ ♠ . ❲❡ ❣ ❡ ❤ ❡ ❢ ♦❧❧ ♦ ✇✐ ♥ ❣ ✈ ❛❧ ✉ ❡ ❢ ♦ ♦ ✉ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ✿
❉✐ ❛ ♠ ❡ ❡ ✿
c o n = 3 · 3 0 0 ➭ ♠ = 0 .9 ♠ ♠✳
❋ ♦ ❝ ❛❧ ❧ ❡ ♥ ❣ ❤✿
f c o n ≈ c o nF Z P · f F Z P = 0 .9 ♠ ♠0 .0 9 ♠ ♠ · 0 .9 5 ♠ ♠ = 9 .5 ♠ ♠ .
❚ ❤ ❡ ✉ ❜✲ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ❤ ❛ ✈ ❡ ❛ ❢ ♦ ❝ ❛❧ ❧ ❡ ♥ ❣ ❤ ♦❢ f a = f c o n wb + w ≈ 9 .2 ♠ ♠ ❡ ♣ ❡ ❝ ✐ ✈ ❡❧ ②f c = f c o n ww − b ≈ 9 .8 ♠ ♠ .❋✐ ❣ ✉ ❡ ❉✳ ✽ ❤ ♦ ✇ ✱ ❤ ❛ ✉ ❝ ❤ ❛ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ❝ ❛ ♥ ❜ ❡ ❡ ❛❧✐ ③ ❡ ❞ ❢ ♦ ② ♣✐ ❝ ❛❧ ♣ ❛ ❛ ♠ ❡ ❡ ♦❢
❛ ❚ ❳ ▼ ❛ ♥ ❞ ❤ ❛ ✐ ❣ ❡ ♥ ❡ ❛ ❡ ❛ ❡❧ ❛ ✐ ✈ ❡❧ ② ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡ ♦ ✉ ✐ ♥ ❡ ♥ ✐ ② ❞✐ ✐ ❜ ✉ ✐ ♦ ♥ ✐ ♥
❤ ❡ ♣❧ ❛ ♥ ❡ ♦❢ ❤ ❡ ♦ ❜❥ ❡ ❝ ✳ ❍ ♦ ✇ ❡ ✈ ❡ ✱ ❤ ❡ ✐ ♠ ✉❧ ❛ ✐ ♦ ♥ ❤ ♦ ✇ ❡ ❞ ❤ ❛ ❤✐ ❞ ❡ ✐ ❣ ♥ ❧ ❡ ❛ ❞ ♦
♠ ♦ ❞ ✉❧ ❛ ✐ ♦ ♥ ❛❧ ♦ ♥ ❣ ❤ ❡ ❡ ❞ ❣ ❡ ♦❢ ❤ ❡ ✐❧❧ ✉ ♠✐ ♥ ❛ ❡ ❞ ✉ ❛ ❡✳ ❚ ❤ ❡ ❡❢ ♦ ❡ ❛ ❞ ❡ ✐ ❣ ♥ ✇ ❤✐ ❝ ❤
✉ ❡ ♦ ♥❧ ② ❤ ❡ ♣❧ ❛ ♥ ❡ ❜ ❡ ✇ ❡ ❡ ♥ ❤ ❡ ❉ ❖ ❊ ❛ ♥ ❞ ❤ ❡ ♦ ❜❥ ❡ ❝ ❢ ♦ ❛❧❧ ❡✐ ❣ ❤ ✐ ♥ ❡ ♠ ❡ ❞✐ ❛ ❡ ❢ ♦ ❝✐
❡ ❡ ♠ ♠ ♦ ❡ ❢ ❛ ✈ ♦ ❛ ❜❧ ❡ ❢ ♦ ❚ ❳ ▼ ❛ ♣ ♣❧✐ ❝ ❛ ✐ ♦ ♥ ✳
❉✳ ✸✳ ❆ ❈ ❖ ◆ ❉ ❊ ◆ ❙ ❊ ❘ ❋ ❖ ❘ ❚ ❳ ▼ ❆ ◆ ❉ ■ ◆✲ ▲■ ◆ ❊ ❍ ❖ ▲ ❖ ● ❘ ❆ ❍ ❨ ✷ ✹ ✶
✭ ❛ ✮ ✭ ❜ ✮
✭ ❝ ✮ ✭ ❞ ✮
❋✐ ❣ ✉ ❡ ❉✳ ✽✿ ❡ ❞✐ ❝ ❡ ❞ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ✐ ♥ ❤ ❡ ❛ ♠ ♣❧ ❡ ❛ ❡ ❛ ❛ ♥ ❞ ❡ ✉❧ ✐ ♥ ❣ ✐ ♠ ❛ ❣ ❡ ♦❢ ❛
❙✐ ♠ ❡ ♥ ❛ ❜ ❛ ❡ ❞ ♦ ♥ ✸ × ✸ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ✉ ♥ ❞ ❡ ♣ ❛ ✐ ❛❧❧ ② ❝ ♦ ❤ ❡ ❡ ♥ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✳
✭ ❛✱ ❝ ✮ ✉ ✐ ♥ ❣ ✇ ♦ ♣❧ ❛ ♥ ❡ ❛ ❤ ♦ ✇ ♥ ✐ ♥ ✜ ❣ ✉ ❡ ❉✳ ✼
✭ ❜✱ ❞ ✮ ✉ ✐ ♥ ❣ ♦ ♥❧ ② ♦ ♥ ❡ ♣❧ ❛ ♥ ❡ (f a ) ❢ ♦ ❤ ❡ ✐ ♥ ❡ ♠ ❡ ❞✐ ❛ ❡ ❢ ♦ ❝✐✳
✷ ✹ ✷ ❆ ❊ ◆ ❉■ ❳ ❉✳ ❆ ▲■ ❈ ❆ ❚■ ❖ ◆ ❖ ❋ ❉ ❖ ❊ ❙ ❆ ❙ ❈ ❖ ◆ ❉ ❊ ◆ ❙ ❊ ❘ ❙
✭ ❛ ✮ ✭ ❜ ✮
✭ ❝ ✮ ✭ ❞ ✮
❋✐ ❣ ✉ ❡ ❉✳ ✾✿ ❡ ❞✐ ❝ ❡ ❞ ❤ ♦❧ ♦ ❣ ❛ ♠ ❜ ❛ ❡ ❞ ♦ ♥ ✸ × ✸ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ✉ ♥ ❞ ❡ ♣ ❛ ✐ ❛❧❧ ② ❝ ♦ ❤ ❡ ✲
❡ ♥ ❝ ♦ ♥ ❞✐ ✐ ♦ ♥ ✳
✭ ❛ ✮ ✉ ✐ ♥ ❣ ✇ ♦ ♣❧ ❛ ♥ ❡ ❛ ♥ ❞ ✐ ♥ ✭ ❝ ✮ ❛ ♥ ♦ ♠ ❛❧✐ ③ ❛ ✐ ♦ ♥
✭ ❜ ✮ ✉ ✐ ♥ ❣ ♦ ♥❧ ② ♦ ♥ ❡ ♣❧ ❛ ♥ ❡ (f a ) ❢ ♦ ❤ ❡ ✐ ♥ ❡ ♠ ❡ ❞✐ ❛ ❡ ❢ ♦ ❝✐ ❛ ♥ ❞ ✐ ♥ ✭ ❞ ✮ ❛ ♥ ♦ ♠ ❛❧✐ ③ ❛ ✐ ♦ ♥
❉✳ ✸✳ ❆ ❈ ❖ ◆ ❉ ❊ ◆ ❙ ❊ ❘ ❋ ❖ ❘ ❚ ❳ ▼ ❆ ◆ ❉ ■ ◆✲ ▲■ ◆ ❊ ❍ ❖ ▲ ❖ ● ❘ ❆ ❍ ❨ ✷ ✹ ✸
❙ ✉ ♠ ♠ ❛ ②
■ ♥ ❤✐ ❝ ❤ ❛ ♣ ❡ ✱ ✇ ❡ ❤ ❛ ✈ ❡ ✐ ♥ ♦ ❞ ✉ ❝ ❡ ❞ ❤ ❡ ❡ ♥ ❡ ✇ ❝ ♦ ♥ ❝ ❡ ♣ ❢ ♦ ♦❢ ❳✲ ❛ ② ✐ ♠ ❛ ❣✐ ♥ ❣
❡ ✉ ♣ ✳ ❚ ❤ ❡ ❛✐ ♠ ♦❢ ❤ ❡ ✜ ✇ ♦ ✐ ♦ ✐ ♠ ♣ ♦ ✈ ❡ ❡ ①✐ ✐ ♥ ❣ ❡ ✉ ♣ ❢ ♦ ❩ ❡ ♥✐ ❦ ❡ ♣ ❤ ❛ ❡
❝ ♦ ♥ ❛ ❛ ♥ ❞ ❞ ❛ ❦ ✜ ❡❧ ❞ ♠✐ ❝ ♦ ❝ ♦ ♣ ②✳ ❚ ❤ ❡ ❤✐ ❞ ❡ ✉ ♣ ✐ ❜ ❛ ❡ ❞ ♦ ♥ ❛ ♥ ❡ ✇ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ❢ ♦
❢ ✉❧❧ ✜ ❡❧ ❞✱ ♦❢ ❳✲ ❛ ② ❛ ♥ ♠✐ ✐ ♦ ♥ ♠✐ ❝ ♦ ❝ ♦ ♣ ②✳ ❚ ❤✐ ❧ ❛ ❡ ❡ ✉ ♣ ❤ ❛ ♣ ♦ ❡ ♥ ✐ ❛❧❧ ② ✇ ♦
❛ ❞ ✈ ❛ ♥ ❛ ❣ ❡ ✳ ❚ ❤ ❡ ❝ ♦ ♥ ❞ ❡ ♥ ❡ ❤ ♦ ✉❧ ❞ ✐ ♠ ♣ ♦ ✈ ❡ ❤ ❡ ❤ ♦ ♠ ♦ ❣ ❡ ♥ ❡✐ ② ♦❢ ❤ ❡ ✐❧❧ ✉ ♠✐ ♥ ❛ ✐ ♦ ♥ ✐ ♥
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73. %direction (in real space)
74. fdcx=[l ]; 
75. fdcy= [O ] ;







83. % Length start
84. flcs=[-100 ]*10--9;
85. % Length end
86. flc=[300 ]*10--9;
87. % optical density (Chromatin)
88. fdoc=(-0.000836149149+ 1i*0.000156815062)*ones(size(flc));
89. fdoc310=(- 0.00229999027+ 1i*0.00062734884)*ones(size(flc));
90. [X,Y]=meshgrid(l:y,1:x);
91. for vz=l :z
92. TL=((dx.*X-fcx).*fdcx+(dy.*Y-fcy).*fdcy+(dz.*vz-fcz).*fdcz)<flc;
93. TL(TL)=((dx.*X(TL)-fcx) .*fdcx+ ... 
94. (dy.*Y(TL)-fcy).*fdcy+(dz.*vz-fcz).*fdcz)>flcs;
95. STL=((dx.*X(TL)-fcx).*fdcx+(dy.*Y(TL)-fcy).*fdcy+(dz.*vz-fcz).*fdcz);
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✶ ✸ ✺✳ ❝ ♦ ❧ ♦ ♠ ❛ ♣ ❣ ❛ ② ❀ ❛ ① ✐ ♦ ❢ ❢ ❀ ❛ ① ✐ ✐ ♠ ❛ ❣ ❡
✶ ✸ ✻✳ ❞ ❛ ✇ ♥ ♦ ✇
✶ ✸ ✼✳ ❡ ♥ ❞
✶ ✸ ✽✳ ❢ ✉ ♥ ❝ ✐ ♦ ♥ ❬ ❉ ❖ ❚ ❙ ❪ ❂ ❉ ❖ ❚ ● ❊ ◆ ❊ ❘ ❆ ❚ ❖ ❘ ✇ ✐ ❤ ❱ ❖ ▲ ❯ ▼ ❊ ✭ ① ✱ ② ✱ ③ ✱ ❞ ① ✱ ❞ ② ✱ ❞ ③ ✮
✶ ✸ ✾✳ ✪ ● ❡ ♥ ❡ ❛ ❡ ♣ ♦ ✐ ♥ ♦ ❜ ❥ ❡ ❝ ✭ ❉ ❖ ❚ ❙ ✮
✶ ✹ ✵✳ ✪
✶ ✹ ✶✳ ❉ ❖ ❚ ❙ ❂ ❬ ❪ ❀
✶ ✹ ✷✳ ✈ ❉ ❖ ❚ ❙ ❂ ❉ ❖ ❚ ❙ ❀
✶ ✹ ✸✳ ✪ ✪ ● ❡ ♥ ❡ ❛ ✐ ♥ ❣ ❛ ♣ ❤ ❡ ❡ ♦ ❢ ❛ ❞ ✐ ✉ ③ ❛ ♥ ❞ ✇ ✐ ❤ ❝ ❡ ♥ ❡ ❤ ♠ ① ✱ ❤ ♠ ② ✱ ❤ ♠ ③
✶ ✹ ✹✳ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪
✶ ✹ ✺✳ ✪ ❙ ❡ ♦ ❢ ❤ ♦ ❧ ❧ ♦ ✇ ♣ ❤ ❡ ❡ ✪
✶ ✹ ✻✳ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪ ✪
✶ ✹ ✼✳ ✪ ❈ ❡ ♥ ❡
✶ ✹ ✽✳ ❤ ♠ ① ❂ ❞ ① ✯ ① ✯ ❬ ✵ ✳ ✺ ❪ ❀
✶ ✹ ✾✳ ❤ ♠ ① ❂ ❤ ♠ ① ✰ ❬ ✵ ✳ ✺ ❪ ✯ ✶ ✵ ❫ ✲ ✾ ❀









158. % optical densety (membranes)
159. hsdoc=(-0.000909493479+ 1i*0.000211989463)*ones(size(hsrco));
160. hsdoc310=(-0.00186587463+ 1i*0.00114491396)*ones(size(hsrco));
161. Vdis=(1)*10--27; %"Volume" of one dot
162. Ndis=ceil(4/3*pi*(hsrco.-3-hsrci.-3)./Vdis);
163. mysphere=©(r,vphi,vpsi,hsmx,hsmy,hsmz,hsdoc,hsdoc310)
164. [r.*cos(vphi).*cos(vpsi)+hsmx; .. .
165. r.*(sin(vphi).*cos(vpsi))+hsmy; .. .
166. r.*(sin(vpsi))+hsmz; hsdoc*ones(size(vphi));hsdoc310*ones(size(vphi))]





171. hsmx(myi) ,hsmy(myi),hsmz(myi),((Vdis)/(dx*dy*dz))*hsdoc(myi), ...
172. ((Vdis)/(dx*dy*dz))*hsdoc310(myi));
173. DOTS=[DOTS [SA; Vdis*ones(l,size(SA,2))]];
174. end
175. %%%%%%%%%%%%%%%%%%%%%%%%%%%
176. % Sets of full cylinders % (Chromatin) 
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✶ ✼ ✾✳ ✪ ❙ ❛ ✐ ♥ ❣ ♦ ✐ ♥
✶ ✽ ✵✳ ❢ ❝ ① ❂ ❞ ① ✯ ① ✯ ❬ ✵ ✳ ✸ ❪ ❀
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✶ ✾ ✾✳ ❢ ❞ ♦ ❝ ✸ ✶ ✵ ❂ ✭ ✲ ✵ ✳ ✵ ✵ ✷ ✷ ✾ ✾ ✾ ✾ ✵ ✷ ✼ ✰ ✶ ✐ ✯ ✵ ✳ ✵ ✵ ✵ ✻ ✷ ✼ ✸ ✹ ✽ ✽ ✹ ✮ ✯ ♦ ♥ ❡ ✭ ✐ ③ ❡ ✭ ❢ ❧ ❝ ✮ ✮ ❀
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✷ ✵ ✷✳ ❢ ♦ ❝ ① ❂ ✭ ❢ ❞ ❝ ② ✰ ✭ ✭ ❢ ❞ ❝ ② ✳ ❫ ✷ ✰ ❢ ❞ ❝ ① ✳ ❫ ✷ ✮ ❂ ❂ ✵ ✮ ✮ ✳ ✴ ✳ ✳ ✳
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210. % Checks for orthonormal frame!






217. [vr.*(sin(vphi)*focx+cos(vphi)*fobx)+fcx+fls*fdcx; .. .
218. vr.*(sin(vphi)*focy+cos(vphi)*foby)+fcy+fls*fdcy; .. .









227. DOTS=[DOTS [SA; Vdis*ones(l,size(SA,2))]);
228. end
229. end 
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E.2 Properties of the Fourier Transform
E.2.1 Fourier Transform 
Definition (2D): 
F[9[x,yJ] (v,w] .- f g[x,y]exp[-21ri (xv+yw)]dxdy (E.1) 
Ja2 




F [F [9[x,yJ]] [x, y] = g [-x, -y] (E.2) 
2. Asymmetry with conjugation:
F [9[x,yJ] [e] = F [9[x,yJ] [-e] (E.3) 
a.nd 
Proof: 
F [9[x,yJ] [v, w] 
1 
A A use :v -+ -v; w -+ -w
(E.4) 
- f g (x,y] exp [-21ri (xv + yw)] dxdylnt2 
- { g (x, y] exp [21r i (xv + yw)] dx dylnt2 
- { g (x,y] exp [-21ri (xv + yw)]dxdylnt2 
- { g[x,y]exp[-21ri (xv+yw)] dxdylnt2 
- F [9[x,y]] [-v, -w]
❊✳ ✷✳ ❘ ❖ ❊ ❘ ❚■ ❊ ❙ ❖ ❋ ❚ ❍ ❊ ❋ ❖ ❯ ❘■ ❊ ❘ ❚ ❘ ❆ ◆ ❙ ❋ ❖ ❘ ▼ ✷ ✺ ✺
♦ ♦❢✿
F − 1 G [v, w ] [x, y ] =
R 2
G [v, w ] e x p [ 2π i (x v + y w )] d v d w
=
R 2
G [v, w ] e x p [− 2 π i (x v + y w )] d v d w
|u s e :x → − xˆ ; y → − yˆ =
R 2
G [v, w ] e x p [ 2π i ( xˆ v + yˆ w )] d v d w
= F − 1 G [v, w ] [− x, − y ]
✸✳ ❈ ♦ ♥❥ ✉ ❣ ❛ ✐ ♦ ♥ ❞ ✉ ❡ ♦ ✐ ♥ ✈ ❡ ✐ ♦ ♥✿
F g [x, y ] ◦ − I d [x, y ] [ξ ] = F g [x, y ] [ξ ] ✭ ❊✳ ✺✮
♦ ♦❢✿
F g [x, y ] ◦ − I d [v, w ] : =
R 2
g [− x, − y ] e x p [− 2 π i (x v + y w )] d x d y
|u s e :x → − xˆ ; y → − yˆ =
R 2
g [ ˆx, yˆ ] e x p [ 2π i ( xˆ v + yˆ w )] d xˆ d yˆ
=
R 2
g [ ˆx, yˆ ] e x p [ − 2 π i ( xˆ v + yˆ w )]d xˆ d yˆ
=
R 2
g [ ˆx, yˆ ] e x p [− 2 π i ( xˆ v + yˆ w )] d xˆ d yˆ
= F g [x, y ] [v, w ]
✹✳ ❈ ♦ ♥ ✈ ♦❧ ✉ ✐ ♦ ♥ ❤ ❡ ♦ ❡ ♠✿ ✭ ❛❧ ♦ ❤ ♦❧ ❞ ❢ ♦ F − 1 ✐ ♥ ❡ ❛ ❞ ♦❢ F ✮
F g [x, y ] · h [x, y ] = F [g ] ∗ F [h ] ✭ ❊✳ ✻✮
F g [x, y ] ∗ h [x, y ] = F [g ] · F [h ]
❤ ❡ ❡❢ ♦ ❡✱
F − 1 g [x, y ] · h [x, y ] = F − 1 [g ] ∗ F − 1 [h ]
F − 1 g [x, y ] ∗ h [x, y ] = F − 1 [g ] · F − 1 [h ]
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E.2.2 Properties of the Convolution
Commutative J * g = g * J 
Associative f * (g * h) = (J * g) * h
Distributive J * (g + h) = J * g + J * h
Associative with scalar multiplication a (J * g) = (af) * g
Conjugation J * g = J * g 
E.3 Excerpt of Applied Theorems
E.3.1 Blackwell-Girshick Equation
Let N be a random variable with values in N and let (Xi\=1,2 ... be a family of ran­
dom variables which are independently, identically distributed. Furthermore, let 
the variances of X1 and N be finite. Under these conditions the Blackwell-Girshick 
equation can be used to calculate the variance of Y := I:�:1 Xi. The variance is 
then: 
E.3.2 Wald's Equation
Let N be a random variable with values in N and let (Xi\=1,2 ... be a family of
random variables vvhich are independently, identically distributed. Then Wald's 
equation can be used to calculate the expected value of Y := I:!1 Xi . The ex­
pected value is then: 
E[Y] = E[N]E[Xi]. 
E.3.3 Taylor Expansions for the Moments of Functions of
Random Variables 
Let X be a random variable which has finite moments. Let f be a function of X.
Furthermore let f be sufficiently differentiable. Then the first moment of f [X] is 
❊✳ ✸✳ ❊ ❳ ❈ ❊ ❘ ❚ ❖ ❋ ❆ ▲■ ❊ ❉ ❚ ❍ ❊ ❖ ❘ ❊ ▼ ❙ ✷ ✺ ✼
❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❞ ❜ ②
E [f [X ]] ≈ E f [E [X ]] + f [E [X ]] (X − E [X ]) + 12 f [E [X ]] (X − E [X ])
2
= f [E [X ]] + 12 f [E [X ]] V a r [X ] .
❲✐ ❤ ❤ ❡ ❛ ♠ ❡ ❛ ✉ ♠ ♣ ✐ ♦ ♥ ❤ ❡ ✈ ❛ ✐ ❛ ♥ ❝ ❡ ♦❢ f [X ] ❝ ❛ ♥ ❜ ❡ ❛ ♣ ♣ ♦ ①✐ ♠ ❛ ❡ ❞ ❜ ②
V a r [f [X ]] ≈ (f [E [X ]])2 V a r [X ] .
